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Abstract

To our current level of understanding, gravity is most appropriately described in terms
of differential geometry. This understanding has evolved more than a century ago with
the advent of general relativity. Since then it has been an important paradigm in the
development of further gravity theories, which can be seen as modifications or extensions
of general relativity, and whose aim is to address the remaining open questions in our
knowledge on gravity. These arise in particular from the tensions of general relativity with
observations in cosmology, which necessitate the introduction of additional, “dark”, and so
far unexplained components of the universe, as well as its tensions with quantum theory.
These open questions have stipulated the development of numerous gravity theories, whose
underlying geometric description differs from general relativity, and much effort has been
invested to study both the geometric foundations and phenomenology of these theories.

Whenever geometry is employed in the description of a physical theory, symmetry
attains an important role. Prominent examples beyond the realm of gravity theory are
Galilei and Lorentz invariance in classical mechanics and special relativity, gauge symme-
tries in the standard model of particle physics and crystallographic symmetries in solid
state physics. This is also the case in gravity theory. One of the most common strategies
in order to simplify the field equations of a gravity theory under consideration by reducing
their independent number of components is to restrict one’s attention to solutions which
are invariant under the action of a transformation group. While this procedure is straight-
forward for gravity theories which use well-known geometric notions in their description,
such as the metric tensor in general relativity, it is yet to be explored for gravity theories
which make use of more general geometric frameworks. Going beyond these exactly sym-
metric solutions, it is common to study perturbations around such solutions. In this case
the symmetries of the background leave an imprint on the structure of the perturbations,
and lead again to a simplification. Finally, besides studying symmetric solutions of gravity
theories, one may also study the symmetries of the theories themselves, very much akin to
the study of gauge symmetries in particle physics.

The aim of this thesis is to bring together nine articles which are devoted to the study
and application of the aforementioned incantations of symmetries in the geometric descrip-
tion of gravity theories. Two of these articles are devoted to the extension of the notion of
symmetry, by which we understand invariance of a particular geometry under the action of
a transformation group, to Cartan and teleparallel geometries, both of which are employed
in gravity theory. The next two articles make use of these notions of symmetry in order to
derive the most general solutions with spherical and cosmological symmetry for different
geometries. Beyond these exact solutions, three more articles discuss perturbations around
symmetric backgrounds and the transformation of more general solutions under the action
of the symmetry group. Finally, the last two articles discuss the transformation of gravity
theories under the action of a transformation group on their field space.
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Zusammenfassung

Unserem derzeitigen Kenntnisstand nach wird die Gravitation am zutreffendsten durch Dif-
ferentialgeometrie beschrieben. Diese Erkenntnis ist vor über einem Jahrhundert mit der
Entwicklung der allgemeinen Relativitätstheorie zustande gekommen. Seitdem ist sie zu
einem wichtigen Paradigma für die Entwicklung weiterer Gravitationstheorien geworden,
die als Veränderungen oder Erweiterungen der allgemeinen Relativitätstheorie betrachtet
werden können, und deren Ziel es ist, die noch offenen Fragen in unserem Wissen über
die Gravitation anzugehen. Diese beruhen insbesondere auf den Spannungen zwischen der
allgemeinen Relativitätstheorie und Beobachtungen in der Kosmologie, die die Einführung
von weiteren, “dunklen”, und bisher unerklärten Komponenten des Universums erfordern,
sowie den Spannungen gegenüber der Quantentheorie. Diese offenen Fragen haben zur En-
twicklung zahlreicher Gravitationstheorien geführt, deren zugrundeliegende geometrische
Beschreibung sich von der der allgemeinen Relativitätstheorie unterscheidet, und intensive
Bemühungen wurden unternommen um sowohl die geometrischen Grundlagen als auch die
Phänomenologie dieser Theorien zu untersuchen.

Wenn Geometrie für die Beschreibung einer physikalischen Theorie herangezogen wird,
kommt der Symmetrie eine besondere Rolle zu. Bekannte Beispiele außerhalb des Fachge-
biets der Gravitationstheorie sind die Galilei- und Lorentz-Invarianz in der klassischen
Mechanik und der speziellen Relativitätstheorie, Eichsymmetrien im Standardmodell der
Teilchenphysik und kristallographische Symmetrien in der Festkörperphysik. Dies ist auch
in der Gravitationstheorie der Fall. Eine der am häufigsten angewandten Strategien um die
Feldgleichungen der betrachteten Gravitationstheorie durch eine Verringerung ihrer unab-
hängigen Komponenten zu vereinfachen besteht darin, sich auf Lösungen zu beschränken,
die invariant unter der Wirkung einer Transformationsgruppe sind. Während diese Proze-
dur unmittelbar auf Gravitationstheorien anwendbar ist, deren Beschreibung auf bekannte
geometrische Begriffe zurückgreift, wie den metrischen Tensor in der allgemeinen Rela-
tivitätstheorie, muss sie noch untersucht werden für Theorien, denen ein allgemeinerer
geometrischer Rahmen zugrunde liegt. Über diese exakten Lösungen hinaus werden auch
Störungen um solche Lösungen herum untersucht. In diesem Fall haben die Symmetrien
der Hintergrundlösung auch Auswirkungen auf die Struktur der Störungen, und führen so
wiederum zu einer Vereinfachung. Zum Abschluss ist es auch möglich, außer symmetrischer
Lösungen von Gravitationstheorien, auch die Symmetrien der Theorien an sich zu unter-
suchen, in ähnlicher Weise wie bei den Eichtheorien in der Teilchenphysik.

Ziel dieser Arbeit ist die Zusammenfassung von neun Fachartikeln, die sich der Unter-
suchung und Anwendung der genannten Ausführungen von Symmetrien in der geometrischen
Beschreibung von Gravitationstheorien widmen. Zwei dieser Artikel widmen sich der Er-
weiterung des Symmetriebegriffs, worunter wir die Invarianz einer gegebenen Geometrie
unter der Wirkung einer Transformationsgruppe verstehen, auf Cartan- und teleparallele
Geometrie, die beide in der Gravitationstheorie zur Anwendung kommen. Die nächsten bei-
den Artikel machen von diesem Symmetriebegriff Gebrauch, um die allgemeinsten Lösungen
mit sphärischer und kosmologischer Symmetrie für verschiedene Geometrien zu bestimmen.
Jenseits dieser exakten Lösungen befassen sich drei weitere Artikel mit Störungen um diese
exakten Lösungen und die Transformation allgemeinerer Lösungen unter der Wirkung der
Symmetriegruppe. Die verbleibenden beiden Artikel befassen sich mit der Transforma-
tion von Gravitationstheorien unter der Wirkung einer Transformationsgruppe auf ihrem
Feldraum.
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0 Scientific work by the author

The scientific work of the author focuses on the geometric foundations of various modified
theories of gravity, as well as their comparison to observations. Naturally, it can be char-
acterized either by the theories under consideration, or by the aspects which have been
studied. We do the former in section 0.1 and the latter in section 0.2.

0.1 Gravity theories

The following classes of gravity theories have been studied by the author of this thesis:

Multi-metric theories: The main part of the author’s PhD thesis [56] was dedicated to
the construction of a multi-metric theory of gravity which mediates a repulsive gravitational
force between different types of masses in the Newtonian limit, in order to address the open
problem of the accelerating expansion of the universe. This has shown to be impossible
with N = 2 metrics [100], but yields an accelerating cosmology [102] with N > 2 while
being consistent with solar system [101] and gravitational wave [57] observations, as well
as structure formation [55], and allows for the existence of wormholes [61]. The multi-
metric post-Newtonian formalism developed for studying the field limit has later been
extended [60] and applied to ghost-free bimetric gravity [68].

Finsler and Cartan geometry: Most gravity theories are manifestly Lorentz invariant
by employing a pseudo-Riemannian spacetime metric as their fundamental field. A con-
sequence of this assumption is a restrictive, Lorentz invariant form of the dependence of
the gravitational interaction on the velocities of source and test masses. Approaches to
quantum gravity, however, suggest an alteration of this behavior at very high energies. A
more general velocity dependence can be achieved by lifting the gravitational interaction
from the spacetime manifold itself to certain fiber bundles, which encode the position, ve-
locity and possibly even the spatial frame components of an observer. Gravity theories
based on this approach can be implemented using Finsler or Cartan geometry. The latter
can be used as a fundamental geometry for gravity theories [118], and has further been
shown to encompass certain types of Finsler spacetime geometries [58, 59], which can be
exploited in order to derive a unified notion of spacetime symmetries [65, 66]. Finsler ge-
ometry provides interesting possibilities as it provides the natural background geometry
for modeling fluid dynamics [63, 67] through the formalism of kinetic gases. More recently,
it has been shown that the same formalism can be used to model kinetic gases as sources
of gravity [95, 96]. Together with a consistent Finsler gravity theory [93, 98] this allows
to study Finsler geometry as a novel model, e.g., for cosmology [88, 94]. To study Finsler
geometry with spherical symmetry, a new type of harmonics has been proposed [73].

Teleparallel gravity theories: While general relativity describes gravity as the curva-
ture of the symmetric, metric-compatible Levi-Civita connection on spacetime, one may
also consider the opposite assumption and employ a flat, curvature free connection, which
is not symmetric or not metric-compatible, or both. Theories of these types are called
teleparallel gravity theories. In the case that the connection is still metric-compatible, it is
fully characterized by its torsion. Various phenomenological aspects of this class of theories
have been studied, such as its cosmology [83], gravitational waves [87] or post-Newtonian
limit [158]. Further, also the theoretical consistency of teleparallel gravity theories has been
studied by making use of the Hamilton formalism [17, 18, 16, 75, 15]. Other foundational
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questions which have been studied involve the structure of the gravity action compared
to electrodynamics [84], the definition of symmetry [85] and its application to exact so-
lutions [110, 77] and perturbation theory [78]. Similarly, for theories with a symmetric
teleparallel connection, in which only nonmetricity is present, gravitational waves [91], the
post-Newtonian limit [39] and the analogy with electrodynamics [117] have been studied.
Finally, also for theories in which several of these geometries are present, gravitational
waves [69], spherical symmetry [76] and variational calculus [79] have been discussed. In
addition to this original research, the thesis author has contributed to a topical review [6]
and a chapter on teleparallel gravity in another review [150].

Scalar and multi-scalar extensions: A common approach to modify a gravity theory
is by adding a single or multiple scalar fields, together with additional couplings to the fields
which mediate the gravitational interaction. Besides being postulated as fundamental the-
ories, such scalar extensions also arise as effective models from modified action functionals,
higher dimensional theories or approaches to quantum gravity. Scalar extensions of general
relativity are known as scalar-tensor, or more precisely scalar-curvature theories of gravity.
The work of the thesis author encompasses in particular the post-Newtonian limit of the-
ories with one scalar field [81, 99] or multiple scalar fields [82], as well as including higher
order coupling terms in the Horndeski class of theories [62, 64]. For theories which can be
represented as scalar-curvature theories, wormholes [92] and the variational principle [97]
have been studied. Besides curvature-based gravity theories, also teleparallel gravity the-
ories can be extended with scalar fields. The covariant formulation of such scalar-torsion
theories was put forward in [86], and studied in full detail in a series of articles [70, 89, 71].
While these theories allow for conformal transformations, including additional derivative
couplings allows to generalize this class to disformal transformations [72]. Also for such
scalar-torsion theories of gravity the post-Newtonian limit has been calculated [32, 38].
This study has been generalized to a teleparallel generalization of Horndeski gravity [7],
for which also gravitational waves were studied [5]. Further, a new class of pseudoscalar
fields in teleparallel gravity was proposed and studied in cosmology [90].

0.2 Studied topics

The scientific work of the thesis author may also be categorized by the different aspects
of gravity theories which have been studied. The following topics have been studied most
intensively:

Cosmology: Since cosmology is one of the main motivations for considering modified
gravity theories, it has been the topic of various articles by the thesis authors. The cosmo-
logical dynamics of a homogeneous and isotropic universe have been studied in the context
of multi-metric theories [102], Finsler geometry [63, 67, 88, 94, 96] and teleparallel grav-
ity [83, 86, 77, 78, 90]; for the latter theory it has also been a major part of a topical
review [6].

Post-Newtonian formalism: The post-Newtonian formalism has been applied to a
number of gravity theories, and extended to encompass the more general underlying ge-
ometry employed by these theories. This concerns in particular theories with multiple
metrics [101, 60, 68], scalar-curvature theories [81, 62, 64, 82, 99] and various flavors of
teleparallel theories [158, 32, 38, 7, 39]. Further, the formalism itself has been studied in
order to simplify its application, by devising a gauge-invariant approach [74] and developing
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a dedicated tensor algebra package [80]. The parametrized post-Newtonian formalism and
its extension has also been the topic of a chapter contributed to a major review article [150].

Gravitational waves: Since their first observation, gravitational waves have become an
important test case for modified gravity theories. Their propagation has been studied in
multi-metric gravity theories [57] and various types of teleparallel gravity theories [69, 87,
91, 5].

Symmetry transformations: One of the most important research topics in the work
of the thesis author, which is also most relevant for this thesis, is that of symmetry trans-
formations, their derivation and application in gravity theories. In particular, notions of
spacetime symmetries have been derived using Cartan geometry [65, 66]. They have been
used to derived particularly symmetric geometries with spherical symmetry [76] and cosmo-
logical symmetry [77]. Further, they have been used to develop gauge-invariant formalisms
for perturbations [74, 78] and to construct spherical harmonics in Finsler geometry [73].
Finally, symmetries of the field space of scalar-torsion theories have been used to con-
struct families of actions which are invariant under conformal transformations [70, 89, 71]
or disformal transformations [72].

Hamilton formalism: An important tool to study the consistency of physical theories
is the Hamilton formalism, which allows to deduce and number and nature of degrees of
freedom of a theory under consideration. This formalism has been used to study teleparallel
gravity theories [17, 18, 16, 75, 15]

Other exact solutions: Among the most peculiar solutions found in modified gravity
theories are wormholes; such solutions have been found in multi-metric gravity [61] and
conformal gravity [92]. Another class of considered solutions are rotating spacetimes in
teleparallel gravity [110].

Other foundational issues: Different principles are central in the construction of phys-
ical field theories. Most commonly, theories are derived from an action principle; however,
one often finds that different actions and choices of dynamical variables may yield the same
field equations, and thus an equivalent theory. This has been shown for various teleparallel
gravity theories [79]. The opposite question is posed by the inverse problem of variational
calculus: given a set of field equations, are they variational, and how can one find an ac-
tion? This problem has been investigated for Finsler gravity [93, 98] and 4-dimensional
Gauss-Bonnet gravity [97]. Another possible starting point for the construction of a gravity
theory is similar to the axiomatic approach to electrodynamics, and the central ingredient
is a constitutive relation. This has been studied for different types of teleparallel gravity
theories [84, 117].
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1 Introduction

The development of the general theory of relativity [31] is often celebrated as laying the
foundations for the geometric description of gravity. While in Newton’s theory [134] gravity
is modeled as a force which acts instantaneously between distant bodies, and space and
time are merely the stage on which these bodies are located, in general relativity space-
time itself becomes an important actor, mediating the gravitational interaction through its
pseudo-Riemannian geometry. This geometry defines spatial distances and the proper time
measured by clocks through the length functional of the metric, and the motion of test
masses through the autoparallels of the associated Levi-Civita connection, hence closely
linking these different physical quantities. This geometric description of gravity within
the general theory of relativity has excelled in its ability to model numerous gravitating
systems, including the solar system [160] and gravitational waves [14].

Despite its success, general relativity is challenged by precision observations in cosmol-
ogy [12] as well as its tensions with quantum physics [147, 148], which have so far obstructed
the development of a full, consistent quantum gravity theory, and the unification of all four
fundamental forces. These open questions have stipulated the development of a plethora
of modified gravity theories; see [151] for a recent review. The majority of these theories
follows the same spirit as general relativity, modeling the gravitational interaction via the
geometry of spacetime. The geometric objects used to describe this geometry, however,
usually differ from the pseudo-Riemannian geometry employed by general relativity. The
necessity to modify the mathematical foundation of the theory in order to construct mod-
ifications of general relativity is rooted in Lovelock’s theorem, which implies that general
relativity is the unique local, Lagrangian field theory in four dimensions, whose only dy-
namical variable is the metric tensor, and whose field equations are of second derivative
order [129, 130]. Retaining the variational principle, locality, a four-dimensional spacetime
and second-order field equations to avoid ghost instabilities [138], one is therefore forced to
consider alternative geometries. Common modifications include adding scalar fields [43],
vector fields [54], additional metrics [52] or different affine connections [53, 109, 10, 22], or
to generalize the metric length functional [142, 140].

Given a theory of gravity, one of the most natural arising questions is for the solutions
to its field equations. Among the first solutions of Einstein’s equations of general relativity
are the vacuum solution of the exterior of a spherically symmetric gravitating body [153, 29]
and of a homogeneous, isotropic universe [41, 42, 127, 128, 126]. Both have in common
that they exhibit a high amount of symmetry, where the latter is understood as the action
of a transformation group on spacetime which leaves the matter distribution and geometry
invariant. Infinitesimally, this action can be described by a number of vector fields, which
act on the dynamical fields of the theory by the Lie derivative. For the pseudo-Riemannian
geometry used in general relativity, the vector fields which generate symmetries of the
geometry are known as Killing vector fields. For other geometries, more general notions of
symmetry and invariance under group actions appear [166].

Besides being instrumental in finding solutions to the field equations, the notion of
symmetry has an invaluable role in the geometric description of physical field theories. One
of the most important manifestations of this role is given by Noether’s theorems, which
relate the symmetries of a Lagrangian theory to the existence of conserved quantities and
constraint equations [135]. Looking back to the aforementioned examples of spherically and
cosmologically symmetric gravitational fields, the symmetry present in these geometries
leads to the conservation of angular momentum, and in the cosmological case also linear
momentum, of test masses. Here the Lagrangian to which Noether’s theorem is applied
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is that of the test mass, while the spacetime geometry appears as the background which
determines its motion. However, if also gravity itself is modeled by a Lagrangian fields
theory, Noether’s theorem can applied as well, where in this case the transformation group
generating the symmetry does not act on spacetime, but on the space of values for the fields
which describe the considered gravity theory. This principle gives rise to the notion of gauge
symmetries. Moreover, considering not a single field theory, but a family of theories defined
by a set of parameters, the action of a transformation group may be used to relate different
constituents of this family, hence showing their physical equivalence, up to a change of
variables.

The following topics are presented in more detail. In section 2, we briefly review the
most important ingredients for the geometric description of gravity and the notion of sym-
metry. We show how this notion gives conditions for symmetries in different types of
geometries, which are relevant in the context of gravity theory, in section 3. In section 4,
we apply these conditions to several classes of geometry, and show how symmetric gravita-
tional backgrounds arise as solutions of these conditions. These exact background geome-
tries serve as the foundation for perturbations in section 5, where we focus on particular
on the action of transformation groups on these perturbations. While the aforementioned
sections concern the action of symmetry groups on the spacetime manifold, we also consider
symmetries of the field space of such theories, and discuss the resulting transformations in
section 6. We give a brief summary and outlook in section 7.

2 Preliminaries

Before coming to the scientific results presented and discussed in this thesis, we provide a
brief review of the most relevant notions we make use of. For a detailed exposition, The
main aim of this section is to set the conventions for terminology and notation which we
will use throughout this thesis; for a more thorough introduction to these topics, the reader
is referred to the respective literature. We start by providing the definitions of the most
relevant notions from differential geometry in section 2.1. These are used to describe the
most intensively studied classes of geometries in section 2.2. Finally, in section 2.3 we give
a general overview of the notions of symmetry we employ in this thesis.

2.1 Notions from differential geometry

In the geometric description of gravity, the notion of geometry refers to differential geom-
etry in the vast majority of cases. Although we assume that the reader is familiar with
this field of mathematics, we summarize here the most important notions we employ, their
definitions in the conventions we use and our notation. In particular, we discuss fiber
bundles and bundle morphisms in section 2.1.1, natural bundles in section 2.1.2, jet bun-
dles in section 2.1.3, connection bundles in section 2.1.4 and, most importantly for the
study of symmetries, diffeomorphisms and the Lie derivative in section 2.1.5. For a general
introduction, see e.g. [116].

2.1.1 Fiber bundles and bundle morphisms

The most important notion in field theory and the mathematical description of gravity
theories is that of a fiber bundle, which is defined as follows.

Definition 2.1 (Fiber bundle). A fiber bundle (E,B, π, F ) consists of manifolds E,B, F
and a surjective map π : E → B, such that for any b ∈ B there exists an open set U ⊂ B
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containing b and a diffeomorphism ϕ : π−1(U) → U × F such that the diagram

π−1(U)
ϕ
//

π

��

U × F

pr1
yy

U

(2.1.1)

commutes.

The manifolds in the construction above are called the base B, the total space E and
typical fiber F , while π is called the projection or bundle map. The preimage π−1(b) of b is
called the fiber over b, and we will also denote it by Eb. Further, we call a section a map
σ : B → E such that π ◦ σ = idB is the identity on B. The latter condition means that
σ(b) ∈ Eb for all b ∈ B. The space of all sections will be denoted by Γ(π). Sometimes it
will be more convenient to consider local sections σ : U → E instead, whose domain U ⊂ B
is an open subset of B, and which satisfy π ◦ σ = idU .

Different fiber bundles are related by the following notion.

Definition 2.2 (Bundle morphism). Let π1 : E1 → B1 and π2 : E2 → B2 be fiber bundles.
A bundle morphism is a map Ψ : E1 → E2 such that there exists a map ψ : B1 → B2 for
which the diagram

E1
Ψ //

π1
��

E2

π2
��

B1
ψ
// B2

(2.1.2)

commutes. The bundle morphism Ψ is then said to cover ψ.

Note that it is not necessary to specify the map ψ between the base manifolds explicitly,
as it is already uniquely determined by the map Ψ. To see this, recall that by definition of
a fiber bundle, the projection π1 must be surjective. Hence, for b ∈ B1, there exists e ∈ E1,
such that b = π1(e). One can then use the commutativity of the diagram (2.1.2) to derive

ψ(b) = ψ(π1(e)) = π2(Ψ(e)) , (2.1.3)

where the right hand side is determined by Ψ. From this relation further follows that if
e, e′ ∈ E1 lie in the same fiber, so that π1(e) = π2(e), one has

π2(Ψ(e)) = ψ(π1(e)) = ψ(π1(e
′)) = π2(Ψ(e′)) . (2.1.4)

Hence, a bundle morphism preserves the fibers.
In this work, we are mostly interested in bundle morphisms, whose domain and codomain

are the same fiber bundle π : E → B. Such bundle morphisms are also denoted bundle
automorphisms. In particular, a bundle automorphism which covers the identity idB on
the base manifold is called vertical.

2.1.2 Natural bundles

In the geometric description of gravity theories, one usually makes use of a particular class
of fiber bundles, called natural bundles, which “naturally” arise from their base manifolds.
More formally, this notion can be defined by making use of category theory [30, 131]. In
this context, it is helpful to note that smooth manifolds and smooth maps between them
form a category Man∞. For the definition of natural bundles, it turns out to be useful to
make the following identifications:
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1. The objects of the category are smooth manifolds M .

2. The morphisms of the category are smooth embeddings ψ : M → N between mani-
folds M,N of the same dimension dimM = dimN .

3. The source of a map ψ :M → N is its domain M .

4. The target of a map ψ :M → N is its codomain N .

5. The composition of morphisms is map composition, φ ◦ ψ for ψ : M → N and
φ : N → O.

Note that we have restricted ourselves to very specific make between manifolds, which is
important for the construction below. Similarly, also fiber bundles form a category Fib∞,
whose objects are fiber bundles, morphisms are fiber bundle morphisms (where we make
the same restriction as for the category Man∞), and the source, target and composition
of morphisms are the domain, codomain and map composition. Finally, we mention that
there exists a functor B : Fib∞ → Man∞, called the base functor, which assigns to every
fiber bundle its base manifold, and to every fiber bundle morphism the underlying map on
the base manifold; similarly, a total space functor E : Fib∞ → Man∞ exists.

With these notions in place, one may define a natural bundle as a bundle functor, which
is defined as a functor F : Man∞ → Fib∞ satisfying a number of properties [139, 119]:

1. For every manifold M , F (M) is a fiber bundle over M .

2. For every smooth embedding ψ : M → N between manifolds M,N of the same
dimension dimM = dimN , F (ψ) : F (M) → F (N) is a bundle morphism covering
ψ.

These two conditions can also be expressed by making use of the base functor B : Man∞ →
Fib∞ we mentioned above. A bundle functor F must satisfy B ◦ F = I Man∞ , where
I Man∞ is the identity functor on Man∞. We will give a few examples below, where it
will be understood that ψ : M → N is a map satisfying certain conditions, even through
we will not repeat them for brevity.

The notions above can be illustrated with an intuitive example, given by the tangent
functor T : Man∞ → Fib∞, which is defined as follows:

1. To every manifold M , T assigns the tangent bundle τM : TM →M .

2. To every smooth map ψ : M → N , T assigns the bundle morphism ψ∗ = Dψ :
TM → TN , known as the differential of ψ, given by the Jacobian of ψ at every point
of M .

The tangent bundle is a special case of the more general notion of tensor bundles of rank
(r, s), where r, s ∈ N. In a similar fashion, they are natural bundles which can be described
by a functor T r

s , such that:

1. To every manifold M , T r
s assigns the tensor bundle τ rsM : T rsM →M .

2. To every smooth map ψ : M → N , T r
s assigns the bundle morphism

⊗r Dψ ⊗⊗sDψ−1 : T rsM → T rsN , where Dψ−1 is the inverse of the Jacobian at every point
in M .
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Note the appearance of the inverse Dψ−1 of the Jacobian, which is the reason for restricting
the morphisms ϕ of the category Man∞. Further note that a special case is given by
r = s = 0; the corresponding tensor bundle is the trivial bundle M × R. This can also
be viewed as a special case of another construction, which assigns to every manifold M is
product with a fixed manifold F , i.e., the trivial bundle M × F with fiber F . For given
fiber space F , one can thus define the trivial bundle functor PF as follows:

1. To every manifold M , PF assigns the trivial bundle pr1 : M × F → M , where pr1
denotes the projection onto the first factor.

2. To every smooth map ψ : M → N , PF assigns the bundle morphism (ψ, idF ) :
M × F → N × F, (p, q) 7→ (ψ(p), q).

Hence, also trivial fiber bundles can be regarded as natural bundles.

2.1.3 Jet bundles

A class of fiber bundles which is of particular use in the description of physical theories are
jet bundles. They provide the mathematical foundation for the commonly used concept
that a function depends on a physical quantity and its derivatives up to a given, finite
order, which is used, e.g., in Lagrange theory. They are defined as follows [152].

Definition 2.3 (Jet bundle). Let π : E → B be a fiber bundle, U ⊂ B and σ : U → E a
local section, π ◦ σ = idU . For r ∈ N and a point b ∈ U , we define the r-jet jrbσ of σ at b
as the equivalence class of local sections τ : V → E, where b ∈ V ⊂ B, where σ and τ are
regarded equivalent if and only if for all smooth curves γ : R → U ∩ V with γ(0) = b and
smooth functions f : E → R the functions f ◦ σ ◦ γ and f ◦ τ ◦ γ agree in their derivatives
up to order r at 0, i.e.,

dk

dtk
(f ◦ σ ◦ γ)(t)

∣∣∣∣
t=0

=
dk

dtk
(f ◦ τ ◦ γ)(t)

∣∣∣∣
t=0

(2.1.5)

for all 0 ≤ k ≤ r. The space of all r-jets at b ∈ B is denoted Jrb (π), while the space of all
r-jets is denoted Jr(π).

Given local coordinates (xµ, ya) on E, where (xµ) are local coordinates on B and (ya)
are fiber coordinates, such that the bundle map is given by π : (xµ, ya) 7→ (xµ), one may
in particular choose γ to be a coordinate line on B, and f a fiber coordinate on E. It then
follows from its definition that two sections which define the same jet must have identical
Taylor coefficients up to order r. This condition is not only necessary, but also sufficient,
since also any other curve γ and function f can be expressed using these local coordinates.
Hence, the coordinate expression of a jet jrbσ may be identified with the Taylor coefficients
of the coordinate expression of σ up to order r at the point b ∈ B. These Taylor coefficients
may therefore be used as fiber coordinates on the jet bundle Jr(π), and so give rise to local
induced coordinates

(xµ, ya, yaµ1 , . . . , y
a
µ1···µr) , (2.1.6)

where µ1 ≤ . . . ≤ µr, on the total space Jr(π). They are also instrumental in the coordinate
descriptions of the projections πr,s : Jr(π) → Js(π) with r > s, which reduces the order
of the Taylor expansion, with the special case J0(π) = E, and πr = π ◦ πr,0 : Jr(π) → B.
Finally, it is helpful to note that if π : E → B is a natural bundle over B, defined by a
bundle functor F , then also the jet bundles πr : Jr(π) → B are natural bundles, i.e., they
are defined by a jet bundle functor J r

F .
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2.1.4 Connection bundles

One of the most important notions in differential geometry, and in particular its application
in physics, is that of a connection. For a general fiber bundle π : E → B, one can find a
number of equivalent definitions of a connection; one of the less common, but most useful
approaches for its use in field theory is to define a connection as a section ω : E → J1(π)
of the first jet bundle π1,0 : J1(π) → E, since it allows us to view a connection as a section
of a fiber bundle, along with other physical fields [44]. Note, however, that the base space
of this fiber bundle is the total space E of the original fiber bundle π : E → B, since its
value, in general, depends arbitrarily on the position along the fibers of E.

In order to be considered as a section of a fiber bundle over B, the aforementioned
dependence must be further restricted. This is possible, for example, if π : E → B is
a vector bundle, so that its fibers are vector spaces. In this case one finds that also
π1 : J1(π) → B is a vector bundle, while π1,0 : J1(π) → E is not a vector bundle, but an
affine bundle. Then one commonly demands that ω is linear on every fiber of E, which is
equivalent to demanding that ω : E → J1(π) is a vector bundle homomorphism covering the
identity idB on B, which in addition satisfies the property π1,0 ◦ω = idE . Further using the
fact that vector bundle homomorphisms covering the identity may equivalently be regarded
as sections of a homomorphism bundle Hom(E, J1(π)) over the base manifold B, one may
regard ω as a section of this homomorphism bundle, with the additional restriction arising
from the condition involving π1,0. Those elements of the homomorphism bundle, which
satisfy this condition, do not form a vector bundle, but an affine bundle, modeled over the
vector bundle

E ⊗ E∗ ⊗ T ∗B . (2.1.7)

Given local coordinates (xµ, ya) on E as in the previous section, one may use this construc-
tion to introduce coordinates (xµ, ωabµ) on the affine connection bundle, where ωabµ are
usually called the connection coefficients. For a section xµ 7→ ya(xµ), they give rise to the
covariant derivative

∇µy
a = ∂µy

a + ωabµy
b . (2.1.8)

If the bundle π : E → B is a natural vector bundle defined by a bundle functor F , then also
the connection bundle defined above is a natural affine bundle. In particular, in this thesis
we make use of connections on the tangent bundle TB, defined by the tangent functor T .
In this case it is common to denote the coordinates on TB as (xµ, x̄µ), where we use the
same indices, since the fiber coordinates follow canonically from those on the base manifold,
and write the connection coefficients as Γµνρ. Here we remark that we prefer to retain the
same order of the indices as in the general case, i.e., write the covariant derivative as

∇µx̄
ν = ∂µx̄

ν + Γνρµx̄
ρ , (2.1.9)

so that they reflect the order of the factors in the tensor product bundle (2.1.7).

2.1.5 Diffeomorphisms and Lie derivative

In this thesis, our main focus is on diffeomorphisms, i.e., smooth, bijective maps, whose
inverse is again smooth, and in particular on the case in which the domain and codomain
of the diffeomorphism is given by the same manifold. Given a natural bundle π : E → B,
defined by a bundle functor F , and a diffeomorphism ψ : B → B, the lift Ψ = F (ψ) is
a bundle isomorphism; the same holds true for its inverse. This allows an operation on
sections as follows.
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Definition 2.4 (Pullback). Let B be a manifold, π : E → B a natural fiber bundle over
B defined by a bundle functor F and ψ : B → B a diffeomorphism. For every section
σ : B → E, its pullback ψ∗σ along ψ is defined as ψ∗σ = F (ψ−1) ◦ σ ◦ ψ.

Further, we will mostly be interested in sections which do not change under this oper-
ation.

Definition 2.5 (Invariant section). Let B be a manifold, π : E → B a natural fiber bundle
over B and ψ : B → B a diffeomorphism. A section σ : B → E is called invariant under
ψ if and only if it agrees with its pullback, σ = ψ∗σ.

Finally, we will usually consider not only single diffeomorphisms, but a group of diffeo-
morphisms, where the group operation is given by map composition. Hence, we consider
actions ψ : G×B → B of a group G, which will usually be a Lie group, such that for every
u ∈ G, ψu : B → B is a diffeomorphism. In the case G = (R,+) is the group of real num-
bers, with addition as the group multiplication, we call the group action ψ a one-parameter
group. In the latter case, for every b ∈ B, the assignment t 7→ ψt(b) = γb(t) with t ∈ R
defines a curve on B, with γb(0) = b. It follows that its tangent vector γ̇b(0) ∈ TbB at
t = 0 is a tangent vector at b. The assignment X : b 7→ X(b) = γ̇b(0) then defines a vector
field on B, called the generating vector field of the one-parameter group ψ, and it turns
out that ψ is uniquely defined by X.

Given a one-parameter group ψ : R×B → B, generated by a vector field X ∈ VectB,
acting on the base manifold B of a natural bundle π : E → B defined by a functor F , one
can obtain another construction, which is illustrated in figure 1. Given a section σ : B → E,
for every b ∈ B one obtains a curve

t 7→ (ψtσ)(b) = (ψ∗σ = F (ψ−1
t ) ◦ σ ◦ψt)(b) ∈ Eb (2.1.10)

on the fiber Eb = π−1(b) ⊂ E over B. Its tangent vector at t = 0 is therefore a vertical
tangent vector v ∈ Vσ(b)E at σ(b) ∈ E where the vertical tangent bundle V E = kerπ∗ ⊂ TE
consists of those tangent vectors v ∈ TE which are tangent to the fibers Eb.

In the case that π : E → B is a natural affine bundle, modeled over a vector bundle
π⃗ : E⃗ → B, there exists a canonical identification of the vertical tangent space Vσ(b)E with
the fiber E⃗b of the underlying vector bundle. The tangent vector v is thus identified with
the derivative

d(ψ∗
tσ)(b)

dt

∣∣∣∣
t=0

= lim
t→0

(ψ∗
tσ)(b)− σ(b)

t
∈ E⃗b , (2.1.11)

which is well defined, since (ψ∗
tσ)(b) ∈ Eb lies in the affine space Eb. The assignment of

this element to every b ∈ B defines a section of the vector bundle π⃗ : E⃗ → B, which is
defined as follows [166]:

Definition 2.6 (Lie derivative). Let B be a manifold, π : E → B a natural affine bundle
over B and ψ : R×B → B a one-parameter group of diffeomorphisms generated by a vector
field X on B. For every section σ : B → E, its Lie derivative is the section £Xσ : B → E⃗
given by

£Xσ = lim
t→0

ψ∗
tσ − σ

t
. (2.1.12)

Most commonly, the Lie derivative is encountered in the case of vector bundles, and
in particular the tensor bundles T rsB of tensors of rank (r, s), formed by a tensor product
or r copies of the tangent bundle E = TB and s copies of its dual E∗ = T ∗B, in which
case it yields a section of the same bundle T rsB. However, it is less well-known that the
Lie derivative can be defined also on affine bundles which are not vector bundles, and so in
particular for affine connections, which will become relevant in our definitions in section 3.
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Figure 1: Illustration of the Lie derivative.

2.2 Particular geometries

We now introduce a few particular geometries, which are commonly used in the description
of gravity theories, and which will further be used in this thesis. The most general class of
geometries we consider is that of Cartan geometry, which we discuss in section 2.2.1. The
remaining classes of geometries can be understood is particular classes of Cartan geometries,
possibly equipped with additional geometric objects. In particular, we will discuss metric-
affine geometry in section 2.2.2, teleparallel geometry in section 2.2.3 and Finsler geometry
in section 2.2.4.

Since the main aim of this thesis is to make use of geometry as a language for the
formulation of gravity theories, we are in particular interested in describing the geometry
of spacetime. Unless otherwise specified, we will denote the spacetime manifold by the
letter M , and assume that it is a four-dimensional, Hausdorff, paracompact, orientable,
smooth manifold.

2.2.1 Cartan geometry

In this thesis we make use of different notions of geometries, which may be considered as
special cases of Cartan geometry, whose key idea is to describe the geometry imposed on a
manifold as its deviation from that of a homogeneous space, or Klein geometry [155]. The
latter is defined as the coset space G/H of a Lie group G and a closed subgroup H ⊂ G.
Given a Klein geometry G/H, one proceeds to define a Cartan geometry modeled on G/H
as a principal H-bundle π : P → B together with a g-valued 1-form A ∈ Ω1(P, g) on P ,
called the Cartan connection, which must satisfy the following conditions:

1. For each p ∈ P , Ap = A|TpP : TpP → g is a linear isomorphism.
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2. A is H-equivariant: (Rh)
∗A = Ad(h−1) ◦ A for all h ∈ H, where R : P × H → P

denotes the right translation on the principal H-bundle P .

3. A(h̃) = h for all h ∈ h, where h̃ denotes the fundamental vector field of h, i.e., the
corresponding generating vector field of right translations.

From the first condition follows in particular that dimP = dimG, since otherwise no such
isomorphism could exist. Further taking into account that the dimension of the fibers
of P is dimH, it follows that the dimension of the base manifold is given by dimB =
dimG/H = dimG− dimH.

An object of particular relevance on Cartan geometries is the Cartan curvature F ∈
Ω2(P, g), which is defined as

F = DA = dA+
1

2
[A ∧A] , (2.2.1)

where the notation [A ∧ A] is used to indicate that the exterior product ∧ acts on the
differential form factors in the Cartan connection, while the Lie bracket [, ] acts on the Lie
algebra factors.

In this thesis we consider in particular Cartan geometries which satisfy two additional
conditions on their model Klein geometries:

1. A Cartan geometry with model Klein geometry G/H is called first-order Cartan
geometry if the quotient representation of H on g/h is faithful. Otherwise, it is called
higher-order Cartan geometry.

2. A Cartan geometry with model Klein geometry G/H is called reductive if the Lie
algebra g allows a decomposition of the form g = h⊕ z into subrepresentations of the
adjoint representation of H.

First-order reductive Cartan geometries enjoy the property that their principal bundle P
can be identified with a subbundle of the frame bundle GL(B), defined as

GL(B) =
⋃
x∈B

{linear bijections f : Rn → TxB} , (2.2.2)

From this definition one easily constructs coordinates on GL(B) from coordinates on B,
by writing a frame, i.e., a linear bijection f : Rn → TxB as

f : v = vAZA 7→ vAfA
µ∂µ , (2.2.3)

where (ZA) denotes the canonical basis of Rn, and the matrix components fAµ serve as
fiber coordinates on each fiber Px = π−1(x) ⊂ P . For the corresponding coordinate vector
fields in GL(B), we write

∂µ =
∂

∂xµ
, ∂̄Aµ =

∂

∂fAµ
. (2.2.4)

One further finds that the Cartan connection of first-order reductive Cartan geometries
splits in the form A = ω + e with ω ∈ Ω1(P, h) and e ∈ Ω1(P, z), where the latter is the
restriction of the so-called solder form

e = f−1A
µZAdxµ (2.2.5)

to P . On a vector w ∈ TfGL(B) it acts as

e(w) = f−1(π∗(w)) , (2.2.6)
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by first pushing w to a tangent vector π∗ ∈ Tπ(f)B at π(f) ∈ B, and then using the inverse
frame f−1 : Tπ(f)B → z. In the following we will always assume that this identification for
P and A is made. It then follows that ω is a principal Ehresmann connection on P , so that
there is a one-to-one correspondence between first-order Cartan geometries and Ehresmann
connections on subbundles of the frame bundle.

2.2.2 Metric-affine geometry

A large class of geometries which are used in the description of gravity theories can be
subsumed as special cases of metric-affine geometries [53]. For a general metric-affine
geometry, the fundamental fields defined on the spacetime manifold M are a metric gµν and
an independent affine connection with coefficients Γµνρ. The connection is characterized
by two tensors, which are its curvature,

Rρσµν = ∂µΓ
ρ
σν − ∂νΓ

ρ
σµ + ΓρλµΓ

λ
σν − ΓρλνΓ

λ
σµ , (2.2.7)

as well as the torsion
T ρµν = Γρνµ − Γρµν . (2.2.8)

In addition, together with the metric it gives rise to the nonmetricity

Qρµν = ∇ρgµν . (2.2.9)

The presence of a metric further allows a unique decomposition of the affine connection in
the form

Γµνρ =
◦
Γµνρ +Kµ

νρ + Lµνρ , (2.2.10)

where
◦
Γµνρ is the Levi-Civita connection of the metric gµν , given by the usual formula

◦
Γρµν =

1

2
gρσ(∂µgσν + ∂νgµσ − ∂σgµν) , (2.2.11)

Kµ
νρ is the contortion

Kµ
νρ =

1

2
(Tν

µ
ρ + Tρ

µ
ν − Tµνρ) (2.2.12)

and Lµνρ is the disformation

Lµνρ =
1

2
(Qµνρ −Qν

µ
ρ −Qρ

µ
ν) . (2.2.13)

Various special cases are used in the description of gravity theories, which are defined by
the vanishing of one or several of the tensorial quantities introduced above.

Another viewpoint on metric-affine geometry is obtained from its relation to Cartan
geometry, which we defined in the previous section. The basic ingredient to construct this
relation is the choice of a principal bundle π : P →M and a model Klein geometry G/K.
In this case P = GL(M) is the general linear frame bundle (2.2.2). For the model geometry
G/H one chooses the general affine group Aff(n,R) = GL(n,R)⋉Rn, with closed subgroup
H = GL(n,R). Its Lie algebra g = aff(n,R) ∼= gl(n,R) ⊕ R = h ⊗ z allows a split into
subrepresentations of H, with the representation on z being faithful, and so the model is
first-order and reductive. Together with the basis elements HA

B of gl(n,R) one has the
commutation relations

[HA
B,HC

D] = δBCHA
D − δDAHC

B , [HA
B,ZC ] = δBCZA , [ZA,ZB] = 0 . (2.2.14)
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With the help of this basis, one finds that the g-valued one-form A ∈ Ω1(P, g) defined by

A = e+ ω = f−1A
µ

[
ZAdxµ +HA

B(dfB
µ + fB

νΓµνρdx
ρ)
]

(2.2.15)

constitutes a Cartan connection, where

ω = f−1A
µHA

B(dfB
µ + fB

νΓµνρdx
ρ) (2.2.16)

is the principal Ehresmann connection corresponding to the affine connection. Its Cartan
curvature F ∈ Ω2(P, g) is given by

F = DA =
1

2

(
f−1A

ρT
ρ
µνZA + f−1A

ρf
B
σR

ρ
σµνHA

B
)
dxµ ∧ dxν = T+R , (2.2.17)

in terms of the curvature (2.2.7) and torsion (2.2.8) of the affine connection. Further, the
metric gµν can be lifted to P to give rise to a field g ∈ Ω0(P, z∗ ⊗ z∗) given by

g = fA
µfB

νgµνZA ⊗ZB , (2.2.18)

whose covariant derivative is the nonmetricity Q ∈ Ω1(P, z∗ ⊗ z∗) given by

Q = Dg = fA
µfB

νQρµνZA ⊗ZB dxρ . (2.2.19)

This identification allows to treat metric-affine geometry in the more general framework of
Cartan geometry.

2.2.3 Teleparallel geometry

A number of special cases of the aforementioned metric-affine geometry, which are ob-
tained by posing additional restrictions on the affine connection, are known as teleparallel
geometries. One can distinguish three different subtypes of teleparallel geometries:

1. The common, defining property of these geometries is the vanishing curvature (2.2.7)
of the connection, Rρσµν ≡ 0. If no further conditions are imposed on the connection,
the geometry is said to be general teleparallel. It is characterized by its torsion (2.2.8)
and nonmetricity (2.2.9).

2. If in addition to vanishing curvature also the nonmetricity is imposed to vanish, the
resulting geometry is metric teleparallel. In this case the only non-vanishing tensor
property is the torsion.

3. Finally, one may impose both the curvature and torsion to vanish, leaving only non-
metricity as non-vanishing tensor field. In this case the connection is symmetric, and
the resulting geometry is therefore called symmetric teleparallel.

In this thesis, we will mostly encounter the metric teleparallel geometry. Instead of the
metric-affine formulation in terms of a metric and a flat, metric-compatible affine connec-
tion, a different description is more common in this case. One of the fundamental fields
in this description is a coframe or tetrad, i.e., a section θ : M → GL∗(M) of the coframe
bundle

GL∗(M) =
⋃
x∈M

{linear bijections f−1 : TxM → Rn} , (2.2.20)
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which can be expressed using the coordinates (xµ, f−1A
µ) on GL∗(M) as θAµ. Its inverse

is the frame, which is a section of the frame bundle, and whose coordinate form eA
µ is

uniquely defined from that of the coframe by

θAµeA
ν = δνµ , θAµeB

µ = δAB . (2.2.21)

Together with the Minkowski metric ηAB = diag(−1, 1, 1, 1), the tetrad defines a Lorentzian
metric

gµν = ηABθ
A
µθ
B
ν . (2.2.22)

In the original, non-covariant formulation of teleparallel geometry, the tetrad is the only
fundamental field, and it is also used to define the affine connection as the Weitzenböck
connection

•
Γµνρ = eA

µ∂ρθ
A
ν , (2.2.23)

where we introduced a bullet to distinguish the flat, metric-compatible connection and
its related tensorial quantities from that given by the general affine connection. Indeed,
one finds that the Weitzenböck connection is flat and compatible with the metric (2.2.22).
Further, it turns out that the same metric and Weitzenböck connection are obtained from
any other tetrad θ′Aµ which is related to θAµ by a global Lorentz transformation

θ′Aµ = ΛABθ
B
µ , ∂µΛ

A
B = 0 . (2.2.24)

However, in this thesis we make use of a different approach to teleparallel geometry, known
as its covariant formulation [122, 86, 121]. In this formulation another fundamental field is
introduced, called the spin connection •

ωABµ, on which one imposes the flatness condition,

∂µ
•
ωABν − ∂ν

•
ωABµ +

•
ωACµ

•
ωCBν −

•
ωACν

•
ωCBµ ≡ 0 , (2.2.25)

as well as the metricity condition

ηAC
•
ωCBµ + ηBC

•
ωCAµ ≡ 0 . (2.2.26)

These two conditions are in one-to-one correspondence with the flatness and metricity
conditions on the affine connection defined by

•
Γµνρ = eA

µ
(
∂ρθ

A
ν +

•
ωABρθ

B
ν

)
, (2.2.27)

and so they define the most general metric teleparallel geometry. The covariance of this
formulation of teleparallel geometry becomes apparent in various relations. First, note
that the global Lorentz invariance is enhanced to a local Lorentz invariance, ∂µΛAB ̸= 0,
which means that the metric (2.2.22) and affine connection (2.2.27) are invariant under a
simultaneous local Lorentz transformation of the tetrad and the spin connection given by

θ′Aµ = ΛABθ
B
µ ,

•
ω′A

Bµ = ΛAC(Λ
−1)DB

•
ωCDµ + ΛAC∂µ(Λ

−1)CB . (2.2.28)

Further, the spin connection and affine connection together allow to construct a fully co-
variant derivative, which is covariant both under diffeomorphisms and under local Lorentz
transformations, where the spin connection defines the coefficients of the Lorentz covariant
derivative. Using this fully covariant derivative, the relation (2.2.27) between the affine
and spin connection can be expressed through the so-called “tetrad postulate”

∂µθ
A
ν +

•
ωABµθ

B
ν −

•
Γρνµθ

A
ρ = 0 , (2.2.29)
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which states that the tetrad is covariantly constant with respect to the fully covariant
derivative.

Since teleparallel geometries are a special case of metric-affine geometries, it is in partic-
ular possible to express them in terms Cartan geometry, following the same line of thought
as in the general case shown in section 2.2.2. It follows from the flatness condition on the
teleparallel connection that the resulting curvature R vanishes, while the metricity condi-
tion implies vanishing nonmetricity Q. From the latter follows that the restriction of the
Cartan connection A to the metric frame bundle

SO(M, g) = {f ∈ GL(M), fA
µfB

νgµν = ηAB} (2.2.30)

can be written as
•
A = f−1A

µ

[
ZAdxµ +

1

2
H̃A

B(dfB
µ + fB

ν
•
Γµνρdx

ρ)

]
, (2.2.31)

with
H̃A

B = HA
B − ηACη

BDHD
C = −ηACηBDH̃D

C , (2.2.32)

due to the antisymmetry of the spin connection. It thus takes values in the Poincaré algebra
g = iso(1, 3), or any of its deformations g = so(1, 4) or g = so(2, 3), whose generators satisfy
the commutation relations

[H̃A
B, H̃C

D] = δBC H̃A
D − δDA H̃C

B + ηACη
DEH̃E

B − ηBDηCEH̃A
E , (2.2.33)

[H̃A
B,ZC ] = δBCZA − ηACη

BDZD , [ZA,ZB] = ΛηACH̃B
C ,

where Λ depends on the choice of the algebra used in the construction of the orthogonal
Cartan geometry [65]. This can be related to the usual description of the teleparallel
geometry in terms of the tetrad and spin connection as follows. Using the frame eAµ,
which is a section of the frame bundle GL(M), and in particular of the orthonormal frame
bundle SO(M, g) due to the relation (2.2.22), one has the pullback

e∗
•
A = θAµ

[
ZAdxµ +HA

B(∂ρeB
µ + eB

ν
•
Γµνρ)dx

ρ
]
= θAZA +

•
ωABHA

B , (2.2.34)

and so one immediately obtains the tetrad and the spin connection. Local Lorentz trans-
formations then simply relate different choices of the tetrad to each other.

2.2.4 Finsler geometry

Another class of geometries, which is used in the description of gravity theories, and which
differs significantly from the aforementioned geometries, is given by Finsler geometry. Its
most distinguishing property is the fact that it is not modeled by tensor fields and connec-
tions on the spacetime manifold M , but by a non-negative length function F : TM → R+

0

on the total space TM of its tangent bundle τ : TM → M . In order to simplify working
with objects on the tangent bundle, it is usually convenient to introduce induced coordi-
nates (xµ, x̄µ) on TM from a given set of coordinates (xµ) on M , where (xµ, x̄µ) denotes
the tangent vector

x̄µ∂µ = x̄µ
∂

∂xµ
∈ TxM , (2.2.35)

where x ∈ M is the point with coordinates (xµ) on the base manifold, and to write the
corresponding coordinate vector fields on TM as

∂µ =
∂

∂xµ
, ∂̄µ =

∂

∂x̄µ
. (2.2.36)
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In its original formulation [36], Finsler geometry was constructed as a generalization of
Riemannian geometry (and hence with a metric of positive signature). In order to apply it
to describe the geometry of spacetime, and hence allow for a Lorentzian signature, various
generalizations have been developed [8, 141, 125, 108, 93]. For convenience and simplicity,
we will use the following definition here [58, 59], which is not the most general and excludes
several physically motivated examples, but serves the purpose of this thesis, and can easily
be extended.

Definition 2.7 (Finsler spacetime). A Finsler spacetime (M,L, F ) of dimension n is a
n-dimensional, connected, Hausdorff, paracompact, smooth manifold M equipped with
continuous real functions L,F on the tangent bundle TM which has the following proper-
ties:

1. L is smooth on the tangent bundle without the zero section TM \ {0}.

2. L is positively homogeneous of real degree h ≥ 2 with respect to the fiber coordinates
of TM ,

L(x, λx̄) = λhL(x, x̄) ∀λ > 0 , (2.2.37)

and defines the Finsler function F via F (x, x̄) = |L(x, x̄)|
1
h .

3. L is reversible: |L(x,−x̄)| = |L(x, x̄)|.

4. The Hessian
gLµν(x, x̄) =

1

2
∂̄µ∂̄νL(x, x̄) (2.2.38)

of L with respect to the fiber coordinates is non-degenerate on TM \X, where X ⊂
TM has measure zero and does not contain the null set {(x, x̄) ∈ TM |L(x, x̄) = 0}.

5. The unit timelike condition holds, i.e., for all x ∈M the set

Ωx =

{
x̄ ∈ TxM

∣∣∣∣|L(x, x̄)| = 1, gLµν(x, x̄) has signature (ϵ,−ϵ, . . . ,−ϵ), ϵ = L(x, x̄)

|L(x, x̄)|

}
(2.2.39)

contains a non-empty closed connected component Sx ⊆ Ωx ⊂ TxM .

A number of additional geometric objects on the tangent bundle TM are defined by the
Finsler geometry outlined above. Among the most important ones, which we encounter in
this thesis, are the Finsler metric

gFµν(x, x̄) =
1

2
∂̄µ∂̄νF

2(x, x̄) (2.2.40)

and the non-linear connection, which can be described by a split TTM = V TM ⊕HTM
of the double tangent bundle into vertical and horizontal bundles [21]. The vertical bundle
V TM is canonically defined and spanned by the vector fields ∂̄µ in the induced coordinates,
while the horizontal bundle HTM is spanned by the Berwald basis vector fields

δµ = ∂µ −Nν
µ∂̄ν , (2.2.41)

where the connection coefficients are derived from the Finsler geometry function as

Nµ
ν =

1

4
∂̄ν
[
gF µρ(x̄σ∂σ∂̄ρF

2 − ∂ρF
2)
]
; (2.2.42)
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the corresponding dual split of the cotangent bundle is given by the dual basis

dxµ , δx̄µ = dx̄µ +Nµ
νdx

ν . (2.2.43)

The Berwald basis given above is instrumental in the definition of an important class
of objects commonly encountered in Finsler geometry, known as d-tensors, which were
introduced in [132]. Conventionally, their definition relies on the non-linear connection,
defined via the split TTM = V TM ⊕ HTM of the tangent bundle. However, for the
discussion relevant to this thesis a more convenient definition can be obtained from the so-
called pullback bundle approach [3, 157]. Its central definition is that of the pullback bundle
π : PM → TM , where PM = TM×M TM is a fibered product and π is the projection onto
the first factor of this product. It is a vector bundle over TM , whose fibers are isomorphic
to the fibers of TM , and whose dual is given by P ∗M = TM ×M T ∗M . Hence, for each
v ∈ TM , a basis of PvM is given by a pullback of the basis vectors ∂µ ∈ Tτ(v)M , while a
basis of P ∗

vM is constituted by dxµ ∈ T ∗
τ(v)M . It follows that a section A ∈ Γ(P rsM) of

the tensor bundle

P rsM = PM ⊗ · · · ⊗ PM︸ ︷︷ ︸
r times

⊗P ∗M ⊗ · · · ⊗ P ∗M︸ ︷︷ ︸
s times

, (2.2.44)

which is again a vector bundle over TM , takes the same component form Aµ1···µrν1···νs
in coordinates as a tensor field, i.e., a section of T rsM , with the only difference that its
components are functions on TM instead of M . We call such a section of the corresponding
bundle πrs : P rsM → TM a d-tensor field of rank (r, s). One finds that the Finsler metric
gFµν and the Hessian gLµν form the components of d-tensor fields. Moreover, the Finsler
geometry defines a number of connections on the pullback bundle and its tensor bundles.
Here we restrict ourselves to the Cartan linear connection. Given a vector field X =
Xµδµ + X̄µ∂̄µ ∈ Vect(TM), where we express the components in the Berwald basis, and a
d-vector field Y ∈ Γ(PM), the Cartan linear connection defines the covariant derivative

(∇XY )µ = Xν(δνY
µ + FµρνY

ρ) + X̄ν(∂̄νY
µ + CµρνY

ρ) , (2.2.45)

where the connection coefficients are given by

Fµνρ =
1

2
gF µσ(δµg

F
ρσ+δρg

F
νσ−δσgFνρ) , Cµνρ =

1

2
gF µσ(∂̄µg

F
ρσ+ ∂̄ρg

F
νσ− ∂̄σgFνρ) , (2.2.46)

and thus defined from the Finsler metric similarly to the Christoffel symbols in Riemannian
geometry.

Finally, we remark that also Finsler spacetimes as defined above can be described using
Cartan geometry [58]; this will be used for the definition of symmetries in section 3.1.
However, different from the metric-affine and teleparallel geometries discussed before, the
base manifold of this Cartan geometry is not the spacetime manifold M , but the so-called
observer space [48]

O =
⋃
x∈M

Sx , (2.2.47)

which is a 7-dimensional manifold composed from the unit timelike vectors Sx at each
spacetime point x ∈ Sx. The principal bundle on which the Cartan connection is defined
has the structure group K = SO(3) and is defined by

P =
{
(x, f) ∈ GL(M) | f0 ∈ O and gFµν(x, f0)fA

µfB
ν = −ηAB

}
. (2.2.48)
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This structure group is a closed subgroup of the Lorentz group H = SO(1, 3), which in
turn is a closed subgroup of any of the groups ISO(1, 3), SO(1, 4) and SO(2, 3), and one
may choose any of them to construct a Cartan geometry modeled on the Klein geometry
G/K. This Klein geometry is reductive, as it allows a split of the Lie algebra g of G in the
form

g = k⊕ y⊕ z⃗⊕ z0 (2.2.49)

into subrepresentations of K, which are interpreted as spatial rotations, boosts, spatial
translations and temporal translations. The basis elements of these vector spaces are
related to the generators (2.2.32) of the Lorentz algebra k⊕ y as

Ka
b = H̃a

b , Ya = H̃a
0 , (2.2.50)

together with the translation generators ZA, which decompose into spatial components Za
and a time component Z0. Their commutation relations follow from a decomposition of
the relations (2.2.33) and read

[Ka
b,Kc

d] = δbcKa
d − δdaKc

b + δacδ
deKe

b − δbdδceKa
e , [Ka

b,Z0] = 0 , (2.2.51)

[Ka
b,Yc] = δbcYa − δacδ

bdYd , [Ka
b,Zc] = δbcZa − δacδ

bdZd , [Ya,Yb] = −δacKb
c ,

[Ya,Zb] = δabZ0 , [Ya,Z0] = Za , [Za,Zb] = ΛδacKb
c , [Za,Z0] = ΛYa .

Also note that the restriction of the adjoint representation of K ⊂ G on y ⊕ z⃗ ⊕ z0 is
faithful, so that this is a first order Klein geometry. One finds that the Finsler spacetime
geometry defined above induces a Cartan geometry on the bundle π : P → O, whose
Cartan connection reads [58]

A = f−1A
µZAdxµ+f−1 a

µ

{
Yaδx̄µ +

1

2
Ka

b [dfb
µ + fb

ν(Fµνρdx
ρ + Cµνρδx̄

ρ)]

}
. (2.2.52)

Hence, Finsler spacetimes may be described as first-order reductive Cartan geometries
on their observer space. Even more remarkable is the fact that the Cartan geometry
comprising of the observer bundle π : P → O and the Cartan connection A fully encode
the original Finsler spacetime geometry, so that it is possible to reconstruct both the
underlying spacetime manifold M and the geometry function L. This circumstance allows
studying Finsler spacetimes fully from the observer perspective, in terms of their induced
observer space Cartan geometry. Moreover, one may also consider more general observer
space Cartan geometries, for which no underlying spacetime manifold exists, and which can
nevertheless be interpreted as modeling the dynamics on a space of local observers [48].
The necessary ingredient for this interpretation is the split (2.2.49) of the Lie algebra of
the structure group G, through which the Cartan connection A induces a corresponding
split

TP = RP ⊕BP ⊕ H⃗P ⊕H0P (2.2.53)

of the tangent bundle TP . Here the first part RP is given by rotations, i.e., vertical tangent
vectors to the bundle π : P → O, so that RP = kerπ∗. Since the split (2.2.49) is invariant
under the adjoint action of K, the projection π∗ : TP → TO induces a corresponding split

TO = V O ⊕ H⃗O ⊕H0O (2.2.54)

of TO. Here BP = π−1
∗ (V O) corresponds to infinitesimal boosts of an observer, while

H⃗P = π−1
∗ (H⃗O) and H0P = π−1

∗ (H0O) describe spatial and temporal translations, re-
spectively.
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2.2.5 Geometry of scalar fields

The arguably most simple type of field theories discussed in physics is that of scalar field
theories, where the dynamical field is conventionally as a real or complex function on the
spacetime manifold M , hence ϕ : M → R or ϕ : M → C, depending on the theory
under consideration. Here we will restrict our attention to real scalar fields, since any
complex scalar field can be represented by a pair of real fields. In the case of multiple
scalar fields, the most intuitive and natural approach suggests to group these fields into a
multiplet ϕ : M → Rn, where n denotes the number of scalar fields. This suggests that
the underlying geometric structure of a multi-scalar field theory is that of a trivial bundle
M × Rn, so that scalar field multiplets are sections of this bundle.

While the aforementioned approach conveys the idea that the value of each scalar field
is a numeric quantity that can be associated a physical meaning, it is not the most general
approach, and does not capture the full spirit of a geometric field theory. From the latter
point of view, it is more natural to assume that the codomain of a scalar field multiplet
ϕ is actually an arbitrary field manifold F , possibly equipped with additional structure,
so that the realm of multi-scalar field theories becomes the trivial bundle M × F . In this
approach numerical values for scalar fields arise merely through the choice of coordinates
on F , or by considering further, real or complex functions defined on F , which are then
evaluated at the point specified by the scalar field multiplet. In the context of multi-scalar
extensions to gravity theories, where it is commonplace to consider redefinitions of scalar
fields, this approach has the advantage that it gives this procedure a clear and simple
geometric interpretation as a coordinate transformation of the field space F , and allows to
define physical quantities in a coordinate-independent fashion. Note that this interpretation
is by no means new; it is most commonly encountered in the context of so-called sigma
models [154], where the field space F is usually taken to be a Lie group or homogeneous
space, and thus naturally carries a transitive Lie group action.

2.3 Transformations of geometries and symmetries

Symmetry transformations and the invariance under such transformations have numerous
applications in the mathematical description of physical theories. In this thesis we focus on
two classes of symmetry transformations, which we will discuss in the course of this thesis
together with their application to gravitational theories and their solutions. In section 2.3.1,
we discuss the invariance of physical field configurations, which we model as sections of a
fiber bundle, under symmetry transformations acting on the base space of this bundle; the
latter implies that such transformations are infinitesimally generated by vector fields on
the base space. The essentially opposite case is discussed in section 2.3.3, where we discuss
the action of transformation groups on the space of field configurations which are generated
by vector fields which are tangent to the fibers of a suitable bundle, and the invariance of
Lagrangian field theories under such transformations.

2.3.1 Sections with base space symmetries

One of the most common task in the area of field theory and in particular the theoretical
description of gravity is the derivation of solutions of a given theory, modeled by sections
σ : B → E of a natural fiber bundle π : E → B with bundle functor F , which are invariant
under the action ψ : G×B → B of a given symmetry group G on the base space B. In the
most frequently encountered cases in gravity theory, the base space is the four-dimensional
spacetime manifold B = M , while frequently encountered transformation groups include

26



the two-dimensional Euclidean group ISO(2) in the description of plane waves, the rotation
group SO(3) in the case of spherical symmetry (possible extended to O(3) to include also
reflections) and various groups describing spatial isotropy and homogeneity in the case of
cosmology. As discussed in section 2.1.5, such the action ψ introduce an action

ψ∗ : G× Γ(π) → Γ(π)
(u, σ) 7→ ψ∗

uσ
(2.3.1)

on the space Γ(π) of sections through the pullback.
In the usually encountered case in gravity theory, in which π : E → B is an affine bundle

modeled on a vector bundle π⃗ : E⃗ → B, such as a connection bundle, or already a vector
bundle, it is often more convenient to consider infinitesimal symmetries instead, which are
generated by the Lie algebra g of G. Denoting by Xξ ∈ Vect(B) the fundamental vector
field of ξ ∈ g, i.e., the generating vector field of the action of the one-parameter subgroup
t 7→ exp(−tξ) of G on B, the action on sections is given by

dψ∗ : g× Γ(π) → Γ(π⃗)
(ξ, σ) 7→ £Xξ

σ
(2.3.2)

in terms of the Lie derivative.
In the case of natural bundles, the finite and infinitesimal actions on the space of sections

are canonically defined as shown in section 2.1.5. However, also more general situations are
encountered in gravity theory, such as in the case of Cartan geometry or Finsler geometry,
which require an extension to the notions given above. We provide such an extension to a
number of relevant geometries in section 3.

Most often one is interested in field configurations σ which obey the considered symme-
try, i.e., which are invariant under the action of the symmetry group. In the case of a finite
Lie group action ψ of a group G, this means that ψ∗

uσ = σ for every u ∈ G. Taking into
account the definition (2.1.12) of the Lie derivative, it follows that the corresponding notion
of invariance for infinitesimal transformations generated by the action of a Lie algebra g
is given by the condition £Xξ

σ = 0 for all ξ ∈ g, where the right hand side is understood
as the canonical zero section 0 ∈ Γ(π⃗) of the vector bundle π⃗ : E⃗ → B. For a number of
geometries used in gravity theories and transformation groups, we derive the most general
class of such invariant sections in section 4.

While the aforementioned case of sections which are invariant under the action of the
symmetry group is the most simple one, one frequently encounters also more general cases.
For instance, if π : E → B is a vector bundle, also Γ(π) inherits the structure of a
vector space. In this case the bundle functor F lifts the group action ψ on B to vector
bundle morphisms, so that the group action (2.3.1) acts linearly on the space of sections,
hence giving a representation of the group G on Γ(π). A natural question arising in this
case is whether the representation can be decomposed into irreducible representations,
and whether these are of finite dimension. This question motivates the study of invariant
subspaces of Γ(π). In particular, one-dimensional invariant subspaces on which G acts
trivially are spanned by invariant sections. A non-trivial example is studied in section 5.3.

2.3.2 Perturbations of symmetric sections

Another possibility is to study the action of the whole diffeomorphism group Diff(B) on B,
or in the infinitesimal case the Lie algebra diff(B), which can be identified with the vector
fields Vect(B) on B. The latter can be seen to act on the space of linear perturbations
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around a fixed background section σ̄ : B → E, which can be identified with the pullback
bundle σ̄∗V E of the vertical tangent bundle of E to B. In the most simple case that
π : E → B is an affine bundle, this pullback bundle is identified with the underlying vector
bundle π⃗ : E⃗ → B. A linear perturbation is then given by a section δσ : E⃗ → B. The
action of an infinitesimal diffeomorphism, expressed by a vector field X ∈ Vect(B), on this
space of linear perturbations is given by

(δσ,X) 7→ δσ −£X σ̄ . (2.3.3)

Note, however, that this is not a Lie algebra action; it does not commute with the Lie
bracket of vector fields. Since the vector fields act as translations in the space of linear
perturbations, they generate a vector subspace. Taking the quotient of the vector space
of all linear perturbations by this subspace leads to the space of gauge-invariant linear
perturbations; this space is commonly used as the “physical” space of perturbations, with
the subspaces generated by translations as the “pure gauge” part.

Conventionally, the background section is chosen to be a section of a natural bundle,
which is symmetric under the action of a Lie group G on the base manifold B, as discussed
in the previous section. In this case the group action of G on Γ(π) induces an action on
the space of linear perturbations. Further, the action of G on B induces an action on
the space Vect(B) of vector fields. One may thus decompose both spaces into subspaces
which correspond to irreducible representations of G. It follows from the structure of the
action (2.3.3) that it leaves this decomposition invariant, i.e., perturbations which transform
under a particular representation of G transform only under infinitesimal diffeomorphisms
which transform under the same representation of G. Using this fact leads to a great
simplification of the theory of gauge-invariant linear perturbations.

We make use of the aforementioned considerations when we study linear cosmologi-
cal perturbations in section 5.1. An extension to higher order perturbations is used in
section 5.2.

2.3.3 Field space symmetries

The second class of symmetry transformations we consider, and which we will call field field
space symmetries, are essentially the complementary case to the base space symmetries we
discussed above. While the latter are fully determined by the action of a symmetry group
on the base space B of a fiber bundle π : E → B, the former are constructed such that
their action on the base space becomes trivial. In the most simple case, one may consider
a group action

Ψ : G× E → E
(u, e) 7→ Ψu(e)

, (2.3.4)

with the additional assumption that for each u ∈ G, Ψu : E → E is a vertical bundle
automorphism, which we defined in section 2.1.1 as a bundle automorphism covering the
identity idB, so that π ◦Ψu = π. It induces an action on the space of sections as

Ψ̃ : G× Γ(π) → Γ(π)
(u, σ) 7→ Ψu ◦ σ

. (2.3.5)

While this approach is sufficient for simple cases such as the conformal transformations
discussed in section 6.1, it does not cover examples such as the disformal transformations
studied in section 6.2, where the value of the transformed section at a given point b ∈ B
does not only depend on the value σ(b) of the original section at the same point, but
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also on its derivatives. In order to define this more general class of transformations, it is
more convenient to consider infinitesimal transformations. Given a one-parameter subgroup
t 7→ exp(−tξ) of G generated by a Lie algebra element ξ ∈ g, denote by Xξ ∈ Vect(E) the
corresponding fundamental vector field, which generates the action of this one-parameter
subgroup on E. Since we assumed Ψ to be vertical, also Xξ must be a vertical vector field,
π∗ ◦Xξ = 0. We thus have a map

X : g× E → V E
(ξ, e) 7→ Xξ(e)

, (2.3.6)

where V E = kerπ∗ ⊂ TE is the total space of the vertical tangent bundle ν : V E → E,
and we have the condition that for every ξ ∈ g, Xξ is a section of the vertical tangent
bundle, hence ν ◦Xξ = idE . In order to generalize this notion such that it implements the
additional dependence on the derivative of sections, one may replace the second argument
by a jet, and consider maps of the form

X : g× Jr(π) → V E
(ξ, e) 7→ Xξ(e)

(2.3.7)

for a given r, or to simplify the following considerations,

X : g× J∞(π) → V E
(ξ, e) 7→ Xξ(e)

, (2.3.8)

keeping in mind that the latter may define on any finite, but unspecified number of deriva-
tives. Also here one needs an additional condition, to guarantee that Xξ(j

∞
b σ) is a vector

at σ(b) for all sections σ ∈ Γ(π) and b ∈ B. Hence, one demands that

ν ◦Xξ = π∞,0 , (2.3.9)

where π∞,0 : J∞(π) → E is the jet projection satisfying π∞,0(j
∞
b σ) = σ(b). A map Xξ of

this type is called an evolutionary vector field [137]. Its action on the space Γ(π) of sections
can most easily understood in terms of the induced group action Ψ̃ : G × Γ(π) → Γ(π).
For a one-parameter group t 7→ exp(−tξ) one has

d

dt
Ψ̃exp(−tξ)(σ)(b)

∣∣∣∣
t=0

= Xξ(j
∞
b σ) (2.3.10)

as the tangent vector at t = 0 through the curve t 7→ Ψ̃exp(−tξ)(σ)(b) ∈ Eb.

2.3.4 Transformations of Lagrangians

An important difference from the earlier discussed case of base space transformation con-
cerns the application of the construction outlined in the previous section. For the former
case, we were mostly interested in sections σ which are invariant under the transformation.
However, for the field space transformations we discuss here, such sections are those on
which X acts trivially. A more interesting topic to study is the invariance of the dynamics
of field theories under the action of evolutionary vector fields, or the transformation of one
field theory into another under this action. Most commonly, and in particular in the case
of gravity theories, the dynamics of a field theory are given by a Lagrangian. We briefly
summarize this approach below.

In the following we assume that the underlying mathematical structure of the theory
under consideration is given by a natural fiber bundle π : E → B, where the base space B
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is most commonly identified with the spacetime manifold M , or the total space of another
fiber bundle over M , such as its tangent bundle TM . Field configurations are described by
sections σ : B → E of this bundle, and the phase space of the theory is given as the space
Γ(π) of all such sections. The dynamics of the theory is defined by specifying a Lagrangian.
Most formally, the latter can be defined by using the notion of jet bundles [152], either by
using jet bundles of finite order [120], or infinite-dimensional jet bundles in the construction
of the variational bicomplex [1]. Here we restrict the discussion to the latter framework
for simplicity. In this context, a Lagrangian is a horizontal n-form L ∈ Ωn(J∞(π)) on
the infinite jet bundle, where n = dimB is the dimension of the base manifold, and by
horizontal it is understood that ιΞL = 0 for any vector field Ξ ∈ Vect(J∞(π)) which
satisfies π∞ ◦ Ξ = 0, where π∞ : J∞(π) → B is the source projection. For any compact
domain D ⊂ B and local section σ : D → E the Lagrangian defines the action functional

SD[σ] =

∫
D
(j∞σ)∗L . (2.3.11)

At the heart of Lagrange theory lies the variational principle, which states that solutions
to the theory defined by L are such sections σ for which the action is stationary, i.e., for
which the variation of the action with respect to the section vanishes. One finds that these
sections solve the Euler-Lagrange equations

(EL) ◦ j∞σ = 0 , (2.3.12)

where E : Ωn(J∞(π)) → Ωn+1(J∞(π)) is called the Euler operator.
We see that both evolutionary vector fields and Lagrangians are defined on the infinite

jet bundle. The former, however, takes values only in the vertical tangent bundle V E. In
order to obtain a vector field on J∞(π), which can then be applied to a Lagrangian, one
starts from the evolutionary vector field Xξ, where ξ ∈ g is an element of the symmetry
algebra, and defines its prolongation prXξ ∈ Vect(J∞(π)) as the unique vertical vector
field on the infinite jet bundle satisfying∫

D
(j∞σ)∗£prXξ

L =
d

dt

∫
D

[
j∞Ψ̃exp(−tξ)(σ)

]∗
L

∣∣∣∣
t=0

(2.3.13)

for all sections. As in the case of base space symmetries and sections we discussed before,
it is most common to study Lagrangians which are invariant under a given transformation
group, which in this case means that £prXξ

L is an exact form, and therefore does not
contribute to the action integral. It follows that such transformation map solutions of the
Euler-Lagrange equations (2.3.12) again to solutions. The most famous result on this topic
is Noether’s theorem, which provides an explicit derivation of conserved quantities from
symmetries of a Lagrangian.

Another, more general possibility is to study not a single Lagrangian, but a class of
Lagrangians, which is invariant under the given transformation group, such that the group
elements relate different Lagrangians within the given class to each other. In this case
these different Lagrangians may be regarded as generating an equivalent dynamics, but
expressed in a different representation of the field variables, where the latter are related by
the transformation group. We will study such classes of Lagrangians in section 6.

3 Extending the notion of symmetry

In the majority of gravity theories, most prominently general relativity, the fundamental
field mediating the gravitational action is modeled as a section of a natural bundle. In this
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case one immediately obtains a notion for the invariance of a field configuration under the
action of a transformation group on the underlying base space, as discussed in sections 2.1.2
and 2.3.1. However, also more general classes of geometries are employed, such as Cartan
geometry [163, 162, 164, 47, 46, 48, 45, 58, 165, 59] or Finsler geometry [140], and also
teleparallel geometry may be viewed in terms of Cartan geometry [40, 104, 103] or an
additional vector bundle [4]. In order to describe symmetric gravitational fields within
these theories, one therefore needs to extend the notion of symmetry to these underlying
geometries. One approach would be to provide a separate definition of symmetry for any
given geometry under consideration. Another, more succinct approach is to subsume the
relevant geometries under a larger class, and to provide a unified notion of symmetry for
this unifying class. It turns out that Cartan geometry can be used for this unification, as
is shown in section 3.1. Its application to teleparallel geometry is shown in section 3.2.

3.1 Unified approach using Cartan geometry

The gravity theories which are the subject os this thesis are based on various underlying
geometries, ranging from different subclasses of metric-affine geometries to Finsler geom-
etry. In order to study these theories in a unified framework, one may therefore aim
to find a unified geometric description, which encompasses the underlying geometries en-
countered thus far. It turns our that this can be achieved by using Cartan geometry,
which has already been successfully applied to the description of various gravity theo-
ries [163, 162, 164, 47, 46, 48, 45, 58, 165, 59]. A straightforward question arising from
this unification approach whether also the notion of spacetime symmetries present in the
more specific symmetries enjoys a unified description in terms of Cartan geometry. This
question has been studied and answered in our work [H1], which we summarize here. The
general notion of symmetries for first-order reductive Cartan geometry is explained in sec-
tion 3.1.1. We then discuss two special cases: metric-affine geometry in section 3.1.2 and
Finsler geometry in section 3.1.3.

3.1.1 Symmetries of first-order reductive Cartan geometries

This aim to construct a general notion of symmetry for Cartan geometries is obstructed
by the fact that the principal bundle, which is the most fundamental ingredient to the
definition of Cartan geometry following its definition given in section 2.2.1, is in general
not a natural bundle. Hence, it is not defined via a bundle functor, and there is no functorial
lift of diffeomorphisms from the base manifold to the total space of the bundle, on which
the Cartan connection is defined. One may therefore restrict the attention to such classes
of Cartan geometries for which it is reasonable to assume that a lift may be constructed.
It turns out that such as class is given by first order reductive Cartan geometries, since
their principal bundle is a subbundle of the general linear frame bundle [155], for which the
following construction is possible. Given a diffeomorphism ψ : B → B, one can construct
a lift ψ̂ : GL(B) → GL(B), which assigns to every frame f : Rn → TxB over x ∈ B the
frame

ψ̂(f) = ψ∗ ◦ f : Rn → Tψ(x)B
v 7→ ψ∗(f(v))

. (3.1.1)

One finds that ψ̂ is a bundle isomorphism covering ψ. Using the previously introduced co-
ordinates (xµ, fAµ) on the frame bundle, and writing the transformed coordinates obtained
from the diffeomorphism ψ̂ as (x′µ, f ′A

µ), where (x′µ) are thr transformed coordinates on
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the base space B, this relation reads

f ′A
µ = fA

ν ∂x
′µ

∂xν
. (3.1.2)

Passing th infinitesimal transformations, it is possible to construct a lift of a vector field
X ∈ Vect(B) from the base manifold to a vector field X̂ ∈ Vect(GL(B)) on the frame
bundle as follows. Denoting by ψ : R×B → B the one-parameter group of diffeomorphisms
generated by X, one constructs the lift ψ̂ such that for every t ∈ R, ψ̂t is the lift of ψt
to GL(B). Then ψ̂ : R × GL(B) → GL(B) is a one-parameter group of diffeomorphisms,
whose generating vector field we denote by X̂. Using again the coordinates (xµ, fA

µ) on
the frame bundle GL(B), this vector field, which we call the canonical lift of X, then takes
the form

X̂ = Xµ∂µ + fA
µ∂µX

ν ∂̄Aν (3.1.3)

in the coordinate basis (2.2.4) on the frame bundle. Using the fact that for a first or-
der reductive Cartan geometry the principal bundle can canonically be identified with a
subbundle P ⊂ GL(B) of the frame bundle, one may construct the following notion of
symmetry for this class of geometries [65]:

Definition 3.1 (Finite symmetry of a first-order reductive Cartan geometry). A finite
symmetry of a Cartan geometry (π : P → B,A) with P ⊂ GL(B) is a diffeomorphism
ψ : B → B such that ψ̂ restricts to a diffeomorphism of P and ψ̂∗A = A.

Passing to infinitesimal symmetries defined by a vector field X on B, this leads to the
following notion:

Definition 3.2 (Infinitesimal symmetry of a first-order reductive Cartan geometry). An
infinite symmetry of a Cartan geometry (π : P → B,A) with P ⊂ GL(B) is a vector field
X ∈ Vect(B) such that X̂ is tangent to P and £X̂A = 0.

An interesting consequence follows from the split A = ω + e, where e is the solder
form (2.2.5). Using the previously introduced coordinates for the description of the lifted
diffeomorphism, we have

ψ̂∗e = f ′−1A
µZAdx′µ =

∂xν

∂x′µ
f−1A

νZA
∂x′µ

∂xρ
dxρ = f−1A

µZAdxµ = e (3.1.4)

and so the solder form is invariant under the complete lift of any diffeomorphism to the
frame bundle. While this relation appears trivial using the coordinate expressions above,
it can also straightforwardly be derived directly from the definition (3.1.1) of the lifted
diffeomorphism ψ̂. For any frame f ∈ GL(B) and tangent vector w ∈ TfGL(B) we have

(ψ̂∗e)(w) = e(ψ̂∗(w))

= [ψ̂(f)−1 ◦ π∗ ◦ ψ̂∗](w)

= [f−1 ◦ ψ−1
∗ ◦ π∗ ◦ ψ̂∗](w)

= [f−1 ◦ (ψ−1 ◦ π ◦ ψ̂)∗](w)
= [f−1 ◦ π∗](w)
= e(w) .

(3.1.5)

The steps of this derivation are explained as follows. First we use the definition of the
pullback ψ̂∗ of a differential form, which acts on vectors by first applying the pushforward
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ψ̂∗ and thereafter the original differential form. In the next step, the definition (2.2.6) is
used, taking into account that ψ̂∗(w) is not a tangent vector at ψ̂(f), and so the appropriate
inverse frame ψ̂(f)−1 at this point must be used. Then we apply the definition (3.1.1) of the
frame bundle lift, from which follows ψ̂(f)−1 = f−1 ◦ ψ−1

∗ . The resulting formula contains
three consecutive pushforwards, which can be replaced by the joint pushforward along the
concatenated maps. Finally, using the fact that ψ̂ covers ψ, since it is a canonical lift, gives

ψ−1 ◦ π ◦ ψ̂ = π , (3.1.6)

so that the diffeomorphism cancels, and one obtains the unchanged solder form.
Similarly, for any vector field X ∈ Vect(B) holds

£X̂e = d(X̂ ¬ e) + X̂ ¬ de

=
[
d(f−1A

µX
µ) + (Xρ∂ρ + fC

ρ∂ρX
σ∂̄Cσ)

¬ (−f−1A
νf

−1B
µdfB

ν ∧ dxµ)
]
ZA

=
[
f−1A

µ∂νX
µdxν − f−1A

νf
−1B

µX
µdfB

ν

+ f−1A
νf

−1B
µX

µdfB
ν − fB

ρ∂ρX
νf−1A

νf
−1B

µdx
µ)
]
ZA

= 0 .

(3.1.7)

Thus, we may omit the solder form in regards of symmetry, since it is sufficient to demand
that the Ehresmann connection ω is invariant under the (finite or infinitesimal) symmetry
transformation. We will use this finding in the following sections.

3.1.2 Relation with metric-affine geometry

As a simple example, we apply the notion of symmetry for a first-order reductive Cartan ge-
ometry outlined in the previous section to the metric affine spacetime geometry introduced
in section 2.2.2. In this case, the base manifold of the Cartan geometry is identified with
the spacetime manifold B =M , while the bundle on which the Cartan geometry is defined,
is the whole frame bundle P = GL(M). Hence, the frame bundle lift ψ̂ : GL(M) → GL(M)
of any diffeomorphism ψ : M → M trivially preserves P . Similarly, the frame bundle lift
X̂ ∈ Vect(GL(M)) of any vector field X ∈ Vect(M) is trivially tangent to P .

It is illustrative to derive explicitly the symmetry conditions for the Cartan connec-
tion (2.2.15). Following the finding from the previous section, that the solder form e is
invariant under any finite or infinite transformation on the base space, it is sufficient to
consider only the Ehresmann connection (2.2.16). Its pullback along the frame bundle lift
ψ̂ reads

ψ̂∗ω = f ′−1A
µ(df

′
B
µ + f ′B

νΓµνρ(x
′)dx′ρ)HA

B

=
∂xµ

∂x′τ
f−1A

µ

(
∂x′τ

∂xλ
dfB

λ + fB
λ ∂2x′τ

∂xκ∂xλ
dxκ +

∂x′ω

∂xν
∂x′σ

∂xρ
fB

νΓτ ωσ(x
′)dxρ

)
HA

B

= f−1A
µ

[
dfB

µ + fB
ν ∂x

µ

∂x′τ

(
∂2x′τ

∂xν∂xρ
+
∂x′ω

∂xν
∂x′σ

∂xρ
Γτ ωσ(x

′)

)
dxρ
]
HA

B

= f−1A
µ [dfB

µ + fB
ν(ψ∗Γ)τ ωσ(x)dx

ρ]HA
B ,

(3.1.8)

and so we find simply the usual transformation law

(ψ∗Γ)µνρ(x) = Γτ ωσ(x
′)
∂xµ

∂x′τ
∂x′ω

∂xν
∂x′σ

∂xρ
+
∂xµ

∂x′τ
∂2x′τ

∂xν∂xρ
(3.1.9)
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for the coefficients of an affine connection under the action of the diffeomorphism ψ. This
relationship can also be derived for the infinitesimal transformation induced by a vector
field X ∈ Vect(M). In this case calculating the Lie derivative £X̂ω, which we omit here
for brevity, reveals the Lie derivative of the affine connection [166]

(£XΓ)
µ
νρ = Xσ∂σΓ

µ
νρ − ∂σX

µΓσνρ + ∂νX
σΓµσρ + ∂ρX

σΓµνσ + ∂ν∂ρX
µ

= ∇ρ∇νX
µ −XσRµνρσ −∇ρ(X

σTµνσ) ,
(3.1.10)

which is simply the infinitesimal analogue of the previously derived and well-known trans-
formation formula. The second line shown here, which is straightforward to obtain from
the previous one, shows that it is a tensor, since the connection bundle is an affine bundle
modeled over a tensor bundle, and the Lie derivative takes its values in the latter.

In addition to the affine connection, which defines the Cartan connection, a metric-
affine geometry is also equipped with a metric, which we lifted to a scalar quantity (2.2.18)
on the frame bundle. Hence, one also demands this quantity to be invariant under the
frame bundle lift of a symmetry transformation, in order for the full metric-affine geometry
to be regarded as invariant. For the finite transformation, one thus calculates the pullback

ψ̂∗g = f ′A
µf ′B

νgµν(x
′)ZA ⊗ZB =

∂x′ρ

∂xµ
∂x′σ

∂xν
fA

µfB
νgρσ(x

′)ZA ⊗ZB , (3.1.11)

which resembles the pullback

(ψ∗g)µν(x) = gρσ(x
′)
∂x′ρ

∂xµ
∂x′σ

∂xν
(3.1.12)

of the metric tensor. Similarly, the Lie derivative yields

£X̂g = X̂ ¬ dg

=
(
Xλ∂λ + fD

σ∂σX
λ∂̄Dλ

)
¬ [(gρνf−1C

µ + gµρf
−1C

ν)dfC
ρ + ∂ρgµνdx

ρ
]
fA

µfB
νZA ⊗ZB

=
[
fC

σ∂σX
ρ(gρνf

−1C
µ + gµρf

−1C
ν) +Xρ∂ρgµν

]
fA

µfB
νZA ⊗ZB

= (∂µX
ρgρν + ∂νX

ρgµρ +Xρ∂ρgµν) fA
µfB

νZA ⊗ZB ,

(3.1.13)

from which we see the Lie derivative

(£Xg)µν = Xρ∂ρgµν + ∂µX
ρgρν + ∂νX

ρgµρ , (3.1.14)

as one may expect. Hence, we find that the invariance of a metric-affine geometry under
the action of a transformation group which we derived from the unified Cartan geometry
approach simply agrees with the conventional notion of invariance in terms of the metric
and affine connection. It is then straightforward to specialize this notion of symmetry to
particular subclasses of metric-affine geometries; this is done for the case of teleparallel
geometry in section 3.2.

3.1.3 Relation with Finsler geometry

As the second example we consider the application of our notion of symmetry for first-order
reductive Cartan geometries to Finsler geometry, following its definition in section 2.2.4.
The main difficulty in this case arises from the fact that the characteristic objects describing
the properties of a Finsler geometry are not sections of natural bundles over the spacetime
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manifold M , on which the spacetime symmetry group acts, but natural bundles over its
tangent bundle TM . Hence, an additional, intermediate step is required, in order to
lift a diffeomorphism ψ : M → M to ψ̂ = ψ∗ : TM → TM . In the following one
then only considers the transformation of Finsler geometric objects under these induced
diffeomorphisms ψ̂ of the tangent bundle, instead of the full diffeomorphism group of the
total space manifold TM . From this restriction follows that the transformation of these
objects takes a particularly simple form, which we briefly show below. The starting point for
deriving these transformations is the transformation of the geometry function L. Writing
the coordinates of a point in TM as (xµ, x̄µ) and its image under ψ̂ as (x′µ, x̄′µ), one has
the relation

x̄′µ = x̄ν
∂x′µ

∂xν
. (3.1.15)

The pullback of L along ψ̂ then simply reads

(ψ̂∗L)(x, x̄) = L(x′, x̄′) . (3.1.16)

The transformation of the remaining quantities is then derived from this relation. For
the Hessian (2.2.38) and the Finsler metric (2.2.40) one finds the common transformation
behavior

(ψ̂∗gL/F )µν(x, x̄) = gL/Fρσ (x′, x̄′)
∂x′ρ

∂xµ
∂x′σ

∂xν
, (3.1.17)

which shows that they transform analogously to tensor fields on the base manifold, which is
a characteristic property of d-tensor fields. This is to be contrasted with the transformation
of the coefficients (2.2.42) of the non-linear connection, which reads

(ψ̂∗N)µν(x, x̄) = Nρ
σ(x

′, x̄′)
∂xµ

∂x′ρ
∂x′σ

∂xν
+ x̄σ

∂2x′ρ

∂xν∂xσ
∂xµ

∂x′ρ
, (3.1.18)

and which is inhomogeneous, as can be seen from the appearance of an additional term.
Finally, for the coefficients (2.2.46) one finds the transformation rules

(ψ̂∗F )µνρ(x, x̄) = F στω(x
′, x̄′)

∂xµ

∂x′σ
∂x′τ

∂xν
∂x′ω

∂xρ
+
∂xν

∂x′σ
∂2x′σ

∂xν∂xρ
, (3.1.19a)

(ψ̂∗C)µνρ(x, x̄) = Cστω(x
′, x̄′)

∂xµ

∂x′σ
∂x′τ

∂xν
∂x′ω

∂xρ
, (3.1.19b)

so that only the latter constitutes the components of a d-tensor field, while the former
receives an additional inhomogeneous contribution.

In order to relate this set of transformation rules to the description in terms of Cartan
geometry, it is more convenient to consider infinitesimal diffeomorphisms generated by a
vector field X ∈ Vect(M) instead. Using the fact that TM is a natural bundle, one can
construct the complete lift X̂ ∈ Vect(TM) given by

X̂ = Xµ∂µ + x̄ν∂νX
µ∂̄µ . (3.1.20)

For the Finsler geometric objects defined on TM , it is now straightforward to calculate
their Lie derivatives, i.e., their change under an infinitesimal transformation generated by
X̂. For the scalar function L, this takes the obvious form

£X̂L = Xµ∂µL+ x̄ν∂νX
µ∂̄µL , (3.1.21)
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which is simply the directional derivative along X̂. For the Hessian (2.2.38) and Finsler
metric (2.2.40), which are d-tensors, one finds the formula

(£X̂g
L/F )µν = Xρ∂ρg

L/F
µν + x̄σ∂σX

ρ∂̄ρg
L/F
µν + ∂µX

ρgL/Fρν + ∂νX
ρgL/Fµρ , (3.1.22)

which is reminiscent of the usual Lie derivative of tensor fields defined on the base manifold.
This is different for the coefficients (2.2.42) of the non-linear connection, which transform
as

(£X̂N)µν = Xρ∂ρN
µ
ν + x̄σ∂σX

ρ∂̄ρN
µ
ν − ∂ρX

µNρ
ν + ∂νX

ρNµ
ρ + x̄ρ∂ν∂ρX

µ , (3.1.23)

so that one obtains an inhomogeneous contribution, as one should expect. This can also
be seen for the coefficients (2.2.46) of the Cartan linear connection, which reads

(£X̂F )
µ
νρ = Xσ∂σF

µ
νρ + x̄τ∂τX

σ∂̄σF
µ
νρ − ∂σX

µF σνρ + ∂νX
σFµσρ + ∂ρX

σFµνσ

+ ∂ν∂ρX
µ , (3.1.24a)

(£X̂C)
µ
νρ = Xσ∂σC

µ
νρ + x̄τ∂τX

σ∂̄σC
µ
νρ − ∂σX

µCσνρ + ∂νX
σCµσρ + ∂ρX

σCµνσ ,
(3.1.24b)

and thus confirms that only Cµνρ transforms as a d-tensor, while Fµνρ does not.
Of particular interest are such diffeomorphisms ψ :M →M , which leave the geometry

function L invariant, ψ̂∗L = L. From the fact that all other geometric objects we dis-
cussed above are derived from the geometry function that also these objects are invariant
under the induced action of ψ if L is invariant. This justifies to regard ψ as a (finite)
symmetry of a Finsler spacetime if and only if ψ̂∗L = L. The analogous statement holds
also for infinitesimal transformations generated by a vector field X ∈ Vect(M): if the Lie
derivative £X̂L of the Finsler geometry function L vanishes, then also the Lie derivatives
of the remaining geometric objects mentioned above vanish. Hence, we regard X as an
infinitesimal symmetry if and only if £X̂ = 0. In the following, we will restrict ourselves
to the case of infinitesimal symmetries.

As discussed in section 2.2.4, Finsler spacetimes give rise to a first-order reductive
Cartan geometry, whose Cartan connection (2.2.52) is defined on the total space of a
principal K-bundle π : P → O, where K = SO(3) and O is the observer space, and P can
be identified with a subbundle of the frame bundle GL(O). Relating the symmetries of
this observer space Cartan geometry to those of the underlying Finsler geometry poses a
number of conceptual difficulties. The main difficulty arises from the fact that the former is
generated by a vector field Ξ ∈ Vect(O) on the observer space, while the latter is generated
by a vector field X ∈ Vect(M), and there is no direct relation between Vect(M) and
Vect(O). However, recall that O ⊂ TM is defined as a connected component of the level
set of L where L = 1. If X is a symmetry of the Finsler spacetime, so that its complete
lift X̂ ∈ Vect(TM) to the tangent bundle satisfies £X̂L = 0, it thus follows that X̂ is
tangent to O, and thus restricts to a vector field Ξ = X̂|O. A lengthy, but straightforward
calculation shows that the canonical lift of this vector field Ξ to GL(O) is tangent to P
and preserves the Cartan connection, so that Ξ is a symmetry of the observer space Cartan
geometry.

The fact that a symmetry X ∈ Vect(M) of a Finsler spacetime induces a symmetry
Ξ ∈ Vect(O) of the corresponding observer space Cartan geometry does not come as a
surprise, since the observer space and the Cartan connection are fully determined by the
geometry function L defining the Finsler spacetime. More remarkable is the fact that also
the converse statement holds: every symmetry Ξ ∈ Vect(O) of the observer space Cartan
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geometry induced from a Finsler spacetime originates from a symmetryX ∈ Vect(M) of the
Finsler spacetime itself. Together with the former statement it thus follows that there exists
a one-to-one correspondence between symmetries X ∈ Vect(M) of Finsler spacetimes and
Ξ ∈ Vect(O) of their induced observer space Cartan geometry. The proof of this statement
is rather lengthy and shown in our work [H1].

3.2 Symmetries in teleparallel geometry

A particular subclass of the general class of orthogonal Cartan geometries discussed in
the previous section is the teleparallel geometry, which can be described by a metric gµν ,
together with a flat, metric-compatible affine connection

•
Γµνρ [11]. More commonly, how-

ever, a teleparallel geometry is described in the covariant formulation [121] by using a
tetrad θAµ, together with a flat, metric-compatible spin connection •

ωABµ, from which the
metric and affine connection are obtained via the definitions (2.2.22) and (2.2.27). Hence,
the question arises how the notion of symmetry derived in our work [H1] can be expressed
in terms of these more common field variables. We answered this question in detail in our
work [H2], and determined the teleparallel geometries which are invariant under a number
of different symmetry groups. We summarize the general construction and derivation of
symmetry conditions below. In section 3.2.1, we consider finite group actions, before we
pass to infinitesimal actions in section 3.2.2. In both sections we work in a general Lorentz
gauge. Finally, in section 3.2.3, we translate the results into the Weitzenböck gauge, which
simplifies the conditions significantly, and show their equivalence with the general case.

3.2.1 Finite symmetries

To derive the symmetry condition for the tetrad, one starts with the symmetry condi-
tion (3.1.12) for the metric. It follows from the definition (2.2.22) that the metric gµν
obtained from a tetrad θAµ is invariant under a diffeomorphism ψ : M → M if and
only if the tetrad and its pullback (ψ∗θ)Aµ are related by a local Lorentz transformation
Λ :M → SO(1, 3). Hence, we can define the symmetry condition for the tetrad as

(ψ∗θ)Aµ = ΛABθ
B
µ . (3.2.1)

It then follows further that the affine connection (2.2.27) satisfies the symmetry condi-
tion (3.1.9) if and only if the pullback of the spin connection is given by

(ψ∗ •
ω)ABµ = ΛAC

[
(Λ−1)DB

•
ωCDµ + ∂µ(Λ

−1)CB
]
. (3.2.2)

Instead of a single diffeomorphism ψ : M → M , it is more common to consider invariance
under the action ψ : G ×M → M of a group G by diffeomorphisms on M . In this case,
the symmetry conditions (3.2.1) and (3.2.2), with ψ = ψu, must be satisfied for all u ∈ G.
Here Λ may be chosen differently for different u ∈ G, and so the single local Lorentz
transformation Λ is replaced by a map Λ : G×M → SO(1, 3). However, it turns out that
this map is not arbitrary. This follows from the fact that ψ is a (left) group action, and
hence by definition satisfies ψuv = ψu ◦ψv for all u, v ∈ G. For Λuv thus follows

ΛA
uvBθ

B
µ = (ψ∗

uvθ)
A
µ

= (ψ∗
vψ

∗
uθ)

A
µ

= [ψ∗
v(Λu · θ)]Aµ

= (ψ∗
vΛu)

A
B(ψ

∗
vθ)

B
µ

= (Λu ◦ψv)ABΛB
v Cθ

C
µ ,

(3.2.3)
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and so we find
ΛA
uvB = (Λu ◦ψv)ACΛC

v B . (3.2.4)

We call this map Λ, which intertwines the group operation of the Lorentz group with the
action of the symmetry group a local Lie group homomorphism.

3.2.2 Infinitesimal symmetries

By passing from the general group action discussed above to one-parameter groups, one
easily obtains the corresponding infinitesimal symmetry conditions. One finds that the
metric satisfies the condition (3.1.14) of invariance under the one-parameter diffeomorphism
group generated by a vector field Xµ if and only if the tetrad satisfies

(£Xθ)
A
µ = −λABθBµ , (3.2.5)

where λ : M → so(1, 3) is an infinitesimal local Lorentz transformation. Similarly, for the
spin connection, the condition (3.1.10) yields

(£X
•
ω)ABµ = ∂µλ

A
B +

•
ωACµλ

C
B − •

ωCBµλ
A
C =

•
DλAB , (3.2.6)

in terms of the exterior covariant derivative
•
D. In order to obtain the full action of the Lie

algebra g of the symmetry group G, let X : g → Vect(M) denote the fundamental vector
fields. For two algebra elements ξ, ζ ∈ g we have

λA[ξ,ζ]Bθ
B
µ = −(£X[ξ,ζ]

θ)Aµ

= −(£[Xξ,Xζ ]θ)
A
µ

= −(£Xξ
£Xζ

θ)Aµ + (£Xζ
£Xξ

θ)Aµ

= [£Xξ
(λζ · θ)]Aµ − [£Xζ

(λξ · θ)]Aµ
=
[
(Xξλζ)

A
Bθ

B
µ − (Xζλξ)

A
Bθ

B
µ + λ

A
ζ B(£Xξ

θ)Bµ − λAξ B(£Xζ
θ)Bµ

]
=
[
(Xξλζ)

A
Bθ

B
µ − (Xζλξ)

A
Bθ

B
µ − λAζ BλBξ CθCµ + λAξ BλBζ CθCµ

]
,

(3.2.7)

from which follows
λA[ξ,ζ]B = ([λξ,λζ ] +Xξλζ −Xζλξ)

A
B . (3.2.8)

In analogy to the terminology introduced in the finite transformation case, we call a map
λ which satisfies this relation a local Lie algebra homomorphism.

3.2.3 Local Lorentz transformation and Weitzenböck gauge

The rather cumbersome dependence of the local homomorphisms on the manifold M , which
enters through the pullback along ψ in the finite case (3.2.4), and the derivative along the
fundamental vector fields X in the infinitesimal case (3.2.8), can be simplified by performing
a local Lorentz transformation (2.2.28) to the Weitzenböck gauge, so that the transformed
spin connection vanishes, •

ω′A
Bµ = 0. In this gauge the invariance condition (3.2.2) under

the finite diffeomorphism ψ = ψu reads

0 = (ψ∗
u

•
ω′)ABµ = Λ′A

u C

[
(Λ′−1

u )DB
•
ω′C

Dµ + ∂µ(Λ
′−1
u )CB

]
= Λ′A

u C∂µ(Λ
′−1
u )CB , (3.2.9)

and so ∂µΛ′A
u B = 0 for all u ∈ G. Similarly, the infinitesimal invariance condition (3.2.6)

with ξ = Xξ transforms to

0 = (£Xξ

•
ω′)ABµ = ∂µλ

′A
ξ B +

•
ω′A

Cµλ
′C
ξ B − •

ω′C
Bµλ

′A
ξ C = ∂µλ

′A
ξ B . (3.2.10)
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Hence, in the Weitzenböck gauge Λ′
u ◦ψv = Λ′

u and Xξλ
′
ζ = 0, so that the relations (3.2.4)

and (3.2.8) simply read

Λ′A
uvB = Λ′A

u CΛ
′C
v B , λ′A

[ξ,ζ]B = [λ′
ξ,λ

′
ζ ]
A
B , (3.2.11)

and thus are the conditions for Λ′ : G → SO(1, 3) and λ′ : g → so(1, 3) to be homomor-
phisms of Lie groups and Lie algebras, respectively. Finally, the relation to the original,
local homomorphisms is easily derived as

ΛA
u Bθ

B
µ = (ψ∗

uθ)
A
µ

= [ψ∗
u(Λ

−1 · θ′)]Aµ
= (Λ−1 ◦ψu)AB(ψ∗

uθ
′)Bµ

= (Λ−1 ◦ψu)ABΛ′B
u Cθ

′C
µ

= (Λ−1 ◦ψu)ABΛ′B
u CΛ

C
Dθ

D
µ

(3.2.12)

and

λAξ Bθ
B
µ = −(£Xξ

θ)Aµ

= −[£Xξ
(Λ−1 · θ′)]Aµ

= (Λ−1)AB
[
(XξΛ

B
C)(Λ

−1)CDθ
′D
µ − (£Xξ

θ′)Bµ
]

= (Λ−1)AB
[
λ′B
ξ C + (XξΛ

B
D)(Λ

−1)DC
]
θ′Cµ

= (Λ−1)AB
(
λ′B
ξ DΛ

D
C +XξΛ

B
C

)
θCµ ,

(3.2.13)

from which one reads off

ΛA
u B = (Λ−1 ◦ψu)ACΛ′C

u DΛ
D
B , (3.2.14a)

λAξ B = (Λ−1)AC
(
λ′C
ξ DΛ

D
B +XξΛ

C
B

)
. (3.2.14b)

Note in particular that the latter broadly resembles the local Lorentz transformation (2.2.28)
of the spin connection, which also takes values in the Lorentz algebra. A tedious, but
straightforward calculation shows that these satisfy the original conditions (3.2.4) and (3.2.8)
for the local homomorphisms. This shows that one can find the general form of any telepar-
allel geometry which is invariant under a given group action by first solving the symmetry
conditions in the Weitzenböck gauge, where Λ′ and λ′ are global homomorphisms, and
then perform an arbitrary local Lorentz transformation to transform the result into any
other Lorentz gauge. This method is employed for cosmological symmetry in section 4.2.
Further examples are given in our work [H2].

4 Exact spacetime symmetries

In the previous sections we have derived conditions of invariance under the action of a
symmetry group for various geometries, which are used to model spacetime in gravity
theory. We now present the application of these conditions to a selection of geometries
and symmetry groups. In section 4.1 we present our work [H3], in which the most general
metric-affine geometry with spherical symmetry is studied, along with various special cases.
In section 4.2, the most general class of teleparallel geometries with cosmological symmetry
is shown, which was derived in our work [H4].
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4.1 Spherical symmetry in metric-affine geometry

In section 2.2.2, we gave an overview of metric-affine geometry and its characterizing,
tensorial properties. Since the fundamental fields defining this geometry are a metric and an
affine connection, which can be described in terms of first-order reductive Cartan geometry,
the notion of symmetry studied in section 3.1 can directly be applied. This has been done
in our work [H3], where we derived the most general class of metric-affine geometries with
spherical symmetry, and a number of subclasses, which are obtained by demanding that
one or several of its tensor properties (curvature, torsion, nonmetricity) vanish. Here we
summarize this work as follows. In section 4.1.1, we briefly discuss our notion of spherical
symmetry, including symmetry both under rotations and reflections. The most general
metric-affine geometry satisfying this symmetry is shown in section 4.1.2. In section 4.1.3,
we display the characterizing tensors for this geometry. Finally, we discuss special cases
in section 4.1.4, which are characterized by the vanishing of one or more of these tensorial
quantities.

4.1.1 Rotational and reflectional symmetries

The notion of spherical symmetry as invariance under the action of the orthogonal group
O(3) may be described in terms of two disjoint symmetries. First, one may consider the
symmetry group SO(3) of pure rotations. This is a connected, compact Lie group, which
is generated by its Lie algebra so(3). Its action on a spacetime manifold M can therefore
be expressed in terms of the fundamental vector fields, which generate rotations. Using
spherical coordinates (t, r, ϑ, φ), these are given by the three vector fields

R1 = sinφ∂ϑ +
cosφ

tanϑ
∂φ , (4.1.1a)

R2 = − cosφ∂ϑ +
sinφ

tanϑ
∂φ , (4.1.1b)

R3 = −∂φ . (4.1.1c)

The full group O(3), however, consists of two connected components, and so an infinitesimal
description of its action is not sufficient. In addition, one needs to specify also the action
of at least one group element which does not belong to the connected component of the
identity. The most straightforward element to consider is the point reflection, whose action
in spherical coordinates can be expressed as

(t, r, ϑ, φ) 7→ (t′, r′, ϑ′, φ′) = (t, r, π − ϑ, φ+ π) , (4.1.2)

where the translation of the azimuth angle φ is understood modulo 2π. However, since a
rotation by π around the polar angle is already included in the rotation group SO(3), one
may choose to work with the simpler equatorial reflection

(t, r, ϑ, φ) 7→ (t′, r′, ϑ′, φ′) = (t, r, π − ϑ, φ) , (4.1.3)

which simplifies a number of formulas to be used later.

4.1.2 General spherically symmetric metric-affine geometries

We first give an overview of Lorentzian metrics with spherical symmetry. By using the
condition (3.1.14) for the generating vector fields (4.1.1) one arrives at the well-known
result that the most general spherically symmetric metric is restricted by the six conditions

gtϑ = gtφ = grϑ = grφ = gϑφ = gφφ − gϑϑ sin
2 ϑ = 0 (4.1.4)
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on its components, while the remaining four components are independent. In [76], we chose
to parametrize these free components as

gtt = −eG1+G2 cosG3 , grr = eG1−G2 cosG3 , gtr = eG1 sinG3 , gϑϑ = eG4 , (4.1.5)

using four free functions G1(t, r), . . . ,G4(t, r). The reason for this choice is the fact that its
determinant then takes the simple form

det g = −e2G1+2G4 sin2 ϑ , (4.1.6)

where the negative sign reflects the fact that the metric has Lorentzian signature, irrespec-
tive of the choice of the free functions. It also simplifies the calculation of the inverse,
whose independent components are given by

gtt = −e−G1−G2 cosG3 , grr = e−G1+G2 cosG3 , gtr = e−G1 sinG3 , gϑϑ = e−G4 , (4.1.7)

and thus take the same form. This simplifies a number of calculations. Finally, we remark
that this metric is also invariant under the reflection (4.1.3), and hence under the action
of the full spherical symmetry group O(3).

For the affine connection, the condition (3.1.10) for the vector fields (4.1.1) yields 44
conditions in the components. One is thus left with 20 free functions of the coordinates t
and r. One possibility to parametrize the non-vanishing components, which is used in [76],
is given by

Γttt = C1 , Γttr = C2 , Γtrt = C3 , Γtrr = C4 , Γtϑϑ = C9 ,
Γrtt = C5 , Γrtr = C6 , Γrrt = C7 , Γrrr = C8 , Γrϑϑ = C10 ,

Γφtφ = Γϑtϑ = C11 , Γφrφ = Γϑrϑ = C12 , Γφφt = Γϑϑt = C13 , Γφφr = Γϑϑr = C14 ,

Γφtϑ =
C15
sinϑ

, Γϑtφ = −C15 sinϑ , Γφrϑ =
C16
sinϑ

, Γϑrφ = −C16 sinϑ , (4.1.8)

Γφϑt =
C17
sinϑ

, Γϑφt = −C17 sinϑ , Γφϑr =
C18
sinϑ

, Γϑφr = −C18 sinϑ ,

Γtφϑ = C19 sinϑ , Γtϑφ = −C19 sinϑ , Γrφϑ = C20 sinϑ , Γrϑφ = −C20 sinϑ ,
Γtφφ = C9 sin2 ϑ , Γrφφ = C10 sin2 ϑ , Γφϑφ = Γφφϑ = cotϑ , Γϑφφ = − sinϑ cosϑ ,

in terms of 20 free functions C1(t, r), . . . , C20(t, r), while all other components vanish due to
symmetry. In contrast to the metric, however, this connection is in general not invariant
under the reflection (4.1.3). Imposing reflection symmetry leads to the additional conditions

C15 = C16 = C17 = C18 = C19 = C20 = 0 , (4.1.9)

thus leaving only 14 free functions to determine the most general affine connection invariant
under the group O(3).

4.1.3 Characterizing tensors

From the metric (4.1.5) and the affine connection (4.1.8), it is straightforward to calcu-
late the curvature (2.2.7), torsion (2.2.8) and nonmetricity (2.2.9). Further, calculating
the Levi-Civita connection (2.2.11), one also finds the contortion (2.2.12) and disforma-
tion (2.2.13). We will not give their full expressions here in terms of the parameter func-
tions G1, . . . ,G4, C1, . . . , C20 given above, as these are rather lengthy, and can be found in
full detail in our work [H3]. However, it is worth mentioning a few general properties of
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these tensors. First, one finds that the non-vanishing, independent components of the most
general rotationally symmetric torsion are of the form

T ttr = T1 , T tϑφ = T3 sinϑ , T ϑtϑ = Tφtφ = T5 , T ϑtφ = T7 sinϑ , Tφtϑ = − T7
sinϑ

,

T rtr = T2 , T rϑφ = T4 sinϑ , T ϑrϑ = Tφrφ = T6 , T ϑrφ = T8 sinϑ , Tφrϑ = − T8
sinϑ

,

(4.1.10)

while the non-vanishing, independent components of the rotationally symmetric nonmetric-
ity are given by

Qttt = Q1 , Qtrr = Q2 , Qttr = Q3 , Qϑtφ = −Qφtϑ = Q11 sinϑ ,

Qrtt = Q5 , Qrrr = Q6 , Qrtr = Q7 , Qϑrφ = −Qφrϑ = Q12 sinϑ ,

Qtϑϑ = Q4 , Qtφφ = Q4 sin
2 ϑ , Qϑtϑ = Q9 , Qφtφ = Q9 sin

2 ϑ ,

Qrϑϑ = Q8 , Qrφφ = Q8 sin
2 ϑ , Qϑrϑ = Q10 , Qφrφ = Q10 sin

2 ϑ , (4.1.11)

and are therefore expressed in terms of parameter functions T1(t, r), . . . , T8(t, r) for the
torsion, as well as Q1(t, r), . . . ,Q12(t, r) for the nonmetricity. This general form can also
be obtained independently of the metric and affine connection we found previously, by
imposing that the Lie derivative of the torsion and nonmetricity tensors with respect to
the vector fields (4.1.1) vanishes. Via the formulas (2.2.8) and (2.2.9), the new parameter
functions T1, . . . , T8,Q1, . . . ,Q12 can be expressed through the original parameter functions
G1, . . . ,G4, C1, . . . , C20. Further, from the torsion, nonmetricity and metric one obtains the
contortion

Ktφϑ = −Ktϑφ =
1

2
eG1
(
T4 sinG3 − T3eG2 cosG3

)
sinϑ ,

Krφϑ = −Krϑφ =
1

2
eG1
(
T3 sinG3 + T4e−G2 cosG3

)
sinϑ ,

Kϑφt =
1

2

[
2T7eG4 +

(
T4 sinG3 − T3eG2 cosG3

)
eG1
]
sinϑ ,

Kϑφr =
1

2

[
2T8eG4 +

(
T3 sinG3 + T4e−G2 cosG3

)
eG1
]
sinϑ ,

Ktrt = eG1
(
T2 sinG3 − T1eG2 cosG3

)
, Ktϑϑ =

Ktφφ

sin2 ϑ
= eG4T5 ,

Ktrr = eG1
(
T1 sinG3 + T2e−G2 cosG3

)
, Krϑϑ =

Krφφ

sin2 ϑ
= eG4T6 , (4.1.12)

as well as the disformation

Lttt = −1

2
Q1 , Ltrr =

1

2
Q2 −Q7 , Ltϑϑ =

Ltφφ

sin2 ϑ
=

1

2
Q4 −Q9 ,

Lrrr = −1

2
Q6 , Lrtt =

1

2
Q5 −Q3 , Lrϑϑ =

Lrφφ

sin2 ϑ
=

1

2
Q8 −Q10 ,

Lttr = −1

2
Q5 , Lϑtφ = −Lφtϑ = Q11 sinϑ , Lϑtϑ =

Lφtφ

sin2 θ
= −1

2
Q4 ,

Lrtr = −1

2
Q2 , Lϑrφ = −Lφrϑ = Q12 sinϑ , Lϑrϑ =

Lφrφ

sin2 θ
= −1

2
Q8 . (4.1.13)

One may the use the decomposition (2.2.10) to express the parameter functions C1, . . . , C20
in terms of the parameter functions G1, . . . ,G4, T1, . . . , T8,Q1, . . . ,Q12. Hence, in the pres-
ence of the metric parameter functions G1, . . . ,G4, one obtains a one-to-one correspondence
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between the parametrizations

C1, . . . , C20 ↭ T1, . . . , T8,Q1, . . . ,Q12 , (4.1.14)

which is given by a linear transformation, due to the linearity of the defining equations
of torsion (2.2.8) and nonmetricity (2.2.9), as well as the corresponding inverse relations.
Finally, we remark that the condition (4.1.9) is equivalently expressed as

T3 = T4 = T7 = T8 = Q11 = Q12 = 0 (4.1.15)

in terms of the torsion and nonmetricity components.

4.1.4 Special cases

Based on the parametrization of the connection by the functions T1, . . . , T8 associated to
torsion and Q1, . . . ,Q12 associated to nonmetricity, it is now straightforward to derive
the most general symmetric (torsion-free) and metric-compatible metric-affine geometries,
by demanding that the corresponding parameter functions vanish. These conditions that
translate to a simple set of conditions on the original parameter functions C1, . . . , C20, due
to the linearity of the relations (4.1.14). The condition imposed by vanishing curvature,
however, is significantly more involved, since by its definition (2.2.7), it depends quadrat-
ically on the connection coefficients, as well as linearly on their derivatives. The resulting
non-linear partial differential equations arising from the condition Rρσµν ≡ 0 are highly
non-trivial. Instead of solving them directly, one can use the fact that the existence of a
flat connection on a simply connected manifold allows to construct a global coframe θ̃Aµ,
whose constituting covectors are obtained by parallel transport with respect to the flat
and hence path-independent connection. From this construction, which implies that the
coframe components satisfy the condition

0 = ∂µθ̃
A
ν − Γρνµθ̃

A
ρ , (4.1.16)

then follows that the connection coefficients are given by the Weitzenböck connection (2.2.23),
with the tetrad θ̃Aµ in place of θAµ. The most general tetrad which obeys the symmetry
under rotations was found in our work [H2] and takes the form

θ̃0 = F1 coshF3dt+ F2 sinhF4dr , (4.1.17a)

θ̃1 = sinϑ cosφ(F1 sinhF3dt+ F2 coshF4dr)

+ F5 [(cosF6 cosϑ cosφ− sinF6 sinφ)dϑ− sinϑ(cosF6 sinφ+ sinF6 cosϑ cosφ)dφ] ,
(4.1.17b)

θ̃2 = sinϑ sinφ(F1 sinhF3dt+ F2 coshF4dr)

+ F5 [(cosF6 cosϑ sinφ+ sinF6 cosφ)dϑ+ sinϑ(cosF6 cosφ− sinF6 cosϑ sinφ)dφ] ,
(4.1.17c)

θ̃3 = cosϑ(F1 sinhF3dt+ F2 coshF4dr) + F5

[
− cosF6 sinϑdϑ+ sinF6 sin

2 ϑdφ
]
.
(4.1.17d)

in terms of the free functions F1(t, r), . . . ,F6(t, r). Further imposing also invariance under
reflections on the resulting Weitzenböck connection (2.2.23), one obtains the additional
restriction F6 ≡ 0, so that in this case one is left with only the free functions F1, . . . ,F5.
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4.2 Cosmological symmetry in teleparallel geometry

In our work [H2], where we proposed a general concept of symmetry in teleparallel geometry,
we gave examples of cosmologically symmetric teleparallel spacetimes, i.e., homogeneous
and isotropic teleparallel geometries, which are therefore invariant under both rotations and
translations. This immediately led to the question whether further examples can be found,
and how to obtain an exhaustive classification of cosmologically symmetric teleparallel
geometries. We answered these questions in our work [H4], which can be understood as
a continuation of the work [H3] pre presented in the previous section, and which we now
summarize. We start with a brief summary of the conditions of cosmological symmetry
and the overall solution procedure in section 4.2.1. We then summarize several steps
of this procedure and the obtained results. In section 4.2.2, we show how to obtain a
general metric-affine geometry with cosmological symmetry. This is further restricted to a
metric teleparallel geometry in section 4.2.3. The corresponding formulation in terms of a
tetrad and spin connection is given in section 4.2.4. An alternative approach based on the
representation theory of the symmetry group, which immediately leads the tetrad in the
Weitzenböck gauge, is shown in section 4.2.5. Finally, in section 4.2.6, we show an example
application by deriving the cosmological field equations of a general class of teleparallel
gravity theories.

4.2.1 General procedure

From the most general spherically symmetric metric-affine geometry discussed in the pre-
vious section, more restricted classes of geometries can be derived by imposing further
conditions. We now impose the following two conditions:

1. Instead of general metric-affine geometry, only (metric) teleparallel geometry is con-
sidered. Hence, the conditions of vanishing curvature, Rµνρσ = 0, and vanishing
nonmetricity, Qρµν = 0, are imposed.

2. In addition to the generators (4.1.1) of rotations, also symmetry under three trans-
lation generators is imposed. Using the same spherical coordinate system as above,
these generators take the form

T1 = χ sinϑ cosφ∂r +
χ

r
cosϑ cosφ∂ϑ −

χ sinφ

r sinϑ
∂φ , (4.2.1a)

T2 = χ sinϑ sinφ∂r +
χ

r
cosϑ sinφ∂ϑ +

χ cosφ

r sinϑ
∂φ , (4.2.1b)

T3 = χ cosϑ∂r −
χ

r
sinϑ∂ϑ , (4.2.1c)

where we used the abbreviation χ =
√

1− (ur)2, and u is an arbitrary, real or
imaginary constant. Note that it is more common to introduce a real parameter
k = u2 instead, whose sign corresponds to the sign of the curvature of the spatial
hypersurfaces of the resulting geometry, and to restrict its values to k ∈ {−1, 0, 1}.
For our purposes, however, it turns out to be more useful to introduce a continuous
parameter u, as we will see later.

The most general geometry which satisfies these two additional conditions is derived in our
work [H4]. Three different approaches are used, which can essentially be divided into two
classes:
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1. The most straightforward approach is to start from the most general spherically sym-
metric metric-affine geometry, which is given by the metric (4.1.5) and affine connec-
tion with coefficients (4.1.8), and to further impose the two conditions given above,
in order to restrict the parameter functions G1, . . . ,G4 and C1, . . . , C20. Depending on
the order in which they are imposed, one arrives at one of two intermediate steps:
either teleparallel geometry with spherical symmetry, or metric-affine geometry with
cosmological symmetry. Further, one may divide this approach into smaller sub-
classes, by either considering directly the coefficients Γµνρ of the affine connection, or
by using the decomposition (2.2.10) into the Levi-Civita connection, contortion and
disformation. The result obtained in all these cases is a metric-affine geometry, ex-
pressed in terms of a cosmologically symmetric metric gµν and flat, metric-compatible
affine connection Γµνρ. In order to express this geometry in terms of a tetrad and
spin connection, one then further needs to chose a tetrad representing the metric,
and can derive the spin connection from the tetrad postulate (2.2.29).

2. The second approach makes use of the notion of symmetry of teleparallel geometries
discussed in section 3.2. This approach has the advantage that one obtains the
teleparallel geometry directly in terms of the tetrad and spin connection, which may
be chosen a priori to vanish by working in the Weitzenböck gauge. This means
that the condition of vanishing curvature and nonmetricity is satisfied already by the
choice of the variables which describe the geometry, and no further equations must be
solved to impose this condition. However, this convenience comes at the cost of the
necessity to chose a homomorphism from the symmetry group to the Lorentz group,
which enters the symmetry condition (3.2.1) in the Weitzenböck gauge. While it
is not difficult to find examples for such homomorphisms, as we have shown in our
work [H2], in order to determine the most general class of cosmologically symmetric
teleparallel geometries, one must determine all possible homomorphisms. This can
be achieved by realizing that any such homomorphism constitutes a four-dimensional
representation of the symmetry group, which preserves a bilinear form of Lorentzian
signature. By using representation theory, all such representations can be obtained.

In the following sections, we give an overview of the single steps mentioned in the two
approaches above, and show how they can be applied in order to determine the most
general teleparallel geometry with cosmological symmetry.

4.2.2 Cosmologically symmetric metric-affine geometry

We start from the metric-affine approach. The first step to consider here is to restrict the
class of spherically symmetric metric-affine geometries given in section 4.1 to cosmological
symmetry, by imposing the following conditions.

1. Spherical to cosmological metric: Starting from the spherically symmetric metric (4.1.5)
and imposing the symmetry condition (3.1.14) for the translation generators (4.2.1),
one finds that the most general metric with cosmological symmetry is given by

gtt = −N 2 , grr =
A2

χ2
, gϑϑ = A2r2 , gφφ = gϑϑ sin

2 ϑ , (4.2.2)

where N (t) is the lapse function and A(t) is the scale factor. This is of course the well-
known Friedmann-Lemaître-Robertson-Walker metric, in arbitrary time parametriza-
tion.
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2. Spherical to cosmological affine connection: As for the metric in the previous step, one
may impose the symmetry condition (3.1.10) with the translation generators (4.2.1)
on the spherically symmetric affine connection (4.1.8). One finds that the most
general cosmologically symmetric affine connection is given by [76]

Γttt = K1 , Γtrr =
K2

χ2
, Γtϑϑ = K2r

2 , Γtφφ = K2r
2 sin2 ϑ ,

Γϑrϑ = Γϑϑr = Γφrφ = Γφφr =
1

r
, Γφϑφ = Γφφϑ = cotϑ , Γϑφφ = − sinϑ cosϑ ,

Γrϑϑ = −rχ2 , Γrφφ = −rχ2 sin2 ϑ , Γrφϑ = −Γrϑφ = K5r
2χ sinϑ ,

Γrtr = Γϑtϑ = Γφtφ = K3 , Γrrt = Γϑϑt = Γφφt = K4 , Γrrr =
u2r

χ2
,

Γϑrφ = −Γϑφr =
K5 sinϑ

χ
, Γφrϑ = −Γφϑr = − K5

χ sinϑ
, (4.2.3)

and thus depends on five arbitrary functions K1(t), . . . ,K5(t) of time.

The geometry obtained after these two steps is the most general metric-affine geometry with
cosmological symmetry. In analogy to the spherically symmetric geometry, it is instruc-
tive to study its curvature, torsion and nonmetricity, before proceeding to more restricted
geometries. For this purpose it turns out to be helpful to decompose the metric in the form

gµν = −nµnν + hµν (4.2.4)

into the hypersurface conormal nµ and spatial metric hµν , whose non-vanishing components
are given by

nt = −N , hrr =
A2

χ2
, hϑϑ = A2r2 , hφφ = hϑϑ sin

2 ϑ . (4.2.5)

Further, one derives from the Levi-Civita tensor of the spacetime metric gµν , which is the
totally antisymmetric tensor with normalized components

ϵtrϑφ =
NA3r2 sinϑ

χ
, ϵtrϑφ = − χ

NA3r2 sinϑ
, (4.2.6)

its contraction with the unit normal,

εµνρ = nσϵσµνρ , ϵµνρσ = 4ε[µνρnσ] . (4.2.7)

This is the Levi-Civita tensor of the induced metric hµν , and its components are normalized
as

εrϑφ =
A3r2 sinϑ

χ
, εrϑφ =

χ

A3r2 sinϑ
. (4.2.8)

The reason for introducing these objects becomes clear below. One finds that the curvature
of the connection (4.2.3) can now be written in the form

Rµνρσ = 2
K3(K4 −K1) + K̇3

N 2
nνn[ρh

µ
σ] + 2

K2(K4 −K1)− K̇2

A2
nµn[ρhσ]ν

+ 2
K2K5N

A3
nµενρσ − 2

K3K5

NA
nνε

µ
ρσ − 2

K̇5

NA
εµν[ρnσ] + 2

u2 +K2K3 −K2
5

A2
hµ[ρhσ]ν , (4.2.9)
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where a dot denotes the derivative with respect to the time coordinate t. In a similar
fashion, one may express the torsion

Tµνρ = 2T1hµ[νnρ] + 2T2εµνρ (4.2.10)

and the nonmetricity

Qρµν = 2Q1nρnµnν + 2Q2nρhµν + 2Q3hρ(µnν) (4.2.11)

of the cosmologically symmetric metric-affine geometry, where we have introduced the
convenient parametrization in terms of the two torsion scalars

T1 =
K4 −K3

N
, T2 =

K5

A
, (4.2.12)

as well as the three nonmetricity scalars

Q1 =
Ṅ
N 2

− K1

N
, Q2 =

1

N

(
K4 −

Ȧ
A

)
, Q3 =

K3

N
− K2N

A2
. (4.2.13)

Note that these five scalars, which are functions of time t, yield a parametrization of
the connection (4.2.3), which is equivalent to the five functions functions K1, . . . ,K5 we
introduced earlier. This can be seen by explicitly inverting the relations above, or by using
the decomposition (2.2.10) with the contortion

Kµνρ = 2T1hρ[µnν] − T2εµνρ , (4.2.14)

and the disformation

Lρµν = −Q1nρnµnν + (Q2 −Q3)nρhµν − 2Q2hρ(µnν) , (4.2.15)

which are readily obtained from the torsion and nonmetricity given above.

4.2.3 Restriction to teleparallel geometry

In order to obtain a teleparallel geometry with cosmological symmetry, one further needs
to impose the conditions of vanishing nonmetricity and curvature. Since these are two
independent conditions, which can be applied in any order, it is instructive to study both
possibilities. If one imposes only vanishing nonmetricity, given by the three scalar func-
tions (4.2.13), one obtains the conditions

K1N − Ṅ = K4A− Ȧ = K2N 2 −K3A2 = 0 , (4.2.16)

which fully determine the connection coefficients K1 and K4, as well as the ratio between
K2 and K3. Also note that this ratio is fixed to be positive, A2/N 2, which is a consequence
of the Lorentz signature of the metric.

If one imposes only vanishing curvature instead, one arrives at the conditions

K̇5 = K2K5 = K3K5 = u2 +K2K3 −K2
5 = K3(K4 −K1) + K̇3 = K2(K4 −K1)− K̇2 = 0 .

(4.2.17)
To study the possible solutions of this system of equations, it is useful to first distinguish
the following two cases:
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1. u = 0: In this case we have the condition K2K3 = K2
5, so either both sides are

vanishing or non-vanishing. However, from K2K5 = K3K5 = 0 follows that K5 = 0
or K2 = K3 = 0. Hence, the only option is K5 = K2K3 = 0. Therefore, at least one
of K2 or K3 must vanish:

(a) K2 = K3 = 0: In this case the remaining equations are satisfied. K1 and K4 are
the only parameters left, which are arbitrary and unconstrained.

(b) K2 ̸= 0: In this case, K2 is a free function, while only one of K1 and K4 is left
undetermined, and their difference satisfies

K4 −K1 =
K̇2

K2
. (4.2.18)

(c) K3 ̸= 0: As in the case before, but now K3 is a free function, and determines
the difference of K1 and K4 through

K4 −K1 = −K̇3

K3
. (4.2.19)

2. u ̸= 0: Here we can distinguish the following two cases:

(a) K5 ̸= 0: From K2K5 = K3K5 = 0 follows K2 = K3 = 0. Hence, K5 = ±u, and
the remaining equations are satisfied. K1 and K4 are left undetermined.

(b) K5 = 0: In this case one has K2K3 = −u2 ̸= 0 and so both must be non-zero
and inversely proportional, so that only one of them can be chosen arbitrarily.
This further implies

0 = K̇2K3 +K2K̇3 , (4.2.20)

and so

K4 −K1 =
K̇2

K2
= −K̇3

K3
, (4.2.21)

so that the remaining equations consistently determine K4−K1, while their sum
is left undetermined.

We see that in all cases we are left with two free functions, which parametrize the chosen
branch of solutions, and in terms of which all other parameter functions are determined.

To obtain a metric teleparallel geometry, we must impose both conditions of vanishing
nonmetricity and curvature simultaneously. From the condition (4.2.16) the two parameter
functions K1 and K4 are uniquely determined as

K1 =
Ṅ
N
, K4 =

Ȧ
A
. (4.2.22)

To solve the flatness (4.2.17) condition, it is again useful to first distinguish two cases:

1. u = 0: Flatness implies K5 = 0 and at least one of K2 or K3 must also vanish. From
metric compatibility follows that if one of them vanishes, so does the other, and so
the only possibility is K2 = K3 = 0.

2. u ̸= 0: Flatness leaves two options:

(a) K5 = ±u: This implies K2 = K3 = 0, and so all functions are fixed.
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(b) K5 = 0: Now one has K2K3 = −u2. Together with metric compatibility this
yields

K2 = ±iuA
N
, K3 = ±iuN

A
, (4.2.23)

where the same sign must be chosen for both terms, so that also in this case all
parameter functions are fully determined.

One sees that the formulas derived for the two branches with u ̸= 0 also hold in the case
u = 0, where they reduce to K2 = K3 = K5 = 0 for both branches. Hence, one finds that
for u = 0, all parameter functions in the connection are fully determined, while for u ̸= 0,
one has either K5 or K2 and K3 non-vanishing and determined by u up to a sign.

Now it also becomes clear why we have chosen the continuous, real or imaginary param-
eter u instead of the more common discrete parameter k = u2 ∈ {−1, 0, 1}, as mentioned
in section 4.2.1. We see that u explicitly appears in the connection coefficients, and so
we avoid using a square root. Also note that depending on the sign of u2, only one of
the solution branches for u ̸= 0 yields a connection with real coefficients, while the other
branch becomes complex; we will discuss the implications of this finding later. Finally, we
see that both branches possess a common continuous limit u → 0, which is the reason for
considering a continuous parameter. This allows us to lift the distinction between the cases
u = 0 and u ̸= 0 from now on, and consider the former as a limiting case of the latter.

Finally, it is helpful to calculate the torsion tensor for the two branches of teleparallel
geometries we found above. Using the form (4.2.12), one finds that for the branch with
K5 = 0 one has

T1 =
Ȧ
NA

± iu

A
, T2 = 0 , (4.2.24)

so that the only irreducible component of the torsion is its vectorial part, while for K5 ̸= 0
one finds

T1 =
Ȧ
NA

, T2 = ± u

A
, (4.2.25)

which in addition has also axial torsion. Hence, it makes sense to name these two branches
the “vector” and “axial” branch, respectively. Note that these two scalars fully determine
the connection coefficients through the contortion and the decomposition (2.2.10). For
later convenience, it is useful to introduce the rescaled parameter functions

v = AT1 , a = AT2 , (4.2.26)

as well as the conformal Hubble parameter

H =
∂tA
N

. (4.2.27)

Then the two branches are characterized by

v = H± iu , a = 0 (4.2.28)

and
v = H , a = ±u , (4.2.29)

respectively.
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4.2.4 Tetrad and spin connection

As discussed in section 2.2.3, it is more common to express a teleparallel geometry in
terms of a tetrad and a spin connection, instead of the metric-affine formulation in terms
of a metric and affine connection. The most obvious possible choice of a tetrad for the
Friedmann-Lemaître-Robertson-Walker metric (4.2.2) is the diagonal tetrad

θ′0 = Ndt , θ′1 =
A
χ
dr , θ′2 = Ardϑ , θ′3 = Ar sinϑdφ , (4.2.30)

where we use a prime here to denote the diagonal gauge, to distinguish it from the Weitzen-
böck gauge used later. Given this tetrad and an affine connection with coefficients Γµνρ, the
corresponding spin connection is uniquely determined from the tetrad postulate (2.2.29).
For the cosmologically symmetric affine connection (4.2.3) and the diagonal tetrad (4.2.30),
the spin connection is given by

ω′0
0t = K1 −

Ṅ
N
, ω′1

1t = ω′2
2t = ω′3

3t = K4 −
Ȧ
A
,

ω′0
1r =

NK2

Aχ
, ω′0

2ϑ =
NK2r

A
, ω′0

3φ =
NK2r sinϑ

A
,

ω′1
0r =

AK3

Nχ
, ω′2

0ϑ =
AK3r

N
, ω′3

0φ =
AK3r sinϑ

N
, (4.2.31)

ω′3
2r = −ω′2

3r =
K5

χ
, ω′1

3ϑ = −ω′3
1ϑ = K5r , ω′2

1φ = −ω′1
2φ = K5r sinϑ ,

ω′2
1ϑ = −ω′1

2ϑ = χ , ω′3
1φ = −ω′1

3φ = χ sinϑ , ω′3
2φ = −ω′2

3φ = cosϑ .

Note that this spin connection is neither flat, nor antisymmetric in general; imposing
these conditions corresponds to the analogous conditions (4.2.16) and (4.2.17) on the affine
connection, from which we obtained to solution branches in the previous section. For these
two branches, one finds the following spin connections accompanying the diagonal tetrad:

1. For the vector branch (4.2.24), the non-vanishing spin connection components are
given by

ω′1
2ϑ = −ω′2

1ϑ = −χ , ω′1
3φ = −ω′3

1φ = −χ sinϑ , ω′2
3φ = −ω′3

2φ = − cosϑ ,

ω′0
1r = ω′1

0r = ∓ iu
χ
, ω′0

2ϑ = ω′2
0ϑ = ∓iur , ω′0

3φ = ω′3
0φ = ∓iur sinϑ .

(4.2.32)

2. For the axial branch (4.2.25), one has the non-vanishing spin connection components

ω′1
3φ = −ω′3

1φ = −χ sinϑ , ω′2
3r = −ω′3

2r = ±u
χ
, ω′2

3φ = −ω′3
2φ = − cosϑ ,

ω′1
2ϑ = −ω′2

1ϑ = −χ , ω′1
2φ = −ω′2

1φ = ±ur sinϑ , ω′1
3ϑ = −ω′3

1ϑ = ∓ur .
(4.2.33)

One easily checks that these components define a flat, antisymmetric spin connection, cor-
responding to a metric teleparallel geometry, and so we may denote them with the notation
•
ω′A

Bµ introduced earlier. It then follows that there exists a local Lorentz transformation
ΛAB, which acts on the tetrad and spin connection using the prescription (2.2.28), such
that one obtains the Weitzenböck gauge •

ωABµ ≡ 0. For the two solution branches, these
local Lorentz transformations and resulting tetrads in the Weitzenböck gauge are given as
follows.
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1. For the vector branch (4.2.32), one may achieve the Weitzenböck gauge using the
local Lorentz transformation defined by

ΛAB =


χ ∓iur sinϑ cosφ ∓iur sinϑ sinφ ∓iur cosϑ

∓iur χ sinϑ cosφ χ sinϑ sinφ χ cosϑ
0 cosϑ cosφ cosϑ sinφ − sinϑ
0 − sinφ cosφ 0

 . (4.2.34)

Applying this local Lorentz transformation to the diagonal tetrad (4.2.30), one obtains
the non-diagonal tetrad

θ0 = Nχdt± iuA r

χ
dr , (4.2.35a)

θ1 = A
[
sinϑ cosφ

(
dr ± iu

N
A
rdt

)
+ r cosϑ cosφdϑ− r sinϑ sinφdφ

]
, (4.2.35b)

θ2 = A
[
sinϑ sinφ

(
dr ± iu

N
A
rdt

)
+ r cosϑ sinφdϑ+ r sinϑ cosφdφ

]
, (4.2.35c)

θ3 = A
[
cosϑ

(
dr ± iu

N
A
rdt

)
− r sinϑdϑ

]
. (4.2.35d)

Note that the two sign choices are related by simultaneously performing a (time
orientation changing) Lorentz transformation θ0 7→ −θ0 and a reparametrization
Ndt 7→ −Ndt. Hence, both choices describe the same teleparallel geometry.

2. For the axial branch (4.2.33), the Weitzenböck gauge is obtained from the local
Lorentz transformation

ΛAB =


1 0 0 0
0 sinϑ cosφ sinϑ sinφ cosϑ
0 χ cosϑ cosφ± ur sinφ χ cosϑ sinφ∓ ur cosφ −χ sinϑ
0 ±ur cosϑ cosφ− χ sinφ χ cosφ± ur cosϑ sinφ ∓ur sinϑ

 .

(4.2.36)
The corresponding tetrad in the Weitzenböck gauge, which is obtained by transform-
ing the diagonal tetrad (4.2.30), is then given by

θ0 = Ndt , (4.2.37a)

θ1 = A
[
sinϑ cosφ

χ
dr + r(χ cosϑ cosφ± ur sinφ)dϑ

− r sinϑ(χ sinφ∓ ur cosϑ cosφ)dφ

]
, (4.2.37b)

θ2 = A
[
sinϑ sinφ

χ
dr + r(χ cosϑ sinφ∓ ur cosφ)dϑ

+ r sinϑ(χ cosφ± ur cosϑ sinφ)dφ

]
, (4.2.37c)

θ3 = A
[
cosϑ

χ
dr − rχ sinϑdϑ∓ ur2 sin2 ϑdφ

]
. (4.2.37d)

Also in this case one has two sign choices. However, note that these are not related
by a local Lorentz transformation and reparametrization, so that they constitute
different teleparallel geometries.
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We finally remark that the two local Lorentz transformations given above are not unique.
Performing in addition a global Lorentz transformation preserves the Weitzenböck spin
connection •

ωABµ ≡ 0, while giving another tetrad. This is regarded as describing the same
teleparallel geometry.

4.2.5 Representation theory approach

In [77], we also presented another approach in order to derive the most general cosmo-
logically symmetric teleparallel geometry shown above, which makes use of the notion of
symmetry detailed in section 3.2. Since we only consider connected symmetry groups here,
generated by the vector fields (4.1.1) for rotations and (4.2.1) for translations, it is sufficient
to study the infinitesimal symmetry conditions (3.2.5). To further simplify the procedure,
one works in the Weitzenböck gauge, in which a teleparallel geometry which is symmetric
under the action of a Lie algebra of generating vector fields is characterized by the existence
of a Lie algebra homomorphism λ : g → so(1, 3) from the symmetry algebra to the Lorentz
algebra. Hence, to find all symmetric teleparallel geometries for a given symmetry algebra,
one must construct all such homomorphisms, and then solve the corresponding field equa-
tions. Writing the basis elements of the Lorentz algebra as Ji and Ki, with i = 1, 2, 3 and
the Lie brackets given by

[Ji, Jj ] = ϵijkJk , [Ki,Kj ] = −ϵijkJk , [Ki, Jj ] = ϵijkKk , (4.2.38)

these are given as follows:

1. The trivial homomorphism:
λ(Ri) = λ(Ti) = 0 . (4.2.39)

2. The vector homomorphism:

λ(Ri) = Ji , λ(Ti) = ±iuKi . (4.2.40)

3. The two-form homomorphisms:

λ(Ri) = Ji , λ(Ti) = ±uJi . (4.2.41)

A full derivation is given in our work [H4]. One finds that for the trivial homomorphism
no tetrad exists which satisfies the symmetry condition (3.2.5), as we have proven in [85].
For the remaining representations, one can choose an explicit matrix representation of the
Lorentz algebra, given by the matrices

J1 =


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0

 , J2 =


0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

 , J3 =


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

 , (4.2.42a)

K1 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , K2 =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , K3 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 . (4.2.42b)

It then turns out that the homomorphism (4.2.40) leads to the tetrad (4.2.35), while the
homomorphism (4.2.41) leads to the tetrad (4.2.37). Finally, we remark that the two sign
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choices for the vector case (4.2.40) are related by a basis transformation Ki 7→ −Ki of
the Lorentz algebra, and so constitute conjugate representations. This is not the case for
the two-form branch (4.2.41). This finding is closely related to the fact that in the former
case, the sign in the tetrad (4.2.35) can be absorbed into a Lorentz transformation and
reparametrization, which is not the case for the tetrad (4.2.37).

4.2.6 Cosmological gravity field equations

As an application of the most general cosmologically symmetric teleparallel geometry found
above, one may derive the cosmological field equations for a given teleparallel gravity theory.
As an instructive example, we display the equations for a generic class of theories defined
by the action

Sg =
1

2κ2

∫
M

F(T1,T2,T3)θd
4x , (4.2.43)

where F is a free function of the three scalar torsion invariants

T1 =
•
Tµνρ

•
Tµνρ , T2 =

•
Tµνρ

•
Tρνµ , T3 =

•
Tµµρ

•
Tν

νρ . (4.2.44)

The field equations derived from this action are given by

κ2Θµν = κ2Eµν =
1

2
Fgµν + 2

◦
∇ρ
(
F,1

•
Tνµρ + F,2

•
T[ρµ]ν + F,3

•
T σσ[ρgµ]ν

)
+ F,1

•
T ρσµ

( •
Tνρσ − 2

•
T[ρσ]ν

)
− 1

2
F,3

•
T σσρ

( •
T ρµν + 2

•
T(µν)

ρ
)

+
1

2
F,2
[ •
Tµ

ρσ
(
2

•
Tρσν −

•
Tνρσ

)
+

•
T ρσµ

(
2

•
T[ρσ]ν −

•
Tνρσ

)]
,

(4.2.45)

where commas denote derivatives with respect to the numbered arguments. By impos-
ing cosmological symmetry on these field equations, it follows that the energy-momentum
tensor must take the perfect fluid form

Θµν = (ρ+ p)nµnν + pgµν = ρnµnν + phµν , (4.2.46)

where the matter density ρ and pressure p are functions of time only. For the gravitational
side of the field equations, this implied that they must be of the same form

Eµν = (N+ H)nµnν + Hgµν = Nnµnν + Hhµν , (4.2.47)

and so the cosmological field equations take the general form

ρ = N , p = H . (4.2.48)

The expressions on the right hand side depend both on the gravity theory under consid-
eration and the chosen cosmologically symmetric tetrad. For the action (4.2.43) and the
tetrad (4.2.37) in the Weitzenböck gauge, or equivalently the diagonal tetrad (4.2.30) with
the spin connection (4.2.33), one finds the cosmological field equations

κ2ρ = −F
2
+ 3H2(2F,1 + F,2 + 3F,3) , (4.2.49a)

κ2p =
F
2
− (Ḣ + 3H2)(2F,1 + F,2 + 3F,3)

+ 8
u2

A2

[
F,1 −F,2 + 6H2 (F,22 + 3F,23 − 2F,11 + F,12 − 3F,13)

]
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− 6H2Ḣ (F,11 + 4F12 + 12F,13 + F,22 + 6F,23 + 9F,33) , (4.2.49b)

while the diagonal tetrad with the connection (4.2.32), or equivalently the tetrad (4.2.35)
in the Weitzenböck gauge yields the field equations

κ2ρ = −F
2
+ 3H

(
H − iu

A

)
(2F,1 + F,2 + 3F,3) , (4.2.50a)

κ2p =
F
2
−
(
Ḣ + 3H2 − 3iH

u

A
− u2

A2

)
(2F,1 + F,2 + 3F,3)

−
(
H − i

u

A

)2 (
Ḣ + iH

u

A

)
(F,11 + 4F12 + 12F,13 + F,22 + 6F,23 + 9F,33) ,

(4.2.50b)

where we have introduced the Hubble parameter and its cosmological time derivative de-
fined by

H =
Ȧ
A

=
∂tA
AN

, Ḣ =
∂tH

N
, (4.2.51)

and where the function F and its derivatives must be evaluated at the cosmological values

T1 = 6(4T 2
2 − T 2

1 ) , T2 = −3(8T 2
2 + T 2

1 ) , T3 = −9T 2
1 . (4.2.52)

In the limit u→ 0, in which both cosmologically symmetric teleparallel geometry branches
meet, both field equations take the common form

κ2ρ = −F
2
+ 3H2(2F,1 + F,2 + 3F,3) , (4.2.53a)

κ2p =
F
2
− (Ḣ + 3H2)(2F,1 + F,2 + 3F,3)

− 6H2Ḣ (F,11 + 4F12 + 12F,13 + F,22 + 6F,23 + 9F,33) . (4.2.53b)

It is remarkable that although the different tetrad branches yield the same Friedmann-
Lemaître-Robertson-Walker metric (4.2.2), they exhibit different cosmological dynamics,
thus resulting in a different evolution of the cosmological scale factor. However, one may
argue that depending on the sign of the curvature parameter k = u2, there is always
exactly one real tetrad branch, and so this branch must be chosen in order to obtain the
correct dynamics for this sign choice. It is nonetheless remarkable that even following
this argument, one obtains essentially different dynamics for both cases, which exceed the
simple change of sign which happens in curvature-based gravity theories, where k enters
through the metric only.

5 Perturbed spacetime symmetries

In the previous sections we have studied geometries which are invariant under the action
ψ : G×M →M of a transformation group G on the spacetime manifold M . Already this
simple assumption captures various physically motivated examples, including homogeneous
and isotropic cosmology and spherically symmetric gravitating objects. Further examples
can be investigated by studying perturbations around such exact symmetric spacetime. In
this case the symmetry of the background spacetime leaves an imprint on the structure of
the perturbation, allowing them to be decomposed into irreducible representations of the
symmetry group, thus leading to a significantly simplified description. In the following two
sections we discuss two emanations of this concept: gauge-invariant linear cosmological
perturbations in teleparallel gravity in section 5.1 and gauge-invariant post-Newtonian
perturbations in section 5.2.
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5.1 Gauge-invariant linear perturbations in teleparallel cosmology

An important framework in order to test the viability of gravity theories using observations
in cosmology, such as the cosmic microwave background, is the theory of cosmological per-
turbations. Its most convenient formulation makes use of the invariance of a gravity theory
under consideration under infinitesimal diffeomorphisms, which allow the description of the
perturbed geometry of spacetime in terms of gauge-invariant quantities. Conventionally,
this framework has been employed in theories whose dynamical field variable is the metric.
It has also been used in the study of teleparallel gravity theories, which employ a tetrad as
a fundamental field variable, but this study has been limited to spatially flat backgrounds.
In our work [H5] we extended the framework of gauge-invariant cosmological perturbations
to all cosmologically symmetric backgrounds presented in section 4.2. Here we provide
a summary of this work, and complement the decomposition of the teleparallel geometry
modeling the gravitational interaction with a discussion of the corresponding matter com-
ponents, to obtain a complete view of the formalism. In section 5.1.1, we explain the split
of the tetrad perturbation in time and space components. In section 5.1.2, we display their
transformation under infinitesimal diffeomorphisms, from which we derive gauge-invariant
perturbation variables in section 5.1.3. We then apply this decomposition to the perturbed
gravitational field equation, whose structure we discuss in section 5.1.4: we decompose the
gravitational side in section 5.1.5 and the energy-momentum side in section 5.1.6. This
leads to the fully gauge-invariant field equations in section 5.1.7. We show how these
are subject to the Bianchi identities, which are complemented by the energy-momentum
conservation of matter, in section 5.1.8. As an illustrative example, we derived the per-
turbed cosmological field equations of the teleparallel equivalent of general relativity in
section 5.1.9.

5.1.1 Space-time split of linear perturbations

In the following, we will discuss linear perturbations of the cosmologically symmetric
teleparallel geometries displayed in section 4.2. For simplicity, we work in the Weitzenböck
gauge •

ωABµ ≡ 0, and so the background tetrad θ̄Aµ is given by one of the tetrads (4.2.35)
and (4.2.37), depending on the choice of the branch to be considered. Imposing the Weitzen-
böck gauge also for the perturbations, a general perturbation of this geometry is then given
by a tetrad perturbation of the form

θAµ = θ̄Aµ + δθAµ . (5.1.1)

While it is entirely possible to directly use this form of the perturbations, which is con-
ventionally done for a diagonal background tetrad [25, 51, 49], it turns out to be rather
cumbersome for the non-diagonal background tetrads we consider here. However, this
difficulty can be circumvented by introducing the perturbations

τµν = ηAB θ̄
A
µδθ

B
ν , (5.1.2)

which carry only spacetime indices [158]. This approach significantly simplifies the decom-
position of the tetrad perturbations into their temporal and spatial parts, and thus the
resulting field equations.

In order to perform the aforementioned 3 + 1 decomposition into spatial and temporal
components, we now assume that the spacetime manifold M is globally hyperbolic, and so
has the form M ∼= R× Σ, with a purely spatial manifold Σ. We then work in coordinates
(xµ) = (t, xa) which respect this product structure, such that t is the time coordinate on R,

55



while (xa) are the spatial coordinates on Σ. The former carries a canonical metric dt⊗ dt,
while we assume the latter to be a maximally symmetric space, equipped with a metric

γabdx
a ⊗ dxb =

dr ⊗ dr

1− u2r2
+ r2(dϑ⊗ dϑ+ sin2 ϑ dφ⊗ dφ) (5.1.3)

in spherical coordinates, where u is the curvature parameter appearing in the background
tetrad. This allows us to write the background metric (4.2.2) on M as a warped product
metric

ḡµνdx
µ ⊗ dxν = ηAB θ̄

A
µθ̄
B
νdx

µ ⊗ dxν = −N 2dt⊗ dt+A2γabdx
a ⊗ dxb , (5.1.4)

where we identify the induced metric on the spatial hypersurfaces of constant time t as

hµνdx
µ ⊗ dxν = A2γabdx

a ⊗ dxb . (5.1.5)

Similarly, we write υabc for the Levi-Civita tensor of γab, which is related to the Levi-Civita
tensor εµνρ of hµν by

εµνρdx
µ ⊗ dxν ⊗ dxρ = A3υabcdx

a ⊗ dxb ⊗ dxc , (5.1.6)

as follows from the relation (4.2.7).
In the following we will be working with linear perturbations, and so the background

metric will be used for raising and lowering indices. However, since the components of the
spacetime metric ḡµν depend on time through the time-dependence of N and A, using γ̄µν
for this purpose would not commute with taking time derivatives, so that for a vector field
Xµ one has

∂tXµ = ∂t(ḡµνX
ν) ̸= ḡµν∂tX

ν . (5.1.7)

It is therefore more convenient to define the space and time components as tensor fields
on Σ, and regard the time t as an extrinsic parameter, so that one can use the metric γab
in order to raise and lower indices on spatial tensors. To distinguish such spatial tensors
on Σ, which now carry a dependence on the extrinsic time parameter t, from tensors on
the spacetime manifold Σ, we denote them with a hat. Using the metric γab on Σ has
the advantage that it does not depend on the time t, and so raising and lowering indices
commutes with taking time derivatives. Thus, expressions of the form

˙̂
Xa = ∂tX̂a = ∂t(γabX̂

b) = γab∂tX̂
b = γab

˙̂
Xb (5.1.8)

have a well-defined meaning. In order to connect this convention to the usual raising and
lowering of indices for tensor fields on M , suitable factors must be introduced. For a vector
field X = Xµ∂µ, we write

X = N−1X̂0∂t +A−1X̂a∂a , X̂0 = −nµXµ = NX0 , X̂a = AXa (5.1.9)

for the temporal and spatial components. Conversely, for a covector field α = αµdx
µ we

write

α = N α̂0 dt+Aα̂a dxa , α̂0 = nµαµ = N−1α0 , α̂a = A−1αa . (5.1.10)

Multiple factors are introduced if there are multiple indices present.
Also for the covariant derivatives on M a suitable decomposition must be performed.

For this purpose, it is helpful to introduce the Levi-Civita covariant derivative da defined by
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the metric γab on Σ, which acts on spatial tensor fields. Given vector fields X = Xµ∂µ, Z =
Y µ∂µ, Z = Zµ∂µ, related by

N−1Ẑ0∂t +A−1Ẑa∂a = Z =
◦
∇̄XY = (Xν

◦
∇̄νY

µ)∂µ , (5.1.11)

one finds that the space and time components of the covariant derivative are given by

Ẑ0 = N−1X̂0∂tŶ
0 +A−1X̂adaŶ

0 +HγabX̂
aŶ b , (5.1.12a)

Ẑa = N−1X̂0∂tŶ
a +A−1X̂bdbŶ

b +HX̂aŶ 0 , (5.1.12b)

where the Hubble parameter (4.2.51) enters through its appearance in the coefficients
◦
Γ̄µνρ

of the Levi-Civita connection.
For the tetrad perturbation (5.1.2) introduced above, the decomposition into spatial and

temporal parts gives rise to a scalar τ̂00, two vectors τ̂a0 and τ̂0b, as well es a rank-2 tensor
τ̂ab. These spatial tensor fields are further decomposed into the irreducible components

τ̂00 = N−2τ00 = ϕ̂ , τ̂0b = (AN )−1τ0b = dbĵ + b̂b , τ̂a0 = (AN )−1τa0 = daŷ + v̂a ,

τ̂ab = A−2τab = ψ̂γab + dadbσ̂ + dbĉa + υabc(d
cξ̂ + ŵc) +

1

2
q̂ab . (5.1.13)

Here ϕ̂, ĵ, ŷ, ψ̂, σ̂ are scalars, ξ̂ is a pseudoscalar, b̂a, v̂a, ĉa are divergence-free vectors, ŵa
is a divergence-free pseudovector and q̂ab is a trace-free, divergence-free, symmetric tensor.
They are subject to the conditions

dab̂
a = dav̂

a = daĉ
a = daŵ

a = 0 , daq̂
ab = 0 , q̂[ab] = 0 , q̂a

a = 0 , (5.1.14)

where da denotes the Levi-Civita covariant derivative of the maximally symmetric spa-
tial background metric γab. In the following sections, we will discuss how to use these
components in order to express the perturbed cosmological field equations in teleparallel
gravity.

5.1.2 Gauge transformation

One of the advantages of the decomposition (5.1.13) becomes apparent if we consider gauge
transformations, i.e., changes of the perturbations under an infinitesimal coordinate trans-
formation. Such a transformation is equivalent to an infinitesimal diffeomorphism, gener-
ated by a vector field Xµ, which changes the coordinates to

x′µ = xµ +Xµ +O([X]2) . (5.1.15)

Under this transformation, the components of tensor fields change by their Lie derivatives.
In particular, for the tetrad one thus finds the relation

θAµ = θ′Aµ + (£Xθ
′)Aµ +O([X]2) = θ′Aµ + (£X θ̄)

A
µ +O([X, δθ]2) , (5.1.16)

where the last expression denotes the fact that we neglect any terms which are of more
than linear order in the vector field Xµ, the perturbation δθAµ or their product, hence
allowing us to replace the Lie derivative of θAµ by that of the background tetrad θ̄Aµ,
which is already of linear order in Xµ. In then follows that also θ′Aµ can be regarded as a
perturbation around the same background θ̄Aµ, where the perturbations are related by

δθAµ − δθ′Aµ = (£X θ̄)
A
µ , (5.1.17)
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where we have no omitted any higher order terms, and kept only the linear perturbation
order. Further rewriting the transformed perturbation δθ′Aµ to have two lower spacetime
indices, thus defining τ ′µν in analogy to τµν , one finds

δXτµν = τµν − τ ′µν =
•
∇̄νXµ − T̄µν

ρXρ =
◦
∇̄νXµ + K̄µν

ρXρ . (5.1.18)

The transformation δXτµν of the tetrad perturbation can further be decomposed into the
irreducible components (5.1.13) we introduced earlier. To achieve this decomposition, one
decomposes the vector field Xµ in the form

X̂0 = X̂⊥ , X̂a = daX̂∥ + Ẑa (5.1.19)

into two scalars X̂⊥ and X̂∥ as well as a divergence-free vector Ẑa, which satisfies daẐa = 0.
Decomposing the gauge transformation (5.1.18), one finds that the irreducible components
obey the transformation rule

δX ψ̂ = −X̂⊥∂tA
NA

, δX σ̂ =
X̂∥

A
, δX ŷ =

∂tX̂∥

N
−

vX̂∥

A
,

δX ĵ =
N X̂⊥ + (Nv− ∂tA)X̂∥

NA
, δX ξ̂ = −

aX̂∥

A
, δX ϕ̂ =

∂tX̂⊥
N

(5.1.20)

for the (pseudo-)scalars,

δX ĉa =
Ẑa
A
, δX v̂a =

∂tẐa
N

− vẐa
A

, δX b̂a =
(Nv− ∂tA)Ẑa

NA
, δXŵa = −aẐa

A
(5.1.21)

for the (pseudo-)vectors, as well as
δX q̂ab = 0 (5.1.22)

for the symmetric, trace-free tensor component. Note in particular that the right hand
side contains the torsion components a and v which are different for the two branches
of cosmologically symmetric teleparallel geometries. This is related to the fact that the
background torsion enters into the gauge transformation (5.1.18).

5.1.3 Gauge-invariant perturbations

From the gauge transformation found in the previous section it is now straightforward to
construct gauge-invariant combinations of the irreducible perturbation components. For
this purpose, one first realizes that the components (5.1.19) of the generating vector field
can be expressed in the form

X̂∥ = AδX σ̂ , X̂⊥ = A
[
δX ĵ +

(
∂tA
N

− v

)
δX σ̂

]
, Ẑa = AδX ĉa (5.1.23)

in terms of the resulting transformation of the perturbation components σ̂, ĵ and ĉa. For
each of the remaining perturbation components, one can then eliminate the corresponding
induced transformation components. This yields the gauge-invariant (pseudo-)scalars

ξ̂ = ξ̂ + aσ̂ , ŷ = ŷ − A∂tσ̂
N

−
(
∂tA
N

− v

)
σ̂ , ψ̂ = ψ̂ +

∂tA
N

[
ĵ +

(
∂tA
N

− v

)
σ̂

]
,

ϕ̂ = ϕ̂− ∂tA
N

[
ĵ +

(
∂tA
N

− v

)
σ̂

]
− A

N
∂t

[
ĵ +

(
∂tA
N

− v

)
σ̂

]
, (5.1.24)
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the gauge-invariant (pseudo-)vectors

v̂a = v̂a+

(
v− ∂tA

N

)
ĉa−

A
N
∂tĉa , b̂a = b̂a+

(
∂tA
N

− v

)
ĉa , ŵa = ŵa+aĉa , (5.1.25)

and the symmetric, trace-free tensor

q̂ab = q̂ab , (5.1.26)

which is already gauge-invariant by itself. By comparison with the gauge transformation
of the irreducible components, one finds that their transformations cancel for the terms
given here, so that they are indeed invariant under gauge transformations. In other words,
we identify the gauge-invariant tetrad perturbations with the tetrad perturbations in a
particular, fixed gauge, which is given by the gauge conditions ĵ = σ̂ = 0 and ĉa = 0.

5.1.4 Field equations

In order to derive the dynamics of the gauge-invariant perturbation components defined in
the preceding section, we need to consider the gravitational field equations of the gravity
theory under consideration. Here we do not specify a particular theory, but consider a
generic tetrad field equation of the form

ĒA
µ + EA

µ = EA
µ = ΘA

µ = Θ̄A
µ + TA

µ , (5.1.27)

where the background equations ĒAµ = Θ̄A
µ satisfy the cosmological symmetry, so that

they take the general form (4.2.46) and (4.2.47). Here we have already decomposed the field
equations by defining the linear perturbations EA

µ and TA
µ. Note that we defined them

using mixed indices; since they are linear perturbations, we use the background geometry
to transform them into the spacetime expressions

Eµν = θ̄AµḡνρEA
ρ , Tµν = θ̄AµḡνρTA

ρ . (5.1.28)

In order to express these field equations in terms of the gauge-invariant variables obtained
from an irreducible decomposition of the tetrad perturbation, one must apply a similar
irreducible decomposition. Here we follow the same approach as in section 5.1.1, where
we introduced the 3 + 1 decomposition of tensor fields on the cosmologically symmetric
background spacetime. This is shown separately for the gravitational part and the energy-
momentum part of the field equations below.

5.1.5 Gravitational field tensor

Following its definition (5.1.28) in the previous section, we now apply an irreducible de-
composition to the perturbation Eµν of the gravitational part of the field equations. We
proceed in full analogy to the decomposition (5.1.13) of the tetrad perturbation, using the
same symbols for the irreducible components, but with uppercase letters. Hence, we define
the components as

Ê00 = N−2E00 = Φ̂ , Ê0b = (AN )−1E0b = dbĴ + B̂b , Êa0 = (AN )−1Ea0 = daŶ + V̂a ,

Êab = A−2Eab = Ψ̂γab + dadbΣ̂ + daĈb + υabc(d
cΞ̂ + Ŵ c) +

1

2
Q̂ab . (5.1.29)

Here, in analogy to the irreducible components of τµν , the expressions Φ̂, Ĵ, Ŷ, Ψ̂, Σ̂ are
scalars, Ξ̂ is a pseudoscalar, B̂a, V̂a, Ĉa are divergence-free vectors, Ŵa is a divergence-free
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pseudovector and Q̂ab is a trace-free, divergence-free, symmetric tensor. Hence, they are
subject to the conditions

daB̂
a = daV̂

a = daĈ
a = daŴ

a = 0 , daQ̂
ab = 0 , Q̂[ab] = 0 , Q̂a

a = 0 , (5.1.30)

Also note in particular that the term involving Ĉa in the decomposition (5.1.29) has the
opposite order of indices compared to the similar term involving ĉa in the analogous de-
composition (5.1.13). The reason for this choice becomes clear when we study gauge trans-
formations of the gravitational field equations. Here we follow the same principle as for the
tetrad perturbations shown in section 5.1.2, and use the field equations in the form (5.1.27)
as the starting point. Under an infinitesimal diffeomorphism generated by a vector field
Xµ the perturbation of the gravitational side of the field equations undergoes the change

δXEA
µ = EA

µ − E′
A
µ = (LXĒ)A

µ = Xν∂νĒA
µ − ∂νX

µĒA
ν . (5.1.31)

In order to obtain the transformation of the expressions Eµν in spacetime indices, we
transform the indices with the background geometry, which allows us to to write the gauge
transformation in the form

δXEµν = θ̄AµḡνρδXEA
ρ . (5.1.32)

Using the form (5.1.19) of the generating vector field, one can decompose this transforma-
tion into its time and space components, which yields

δX Ê00 =
N∂tX̂⊥ − X̂⊥∂tN

N
, (5.1.33a)

δX Ê0b =
[NvH− (N+ H)∂tA](dbX̂∥ + Ẑb) +NA∂t(dbX̂∥ + Ẑb)

NA
, (5.1.33b)

δX Êa0 =
(Nv− ∂tA)N(daX̂∥ + Ẑa)−NHdaX̂⊥

NA
, (5.1.33c)

δX Êab =
(H∂tA−A∂tH)X̂⊥γab −NHaυabc(d

cX̂∥ + Ẑc)−NHda(dbX̂∥ + Ẑb)

NA
. (5.1.33d)

Further using the decomposition (5.1.29) of the field equations, we can now easily identify
the transformation of the irreducible components. We find that the scalar components
transform as

δX Ĵ =
[NvH− (N+ H)∂tA]X̂∥ +NA∂tX̂∥

NA
, δXΨ̂ =

H∂tA−A∂tH
NA

X̂⊥ , δXΣ̂ = −
HX̂∥

A
,

δXΦ̂ =
N∂tX̂⊥ − X̂⊥∂tN

N
, δX Ξ̂ = −

HaX̂∥

A
, δX Ŷ =

(Nv− ∂tA)NX̂∥ −NHX̂⊥

NA
,

(5.1.34)

while for the vector components we have

δX V̂a =
(Nv− ∂tA)NẐa

NA
, δXĈa = −HẐa

A
, δXŴa = −HaẐa

A
,

δXB̂a =
[NvH− (N+ H)∂tA]Ẑa +NA∂tẐa

NA
, (5.1.35)

and finally the tensor component is gauge-invariant,

δXQ̂ab = 0 . (5.1.36)
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This allows us to proceed in analogy to the tensor component of the tetrad perturbation,
and to construct gauge-invariant quantities by adding suitable multiples of the tetrad com-
ponents ĵ, σ̂, ĉa, whose transformations then cancel those intrinsic to the components of the
field equations. One thus defines the scalars

Ψ̂ = Ψ̂− H∂tA−A∂tH
N

[
ĵ +

(
∂tA
N

− v

)
σ̂

]
, Σ̂ = Σ̂ + Hσ̂ , Ξ̂ = Ξ̂ + aHσ̂ ,

Ĵ = Ĵ − (Nv− ∂tA)Hσ̂ +NA∂tσ̂
N

, Ŷ = Ŷ +

(
∂tA
N

− v

)
(N+ H)σ̂ + Hĵ ,

Φ̂ = Φ̂− N∂tA−A∂tN
N

[
ĵ +

(
∂tA
N

− v

)
σ̂

]
− NA

N
∂t

[
ĵ +

(
∂tA
N

− v

)
σ̂

]
, (5.1.37)

the vectors

V̂a = V̂a +

(
∂tA
N

− v

)
Nĉa , Ĉa = Ĉa + Hĉa ,

B̂a = B̂a −
(Nv− ∂tA)Hĉa +NA∂tĉa

N
, Ŵa = Ŵa + aHĉa , (5.1.38)

as well as the tensor
Q̂ab = Q̂ab , (5.1.39)

and finds that these are indeed invariant under gauge transformations. Hence, it follows
that for any diffeomorphism-invariant theory of gravity they can be fully expressed in terms
of the gauge-invariant tetrad perturbations defined in section 5.1.3. Finally, it is helpful to
remark that the gauge-invariant quantities here form the components of a tensor Eµν , in
full analogy to the decomposition (5.1.29). Note that this tensor agrees with the original
tensor Eµν if and only if the gauge is chosen such that ĵ, σ̂, ĉa vanish.

5.1.6 Energy-momentum tensor

The gravitational part of the perturbed gravitational field equations (5.1.27), which we
discussed in the previous section, must be complemented by a corresponding perturbation
of the energy-momentum tensor, which we discuss next. Recalling that the background
energy-momentum tensor Θ̄µν must take the perfect fluid form (4.2.46) in order to be
compatible with the cosmological symmetry, one finds that by adding a perturbation it
takes the general form

Θ00 = N 2(ρ̄+ δρ̂− 2ρ̄τ̂00) , (5.1.40a)
Θ0a = −AN

[
2ρ̄τ̂(0a) + (ρ̄+ p̄)δûa

]
, (5.1.40b)

Θab = A2
[
p̄γab + 2p̄τ̂(ab) + δp̂γab + π̂ab

]
. (5.1.40c)

Here ρ̄ and p̄ are the background values of the energy density and the pressure, while
δρ = δρ̂ and δp = δp̂ are their perturbations. The latter are scalars, and therefore do not
change when they are pulled back to the spatial slices as argued in section 5.1.1. This
is different for the remaining two perturbation components, which are the spatial fluid
velocity perturbation δua = Aδûa and the anisotropic stress πab = A2π̂ab. The former has
three independent components, while the latter is assumed to be trace-free, γabπ̂ab = 0,
and symmetric, π̂[ab] = 0, and so has only five independent components. Together with the
density and pressure perturbations one thus has ten components, which is to be expected
for the energy-momentum tensor. Note that δûa and π̂ab can further be decomposed into
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irreducible components, in order to decompose the matter side of the field equations in the
same form as the gravitational side. For this purpose, one needs the energy-momentum
tensor perturbation (5.1.28) with lower spacetime indices, which follows from its definition
as

Tµν = Θµν − Θ̄µν − ḡρσ(τρµΘ̄σν + 2τ(νρ)Θ̄σµ) . (5.1.41)

Inserting the energy-momentum tensor (5.1.40), and using the decomposition (5.1.13) of
the tetrad perturbation, one finds the energy-momentum perturbation

T̂00 = δρ̂+ ρ̄ϕ̂ , (5.1.42a)

T̂0b = − [(ρ̄+ p̄)δûb + p̄(v̂b + dbŷ)] , (5.1.42b)

T̂a0 = −
[
(ρ̄+ p̄)(δûa + v̂a + daŷ) + p̄(b̂a + daĵ)

]
, (5.1.42c)

T̂ab = δp̂γab + π̂ab − p̄

[
ψ̂γab + dbdaσ̂ + daĉb − υabc(d

cξ̂ + ŵc) +
1

2
q̂ab

]
. (5.1.42d)

In order to work in a fully gauge-invariant formalism, also the matter variables must be
expressed through gauge-invariant quantities, which are separated from the pure gauge
quantities. In order to obtain these quantities, one studies the gauge transformation of
the energy-momentum tensor perturbation, which is defined in full analogy to that of the
gravitational side of the field equations shown in the previous section. Its split into time
and space components therefore has the same form as the corresponding split (5.1.33), with
ρ̄ in place of N and p̄ in place of H, and thus reads

δX T̂00 =
ρ̄∂tX̂⊥ − X̂⊥∂tρ̄

N
, (5.1.43a)

δX T̂0b =
[Nvp̄− (ρ̄+ p̄)∂tA](dbX̂∥ + Ẑb) + ρ̄A∂t(dbX̂∥ + Ẑb)

NA
, (5.1.43b)

δX T̂a0 =
(Nv− ∂tA)ρ̄(daX̂∥ + Ẑa)−N p̄daX̂⊥

NA
, (5.1.43c)

δX T̂ab =
(p̄∂tA−A∂tp̄)X̂⊥γab −N p̄aυabc(d

cX̂∥ + Ẑc)−N p̄da(dbX̂∥ + Ẑb)

NA
. (5.1.43d)

By comparison with the components (5.1.42) of the energy-momentum tensor perturbation,
one thus finds that the matter variables obey the transformation rules

δXδρ̂ = −X̂⊥∂tρ̄

N
, δXδp̂ = −X̂⊥∂tp̄

N
, δXδûa = −A

N
∂t
Ẑa + daX̂∥

A
, δX π̂ab = 0 .

(5.1.44)
It is then straightforward to define gauge-invariant matter variables, following again the
same procedure as for the tetrad perturbations and the gravitational side of the field equa-
tions. From the transformations above one reads off the gauge-invariant energy density
and pressure given by

Ê = δρ̂+
A∂tρ̄
N

[
ĵ +

(
∂tA
N

− v

)
σ̂

]
, P̂ = δp̂+

A∂tp̄
N

[
ĵ +

(
∂tA
N

− v

)
σ̂

]
. (5.1.45)

For the velocity perturbation δûa, it is helpful to first perform a decomposition into a
longitudinal scalar component and a transverse divergence-free vector component. These
give rise to two gauge-invariant variables via

X̂a + daL̂ = δûa +
A
N
∂t(ĉa + daσ̂) . (5.1.46)
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Finally, π̂ab is already gauge-invariant. It can further be decomposed into a scalar, vector
and tensor component,

π̂ab = dadbŜ − 1

3
△Ŝγab + d(aV̂b) + T̂ab , (5.1.47)

each of which is gauge-invariant on its own. Here we used the spatial Laplace operator
△ = dad

a. In analogy to the gauge-invariant tensor Eµν defined in the previous section, one
can then define the corresponding gauge-invariant energy-momentum tensor perturbation
as

T̂00 = Ê + ρ̄ϕ̂ , (5.1.48a)

T̂0b = −
[
(ρ̄+ p̄)(X̂b + dbL̂) + p̄(v̂b + dbŷ)

]
, (5.1.48b)

T̂a0 = −
[
(ρ̄+ p̄)(X̂a + daL̂+ v̂a + daŷ) + p̄b̂a

]
, (5.1.48c)

T̂ab =

(
P̂ − 1

3
dcd

cŜ − p̄ψ̂

)
γab + dadbŜ + d(aV̂b) + T̂ab + p̄

[
υabc(d

cξ̂ + ŵc)− 1

2
q̂ab

]
.

(5.1.48d)

It is evident that these two tensors constitute the gauge-invariant perturbed field equations.

5.1.7 Gauge-invariant field equations

It is convenient to decompose the gauge-invariant perturbed field equations

Eµν = Tµν (5.1.49)

into their irreducible components. For the gravitational side, these are the components we
constructed in section (5.1.4), while for the energy-momentum tensor they can be obtained
from the decomposition (5.1.48). The irreducible components are the six scalar equations

Ĵ = −(ρ̄+ p̄)L̂ − p̄ŷ , Σ̂ = Ŝ , Ξ̂ = p̄ξ̂ ,

Ψ̂ = P̂ − 1

3
△Ŝ − p̄ψ̂ , Φ̂ = Ê + ρ̄ϕ̂ , Ŷ = −(ρ̄+ p̄)(L̂+ ŷ) , (5.1.50)

the four vector equations

V̂a = −(ρ̄+ p̄)(X̂a + v̂a)− p̄b̂a , Ĉa = V̂a ,

Ŵa = p̄ŵa −
1

2
υabcd

bV̂c , B̂a = −(ρ̄+ p̄)X̂b − p̄v̂b , (5.1.51)

and the tensor equation
Q̂ab = 2T̂ab − p̄q̂ab . (5.1.52)

Note the appearance of an additional term involving V̂a in the equation for Ŵa. This term
arises from the fact that in the decomposition (5.1.29), the term daĈb is not symmetrized,
while the energy-momentum tensor (5.1.48) contains the strictly symmetric contribution
d(aV̂b). The antisymmetric part of the former can be rewritten as

d[aĈb] =
1

2
υabcυ

decddĈe (5.1.53)

and thus absorbed into a redefinition of Ŵa+daΞ̂. Here the contribution to Ξ̂ corresponding
to the divergence of the last term vanishes due to the Bianchi identity

dc(υ
decddĈe) = υdecd[cdd]Ĉe =

1

2
υdecRf ecdĈf = 0 . (5.1.54)

Thus, one obtains only the vector contribution we found above.
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5.1.8 Energy-momentum conservation and Bianchi identities

The gauge-invariant perturbed field equations shown in the previous section have 16 compo-
nents, while they depend on only 12 gauge-invariant tetrad components, while the remain-
ing tetrad components have been eliminated by a gauge symmetry under diffeomorphisms.
This difference in the number of equations and variables is accounted for by the Bianchi
identities on the gravitational side, and equivalently the covariant energy-momentum con-
servation on the matter side of the field equations, which yield four conditions satisfied by
the field equations. For a generic teleparallel gravity theory, these can be written most
succinctly as

◦
∇νEµν −Kνρ

µEνρ = 0 , (5.1.55)

and are geometric identities which are satisfied automatically by the field equations [79].
Decomposing the field equations into their symmetric and antisymmetric parts, and using
the fact that the contortion is antisymmetric in its first two indices, they reduce to

◦
∇νE(µν) = 0 ,

◦
∇νE[µν] −Kνρ

µEνρ = 0 . (5.1.56)

On the matter side, they are complemented by the covariant energy-momentum conserva-
tion, which simply reads

◦
∇νΘµν = 0 , (5.1.57)

due to the fact that the energy-momentum tensor is symmetric.
In order to derive the aforementioned conditions on the perturbed field equations, we

first perform a perturbative expansion of the Bianchi identity (5.1.55). For the background,
this yields the equation

∂tN+ 3(N+ H)
∂tA
A

= 0 . (5.1.58)

For the linear perturbation order, one expresses the perturbed field equations through the
perturbation tensor Eµν , and then applies a split into time and space components, fol-
lowed by an irreducible decomposition using the components (5.1.29). After a tedious, but
straightforward calculation one finds that the resulting equations can be fully expressed in
terms of the gauge-invariant quantities we introduced in the previous sections. In particu-
lar, one finds the time component

N△Ĵ− ∂tA(△Σ̂+ 3Φ̂+ 3Ψ̂)−A∂tΦ̂
− 3∂tAH(ϕ̂+ ψ̂)− 3A(N+ H)∂tψ̂ +AN∂tϕ̂+NH△ŷ = 0 , (5.1.59)

while the spatial part decomposes into the total divergence of the term

N Ψ̂+N△Σ̂+ 2u2N Σ̂+ 2NaΞ̂+Nv(Ĵ− Ŷ)− ∂tA(Ĵ+ 3Ŷ)−A∂tŶ
−NNϕ̂+NH(ψ̂ − ϕ̂) + ∂tANŷ −NNvŷ − 2NHaξ̂ = 0 , (5.1.60)

as well as the divergence-free part

Nv(B̂a−V̂a)−∂tA(B̂a+3V̂a)−A∂tV̂a+2u2N Ĉa+2NaŴa+Nυabcd
b(Ŵc+aĈc−Hŵc)

+ (∂tAN−Nv)(Nv̂a + Hb̂a)− 2∂tAHb̂b +AN∂tb̂a − 2NHaŵa = 0 . (5.1.61)

Here we have made use of the background Bianchi identity (5.1.58) in order to simplify the
obtained expressions and cancel gauge-dependent terms.
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Finally, one proceeds analogously with the energy-momentum conservation (5.1.57).
For the background, one finds the relation

∂tρ̄+ 3(ρ̄+ p̄)
∂tA
A

= 0 , (5.1.62)

which is simply the well-known continuity equation of the cosmologically symmetric fluid
energy-momentum tensor, and which has the same form as the cosmological Bianchi iden-
tity (5.1.58). To derive the linear perturbation order, it is most straightforward to use the
energy-momentum tensor in the form (5.1.40), and then performs an irreducible decom-
position. As for the gravitational part of the field equations, one finds that the resulting
equations are fully expressed in terms of gauge-invariant quantities. For the time compo-
nent, one obtains the energy conservation

A∂tÊ + 3∂tA(Ê + P̂) + 3A(ρ̄+ p̄)ψ̂ +N (ρ̄+ p̄)△L̂ = 0 . (5.1.63)

The spatial component, which corresponds to the conservation of momentum, splits into a
pure divergence part, which reads

A∂t[(ρ̄+p̄)(L̂+ŷ)]+4∂tA(ρ̄+p̄)(L̂+ŷ)+N
(
P̂ +

2

3
△Ŝ + 2u2Ŝ

)
−N (ρ̄+p̄)ϕ̂ = 0 , (5.1.64)

and a divergence-free part

A∂t[(ρ̄+ p̄)(X̂a+ v̂a+ b̂a)]+4∂tA(ρ̄+ p̄)(X̂a+ v̂a+ b̂a)+
1

2
N△V̂a+u2NV̂a = 0 . (5.1.65)

These are the well-known conservation equations for the perturbed cosmological energy-
momentum tensor, expressed in terms of the tetrad perturbation variables we use here.

It is well known that the Bianchi identities and the energy-momentum conservation
equations are related to each other by the gravitational field equations. For the cosmological
perturbations, this can easily be seen by inserting the gravitational part of the gauge-
invariant field equations given in section 5.1.4 into the Bianchi identities given above. One
finds that they indeed yield the energy-momentum conservation equations.

5.1.9 Application to TEGR

As an illustrative example, we used the formalism developed in our work [H5] in order to de-
rive the gravitational part of the perturbed cosmological field equations for the teleparallel
equivalent of general relativity (TEGR), whose action is a special case of the action (4.2.43)
with

F(T1,T2,T3) = −1

4
T1 −

1

2
T2 + T3 . (5.1.66)

In this case the gravitational part of the field equations reduces to Einstein’s equations,

κ2Eµν =
◦
Gµν =

◦
Rµν −

1

2

◦
Rgµν . (5.1.67)

The cosmological dynamics for the background and the perturbations can most conveniently
expressed in terms of the conformal Hubble parameter (4.2.27) and the conformal time
derivative ′ = AN−1∂t. The background dynamics is governed by the Friedmann equations

κ2A2N = 3(H2 + u2) , κ2A2H = −(2H′ +H2 + u2) , (5.1.68)
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while the dynamics for the perturbations can be expressed in terms of the gauge-invariant,
irreducible components of the perturbed field equations, for which one finds the expressions

κ2A2Φ̂ = 3(3H2 + u2)ϕ̂− 2H△ŷ + 6Hψ̂′ − 6u2ψ̂ − 2△ψ̂ , (5.1.69a)

κ2A2Ψ̂ = (H2 + 2H′ + 3u2)ψ̂ − 4Hψ̂′ − 2ψ̂′′ − 2(H2 + 2H′)ϕ̂− 2Hϕ̂′

+△
[
ψ̂ − ϕ̂+ 2Hŷ + ŷ′

]
, (5.1.69b)

κ2A2Ξ̂ = −(H2 + 2H′ + u2)ξ̂ , (5.1.69c)

κ2A2Σ̂ = ϕ̂− ψ̂ − 2Hŷ − ŷ′ , (5.1.69d)

κ2A2Ĵ = −2ψ̂′ + (3H2 + u2)ŷ − 2Hϕ̂ , (5.1.69e)

κ2A2Ŷ = −2ψ̂′ − 2u2ŷ − 2Hϕ̂ , (5.1.69f)

κ2A2Ĉa = −b̂′
a − v̂′

a − 2H(b̂a + v̂a) , (5.1.69g)

κ2A2Ŵa = υabcd
b

[
1

2
(b̂c

′
+ v̂c′) +H(b̂c + v̂c)

]
− (H2 + 2H′ + u2)ŵa , (5.1.69h)

κ2A2B̂a = 2(H2 −H′)b̂a + 3H2v̂a + u2(b̂a + 2v̂a)−
1

2
△(b̂a + v̂a) , (5.1.69i)

κ2A2V̂a = 3H2b̂a + u2(2b̂a − v̂a)−
1

2
△(b̂a + v̂a) , (5.1.69j)

κ2A2Q̂ab = q̂′′
ab + 2Hq̂′

ab −△q̂ab + (3u2 +H2 + 2H′)q̂ab . (5.1.69k)

One easily checks that these components indeed satisfy the Bianchi identities displayed in
section 5.1.8. Further, inserting them into the field equations shown in section 5.1.4, one
finds that several equations are solved identically, which correspond to the antisymmetric
part E[µν] = 0 of the field equations, which become trivial in TEGR. The remaining
equations can be summarized as follows. The most simple is the tensor equation, which
reads

q̂′′
ab + 2Hq̂′

ab −△q̂ab + 2u2q̂ab = 2κ2A2T̂ab . (5.1.70)

For the vector components, one finds the independent equations

b̂′
a + v̂′

a + 2H(b̂a + v̂a) = −κ2A2V̂a (5.1.71)

and

1

2
△(b̂a + v̂a)− (2H2 − 2H′ + u2)(b̂a + v̂a) = 2(H2 −H′ + u2)X̂a . (5.1.72)

It is convenient to replace the transverse velocity perturbation X̂a by the variable

Q̂a = (ρ̄+ p̄)(X̂a + b̂a + v̂a) = 2
H2 −H′ + u2

κ2A2
(X̂a + b̂a + v̂a) . (5.1.73)

In terms of this new variable, the second equation (5.1.72) takes the form

1

2
△(b̂a + v̂a) + u2(b̂a + v̂a) = κ2A2Q̂a (5.1.74)
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of a Poisson equation. The time evolution follows from the remaining equation (5.1.71),
from which one now obtains

1

2
△V̂a + u2V̂a = − 1

κ2A2

[
1

2
△(b̂′

a + v̂′
a + 2Hb̂a + 2Hv̂a) + u2(b̂′

a + v̂′
a + 2Hb̂a + 2Hv̂a)

]
= − 1

A2

[
2HA2Q̂a + (A2Q̂a)

′
]

= −Q̂′
a − 4HQ̂a ,

(5.1.75)

which is simply the conservation equation of transverse momentum. Finally, for the scalar
components one has the equations

κ2A2Ê = 6Hψ̂′ − 2△ψ̂ − 6u2ψ̂ + 6H2ϕ̂− 2H△ŷ , (5.1.76a)

(H2 −H′ + u2)L̂ = ψ̂′ +Hϕ̂+H′ŷ −H2ŷ , (5.1.76b)

κ2A2Ŝ = ϕ̂− ψ̂ − ŷ′ − 2Hŷ , (5.1.76c)

κ2A2

(
P̂ − △Ŝ

3

)
= △(ψ̂ − ϕ̂+ 2

[
Hŷ + ŷ′)− 2H(2ψ̂′ + ϕ̂′)− ψ̂′′ + u2ψ̂ − (H2 + 2H′)ϕ̂

]
.

(5.1.76d)

The last equation can be simplified by adding the second derivative of the preceding equa-
tion, to yield

κ2A2

(
P̂ +

2

3
△Ŝ
)

= −2H(2ψ̂′ + ϕ̂′)− 2ψ̂′′ + 2u2ψ̂ − 2(H2 + 2H′)ϕ̂ , (5.1.77)

Finally, it is helpful to remark that ŷ can be absorbed into the remaining variables by a
suitable redefinition. Hence, one is left with dynamical equations for the variables ϕ̂, ψ̂, b̂a+
v̂a, q̂ab, which correspond to the gauge-invariant perturbations. These equations reproduce
the well-known cosmological perturbation of Einstein’s equations.

5.2 Gauge-invariant parametrized post-Newtonian formalism

Another application of perturbation theory and symmetry transformations of perturbations
can be found in the parametrized post-Newtonian (PPN) formalism [159, 160, 161]. It al-
lows to classify any metric theory of gravity by a set of (usually constant) parameters, which
are closely related to experimentally observable quantities, thus providing a possibility to
test the gravity theories under consideration. This formalism has the advantage that it is
straightforward to apply in several steps, each of which comprises of solving linear partial
differential equations at a particular perturbation order. However, these equations may be-
come cumbersome if there is a large number of dynamical fields present in the theory, and
carry a gauge invariance, which is solved for only in the last stage of the formalism. In or-
der to overcome these difficulties, we devised a gauge-invariant formalism in our work [H6],
which both resolves the necessity to choose a gauge and potentially transform to a differ-
ent gauge after solving the equations, and simplifies the equations by decomposing them
into irreducible components. We now present a brief summary of this formalism. In sec-
tion 5.2.1, we briefly review the perturbative expansion of the gravitational field variables
in the PPN formalism. We then show their behavior under higher-order gauge transfor-
mations in section 5.2.2. Based on these transformations, we find a set of gauge-invariant
gravitational field variables in section 5.2.3, as well as a gauge-invariant decomposition of
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the energy-momentum tensor of the source matter in section 5.2.4. We relate these ex-
pressions to the standard PPN formalism in section 5.2.5, before applying it to a simple
example theory in section 5.2.6.

5.2.1 Post-Newtonian geometry perturbations

An important ingredient of the PPN formalism is the perturbative expansion of all dy-
namical fields of the considered gravity around a given background, which is defined in a
fixed frame of reference, in which the metric is asymptotically flat and the source matter is
slow-moving. The background is assumed to solve the vacuum field equations, while per-
turbations are induced by the source matter. Further, different components of the source
matter distribution are assigned with different perturbation orders, which correspond to
different terms in the perturbative expansion of the dynamical fields. The most fundamen-
tal field is assumed to be the spacetime metric, which governs the motion of test masses
and light by its geodesics. Its perturbative expansion is written in the form

gµν =
0
gµν +

1
gµν +

2
gµν +

3
gµν +

4
gµν +O(5) , (5.2.1)

where the background is assumed to have maximal symmetry under the Poincaré group,
and thus must given by the Minkowski metric, 0

gµν = ηµν . The perturbation orders, which
we denoted by overscript numbers, are interpreted as orders of the typical velocity of test
masses and matter source constituents in a fixed system of reference. This fixed system
of reference is also used in order to perform a 3 + 1 split of tensor components. Based
on a perturbative expansion of the geodesic equation, which describes the motion of test
masses, and the assumption that velocities are small compared to the speed of light in the
chosen reference system, only particular components are non-vanishing and relevant in the
perturbative expansion. For the metric, these are the components

2
g00 ,

2
gij ,

3
gi0 ,

4
g00 ,

4
gij . (5.2.2)

Note that 4
gij is usually not considered in the standard PPN formalism [159]. However, in

general it may couple to other fourth-order terms such as 4
g00, and so it cannot be neglected

in general, but needs to be eliminated from the field equations to calculate other relevant
components. Further, it may also be considered as a relevant component by itself, which
enters as a higher order correction in light deflection [144, 145].

In the case of a teleparallel geometry, considering the tetrad as a fundamental variable
instead of the metric, one considers a similar perturbative expansion of the form [158]

θAµ =
0

θAµ +
1

θAµ +
2

θAµ +
3

θAµ +
4

θAµ +O(5) . (5.2.3)

As for the cosmological perturbations discussed in section 5.1, it is most convenient to
impose the Weitzenböck gauge condition •

ωABµ ≡ 0 at all perturbation orders, so that the
geometry is fully determined by the tetrad only. For the background one demands again
maximal symmetry under the Poincaré group, which allows using the diagonal tetrad

0

θAµ = ∆A
µ = diag(1, 1, 1, 1) , (5.2.4)

which is required to be a solution of the vacuum field equations. For the perturbations,
one then introduces a pure spacetime index expression

n

θµν = ηAB∆
A
µ

n

θBν , (5.2.5)
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again in analogy to the cosmological perturbation theory. Similarly to the metric, only
certain components must be considered, which are given by

2

θ00 ,
2

θij ,
3

θi0 ,
3

θ0j ,
4

θ00 ,
4

θij . (5.2.6)

Note that in contrast to the metric, θµν is not necessarily symmetric, so that two index
combinations must be considered at the third velocity order.

Finally, it is worth mentioning that also for an independent connection, which appears
in the metric-affine geometry, a perturbative expansion of the form

Γµνρ =
0

Γµνρ +
1

Γµνρ +
2

Γµνρ +
3

Γµνρ +
4

Γµνρ +O(5) (5.2.7)

may be introduced. Here it is important to note that the background
0

Γµνρ is given by
the coefficients of a connection, while the perturbations are tensor fields. The choice of
the background is once more constrained by demanding maximal symmetry under the
Poincaré group, which uniquely determines it to be given by the Levi-Civita connection of
the Minkowski background. It follows that the background connection is flat, symmetric
and compatible with the background metric, and that its connection coefficients

0

Γµνρ vanish
in Cartesian coordinates. For the perturbation, one finds that the relevant components are
given by

2

Γijk ,
2

Γ0
0k ,

2

Γ0
j0 ,

2

Γi00 ,
3

Γ0
jk ,

3

Γi0k ,
3

Γij0 ,
3

Γ0
00 ,

4

Γijk ,
4

Γ0
0k ,

4

Γ0
j0 ,

4

Γi00 . (5.2.8)

If the connection is derived from another geometric field, such as the Levi-Civita connec-
tion of the metric or the Weitzenböck connection in the teleparallel case, several of the
aforementioned components may vanish.

5.2.2 Higher order gauge transformations

The fixed frame of reference in which the perturbations of the geometry listed above are
defined is not fully determined by the conditions of slow-moving source matter and an
asymptotically flat metric. These conditions remain satisfied if one performs a coordinate
transformation, which is generated by a vector field Xµ whose components exhibit a sim-
ilar perturbative form as the geometry perturbations, so that the general form of their
perturbative expansion is retained. This leads to the condition that the vector field has
components

2

Xi ,
3

X0 ,
4

Xi (5.2.9)

at the respective velocity orders. Further, since one considers higher order perturbations
of the fields defining the geometry, also the diffeomorphism generated by the vector field
must be expanded beyond the commonly considered linear order. The general form of
such a transformation is given by a so-called “knight diffeomorphism” [19, 156, 20]. For the
purpose of the PPN formalism, it turns out to be sufficient to expand it up to the quadratic
order in the components of the vector field, which yields the explicit formula

x′µ = xµ +Xµ +
1

2
Xν∂νX

µ +O([X]3) , (5.2.10)

generalizing the linear coordinate transformation (5.1.15). It follows that the metric, as
any other tensor field, obeys the transformation law

gµν = g′µν + (£Xg
′)µν +

1

2
(£X£Xg

′)µν +O([X]3) (5.2.11)
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under this change of coordinates, which is reminiscent of a Taylor expansion. Expanding
both sides of this equation into the post-Newtonian perturbation orders, it follows that the
metric perturbations transform as

2
g00 =

2
g′00 , (5.2.12a)

2
gij =

2
g′ij + 2∂(i

2

Xj) , (5.2.12b)
3
g0i =

3
g′0i + ∂i

3

X0 + ∂0
2

Xi , (5.2.12c)
4
g00 =

4
g′00 + 2∂0

3

X0 +
2

Xi∂i
2
g′00 , (5.2.12d)

4
gij =

4
g′ij + 2∂(i

4

Xj) + 2
2
g′k(i∂j)

2

Xk +
2

Xk∂k
2
g′ij + ∂(i(

2

X|k∂k|
2

Xj)) + ∂i
2

Xk∂j
2

Xk , (5.2.12e)

where the indices of the generating vector field have been lowered using the background
Minkowski metric, as it is also commonplace for linear perturbations. Similarly, one derives
the transformation of the tetrad perturbations from the analogue formula

θAµ = θ′Aµ + (£Xθ
′)Aµ +

1

2
(£X£Xθ

′)Aµ +O([X]3) (5.2.13)

Here it must be taken into account that the tetrad transforms as a one-form. One therefore
finds that the perturbation components

n

θµν , which are defined with respect to a fixed
background tetrad, do not transform as perturbations of a tensor field of rank 2, but
instead satisfy the transformation rules

2

θ00 =
2

θ′00 , (5.2.14a)
2

θij =
2

θ′ij + ∂j
2

Xi , (5.2.14b)
3

θ0i =
3

θ′0i + ∂i
3

X0 , (5.2.14c)
3

θi0 =
3

θ′i0 + ∂0
2

Xi , (5.2.14d)
4

θ00 =
4

θ′00 + ∂0
3

X0 +
2

Xi∂i
2

θ′00 , (5.2.14e)
4

θij =
4

θ′ij + ∂j
4

Xi + ∂j
2

Xk

2

θ′ik +
2

Xk∂k
2

θ′ij +
1

2
∂j(

2

Xk∂k
2

Xi) , (5.2.14f)

which are obtained from those of the tetrad perturbation
n

θAµ. Finally, also for the connec-
tion coefficients the transformation law takes the form

Γµνρ = Γ′µ
νρ + (£XΓ

′)µνρ +
1

2
(£X£XΓ

′)µνρ +O([X]3) , (5.2.15)

taking into account that Γµνρ are not the components of a tensor field, but connection
coefficients, and so their Lie derivative is given by the inhomogeneous relation (3.1.10).
Decomposing this transformation behavior into velocity orders, one finds the transformation
rules

2

Γi00 =
2

Γ′i
00 , (5.2.16a)

2

Γ0
j0 =

2

Γ′0
j0 , (5.2.16b)

2

Γ0
0k =

2

Γ′0
0k , (5.2.16c)

2

Γijk =
2

Γ′i
jk + ∂j∂k

2

Xi , (5.2.16d)
3

Γ0
00 =

3

Γ′0
00 , (5.2.16e)
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3

Γij0 =
3

Γ′i
j0 + ∂0∂j

2

Xi , (5.2.16f)
3

Γi0k =
3

Γ′i
0k + ∂0∂k

2

Xi , (5.2.16g)
3

Γ0
jk =

3

Γ′0
jk + ∂j∂k

3

X0 , (5.2.16h)
4

Γi00 =
4

Γ′i
00 + ∂0∂0

2

Xi +
2

X l∂l
2

Γi00 −
2

Γl00∂l
2

Xi , (5.2.16i)
4

Γ0
j0 =

4

Γ′0
j0 + ∂0∂j

3

X0 +
2

X l∂l
2

Γ0
j0 +

2

Γ0
l0∂j

2

X l , (5.2.16j)
4

Γ0
0k =

4

Γ′0
0k + ∂0∂k

3

X0 +
2

X l∂l
2

Γ0
0k +

2

Γ0
0l∂k

2

X l , (5.2.16k)
4

Γijk =
4

Γ′i
jk + ∂j∂k

4

Xi +
2

X l∂l
2

Γijk − ∂l
2

Xi
2

Γljk + ∂j
2

X l
2

Γilk + ∂k
2

X l
2

Γijl

+
1

2

(
2

X l∂j∂k∂l
2

Xi − ∂l
2

Xi∂j∂k
2

X l + ∂j
2

X l∂k∂l
2

Xi + ∂k
2

X l∂j∂l
2

Xi
)
. (5.2.16l)

Assuming that the field equations of the gravity theory under consideration are invariant
under diffeomorphisms, it follows that the gauge transformations shown above transform
perturbative solutions to the field equations again into perturbative solutions. Hence, the
solution is determined only up to the components (5.2.9) of the gauge vector fields, which
correspond to the choice of the coordinate system. Any physically meaningful quantities,
however, must be independent of the choice of coordinates, and so one needs to split
the fundamental field variables into gauge-invariant physical quantities, which retain their
form independently of the choice of the coordinate system, and pure gauge variables, which
encode this choice, but carry no physical meaning. This is shown in the following sections.

5.2.3 Gauge-invariant geometry perturbations

The common procedure to obtain gauge-invariant perturbations of the fundamental, ge-
ometric field variables is to specify a particular, fixed gauge, in which certain conditions
on the perturbations are imposed, which fix as many components of the geometric field
perturbations as there are gauge degrees of freedom in the gauge vector fields (5.2.9). The
remaining perturbation components, which are not restricted by the gauge choice, are pro-
moted to gauge-invariant variables, i.e., one expresses the perturbations in any other gauge
through the components in the fixed gauge and the components of the gauge transforma-
tion relating the different gauges, as shown in the context of cosmological perturbations in
section 5.1.3. In the PPN formalism, the most common choice for this distinguished gauge
is the so-called standard PPN gauge [159], whose metric components we denote by Pgµν ,
and which is chosen such that the metric attains a simple relation with a set of Poisson-like
integrals of the matter source. However, from a geometric point of view, there are more
convenient gauge choices, which lead to a simpler form of the perturbative field equations,
and thus simplify the procedure of solving them. In our work [H6], we introduced two such
gauges, in which either the components of the metric or the tetrad simplify, so that one
may chose the appropriate gauge according to the fundamental field variable of the gravity
theory under consideration. This is done by introducing a similar irreducible decomposi-
tion as in the case of linear perturbations in cosmology. Applying this decomposition to
the gauge vector field (5.2.9), we decompose the non-vanishing components according to

k

Xi = ∂i
k

X♦ +
k

X⋄
i ,

k

X0 =
k

X⋆ , (5.2.17)

at any perturbation order k, where ∂i
k

X⋄
i = 0, and indices have been raised and lowered

with the background Minkowski metric. Hence, the relevant components that constitute a
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gauge transformation are given by

2

X♦ ,
2

X⋄
i ,

3

X⋆ ,
4

X♦ ,
4

X⋄
i . (5.2.18)

Taking into account that a divergence-free vector has only two independent components,
these contain three independent components at each even velocity order and one indepen-
dent component at the odd velocity order, as it is also the case for the components (5.2.9)
before the decomposition.

A similar decomposition is then applied to all geometric field variables, taking into
account that certain components can be eliminated by a suitable gauge transformation.
For the metric, which is subject to the transformation rules (5.2.12), this allows to use
a gauge M as follows. First, we note that by a suitable choice of

k

Xi it is possible to
eliminate certain components of M k

gij , such that only a diagonal (pure trace) and a trace-
free, divergence-free part remain. Similarly, we may choose

k

X0 such that any divergence is
eliminated from M k

g0i, and retain only a divergence-free part. These components thus take
the form

M k
g00 =

k
g⋆ ,

M k
g0i =

k
g⋄
i ,

M k
gij =

k
g•δij +

k
g†
ij , (5.2.19)

where the irreducible components satisfy the constraint equations

∂i
k
g⋄
i = 0 , ∂i

k
g†
ij = 0 ,

k
g†
[ij] = 0 ,

k
g†
ii = 0 . (5.2.20)

Keeping in mind that only the components (5.2.2) are non-vanishing in the PPN formalism,
one thus finds that the non-vanishing gauge-invariant variables are given by

2
g⋆ ,

2
g• ,

2
g†
ij ,

3
g⋄
i ,

4
g⋆ ,

4
g• ,

4
g†
ij . (5.2.21)

Counting the number of independent components at each velocity order, where the tensor
component k

g†
ij contains two independent components, we find that they have less inde-

pendent components than the perturbations (5.2.2) before the decomposition, and that
their difference is accounted for by the pure gauge variables (5.2.18) at each velocity order.
Hence, we have fully decomposed the general metric perturbations into gauge-invariant and
pure gauge variables.

While the aforementioned decomposition of the metric is most convenient to calculate
the post-Newtonian limit in gravity theories whose fundamental field variable is the metric,
for tetrad-based gravity theories it is more convenient to consider and decompose the tetrad
perturbations (5.2.6) instead. As we will see later, it turns out to be more practical to first
decompose the tetrad perturbation into its symmetric and antisymmetric parts, which we
denote by

k

θµν =
k
sµν +

k
aµν ,

k
sµν =

k

θ(µν) ,
k
aµν =

k

θ[µν] . (5.2.22)

Then we introduce a gauge T , in which certain components of the tetrad perturbations
are eliminated through a suitable choice of the gauge vector field (5.2.9). In this gauge the
tetrad perturbation reads

T k
s00 =

k

θ⋆ ,
T k
s0i =

k

θ⋄i ,
T k
sij =

k

θ•δij+
k

θ†ij ,
T k
a0i = ∂i

k

θ♦+
k

θ◦i ,
T k
aij = ϵijk(∂k

k

θ■+
k

θ□
k ) ,

(5.2.23)
where the gauge-invariant irreducible components satisfy

∂i
k

θ⋄i = ∂i
k

θ◦i = ∂i
k

θ□
i = 0 , ∂i

k

θ†ij = 0 ,
k

θ†[ij] = 0 ,
k

θ†ii = 0 . (5.2.24)
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Also for the tetrad only certain components of the perturbations are non-vanishing. By
comparison with the components (5.2.6), we see that the only gauge-invariant components
to be considered are given by

2

θ⋆ ,
2

θ• ,
2

θ■ ,
2

θ□
i ,

2

θ†ij ,
3

θ♦ ,
3

θ⋄i ,
3

θ◦i ,
4

θ⋆ ,
4

θ• ,
4

θ■ ,
4

θ□
i ,

4

θ†ij . (5.2.25)

Again one finds that the number of independent components of these gauge-invariant vari-
ables is complemented by the number of components of the gauge vector field (5.2.9), so
that their sum matches the number of components of the original perturbations (5.2.6) at
each velocity order.

It follows from their similar definition that the metric gauge M and tetrad gauge T
are closely related to each other, yet they are not identical. This can be seen by expanding
the relation (2.2.22) between the metric and the tetrad into velocity orders, to obtain

2
g00 = 2

2

θ00 ,
2
gij = 2

2

θ(ij) ,
3
g0i = 2

3

θ(0i) ,
4
g00 = −(

2

θ00)
2 + 2

4

θ00 ,
4
gij = 2

4

θ(ij) +
2

θki
2

θkj .
(5.2.26)

One finds that the gauge conditions at the second and third velocity order, which determine
the components

2

Xi and
3

X0 of the gauge vector fields, are equivalent for the metric com-
ponents M 2

gij and M 3
g0i and the symmetric tetrad components T 2

sij and T 3
s0i. Hence, the

two gauges, and therefore also the components of the geometric field perturbations, agree
up to the third velocity order. Further, as one can see from the transformations (5.2.12)
and (5.2.14), the fourth order time components 4

g00 and
4

θ00 depend only on the second and
third order gauge choice, and therefore also agree. However, at the fourth velocity order,
the gauge conditions for the two gauges disagree due to the appearance of the non-linear
term

2

θki
2

θkj in the relation (5.2.26), so that also the fourth order gauge vector field
4

Xi

disagrees, which enters the fourth order spatial components of the metric and the tetrad.
This means that the choice of either gauge must explicitly taken into account in the cal-
culation of higher-order effects [144, 145]. However, for the remaining metric and tetrad
components, which are used in the standard PPN formalism, the two gauges agree, and
so one may choose either of the two gauges in order to obtain the same result for these
components. In the remainder of this section, only these components will be considered,
so that the formulas given hold in both gauges. Further, we will denote all components of
tensorial quantities in this chosen gauge by boldface symbols.

5.2.4 Gauge-invariant matter source

In order to solve the perturbative field equations of a given gravity theory in the gauge-
invariant formalism, the irreducible decomposition of the geometric quantities describing
the gravitational field must be complemented by a corresponding decomposition of the
energy-momentum tensor. In the PPN formalism, this matter source is assumed to be a
perfect fluid, which is described in a 3 + 1 split of spacetime by its density ρ, pressure
p, specific internal energy Π and velocity vi, where we used boldface symbols to indicate
that we express these quantities in the chosen gauge discussed in the previous section. The
energy-momentum tensor then takes the general form

Θ⋆ = Θ00 = ρ
(
1− 2

g00 + v2 +Π
)
+O(6) , (5.2.27a)

Θ⋄
i + ∂iΘ

♦ = Θ0i = −ρvi +O(5) , (5.2.27b)

Θ•δij +△ijΘ
▲ + 2∂(iΘ

△
j) +Θ†

ij = Θij = ρvivj + pδij +O(6) , (5.2.27c)
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where we have performed a decomposition into irreducible components on the left-hand
side. As for the metric components, they are subject to the conditions

∂iΘ⋄
i = ∂iΘ△

i = 0 , ∂iΘ†
ij = 0 , Θ†

[ij] = 0 , Θ†
ii = 0 . (5.2.28)

Together with the irreducible decomposition of the geometry perturbations, one can thus
finally decompose also the gravitational field equations. It is the virtue of the gauge-
invariant, irreducible decomposition that the scalar, vector and tensor contributions de-
couple from each other, which greatly simplified the task of solving the resulting equations.

5.2.5 Parametrized post-Newtonian formalism

The main ingredient of the PPN formalism, besides the perturbative expansion of both
gravitational field variables and matter source terms, is a generic, parametrized form of
the metric tensor, which accommodates for a wide range of gravity theories on one side,
and which contains a number of free, constant parameters, whose values are closely linked
to observable quantities in solar system experiments on the other side. Comparing the
measured values of these parameters with their values derived from a gravity theory under
consideration thus allows testing the predictions of the theory, while avoiding the necessity
to calculate the outcome of every experiment in each considered gravity theory. In their
most common form, these parameters are denoted

γ , β , α1 , α2 , α3 , ζ1 , ζ2 , ζ3 , ζ4 , ξ (5.2.29)

and measure the spatial curvature generated by gravity, the non-linear in the superposition
law, as well as violations of local Lorentz invariance, local position invariance and total
energy-momentum conservation. The PPN parameters, which are specific to the theory
under consideration, but independent of the particular choice of the matter configuration,
are complemented by the PPN potentials, which describe the matter source independently
of the chosen theory. They are defined as the solutions to the Poisson equations

△U = −4πρ , △△A = 8π(ρvivj),ij − 4π△(ρ|v|2) , △△B = 8π[△p− (U,iρ),i] ,

△Φ1 = −4πρ|v|2 , △Φ2 = −4πρU , △Φ3 = −4πρΠ , △Φ4 = −4πp , (5.2.30)
△Vi = −4πρvi , △Wi = −4πρvi + 2U,0i , △ΦW = 4πρU− 4U,iU,i + 2U,ijχ,ij .

While the choice of these potentials may appear arbitrary at first glance, it turns out that
they appear in the solutions of a wide range of gravity theories. Moreover, they turn out
to be particularly useful in the gauge-invariant PPN formalism, as they allow to explicitly
express the relevant and non-vanishing irreducible components of the energy-momentum
tensor as

2

T⋆ = ρ = − 1

4π
△U ,

3

T♦ = − 1

4π
∂0U ,

3

T⋄
i =

1

8π
△(Vi +Wi) , (5.2.31)

4

T⋆ = − 1

4π
△ (Φ3 +Φ1 − 2Φ2) ,

4

T• = − 1

12π
△(Φ1 + 3Φ4) ,

4

T▲ =
1

16π
(3A−Φ1) .

Finally, the PPN parameters and PPN potentials given above are used in order to construct
a generic form of the metric tensor, which is usually given in the so-called standard PPN
gauge [159]. The irreducible components of this generic metric tensor are given by

2
g⋆ = 2U , (5.2.32a)
2
g• = 2γU , (5.2.32b)
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2
g†
ij = 0 , (5.2.32c)
3
g⋄
i = −

(
1 + γ +

α1

4

)
(Vi +Wi) , (5.2.32d)

4
g⋆ =

1

2
(2− α1 + 2α2 + 2α3)Φ1 + 2(1 + 3γ − 2β + ζ2 + ξ)Φ2

+ 2(1 + ζ3)Φ3 + 2(3γ + 3ζ4 − 2ξ)Φ4 − 2ξΦW − 2βU2

+
1

2
(2 + 4γ + α1 − 2α2)A+

1

2
(2 + 4γ + α1 − 2α2 + 2ζ1 − 4ξ)B . (5.2.32e)

Alternatively, one may also use the relation (5.2.26) between the perturbative expansions
of the metric and the tetrad, and use a generic PPN form of the latter instead. Note
the appearance of the symmetric tetrad perturbation

k

θ(µν) in these relations, which is the
reason for choosing the particular form (5.2.23) of the irreducible decomposition of the
tetrad, as it yields a one-to-one correspondence between the metric components (5.2.32)
given above and the tetrad components

2

θ⋆ = U , (5.2.33a)
2

θ• = γU , (5.2.33b)
2

θ†ij = 0 , (5.2.33c)
3

θ⋄i = −1

2

(
1 + γ +

α1

4

)
(Vi +Wi) , (5.2.33d)

4

θ⋆ =
1

4
(2− α1 + 2α2 + 2α3)Φ1 + (1 + 3γ − 2β + ζ2 + ξ)Φ2

+ (1 + ζ3)Φ3 + (3γ + 3ζ4 − 2ξ)Φ4 − ξΦW +
1

2
(1− 2β)U2

+
1

4
(2 + 4γ + α1 − 2α2)A+

1

4
(2 + 4γ + α1 − 2α2 + 2ζ1 − 4ξ)B . (5.2.33e)

Hence, using either set of fundamental variables, the task of determining the post-Newtonian
limit reduces to calculating a small number of irreducible components by solving the grav-
itational field equations.

5.2.6 Application to scalar-tensor gravity

In our work [H6], we finally demonstrate the usage of the gauge-invariant PPN formalism
by applying it to a simple scalar-tensor gravity theory, whose action is given by [136]

S =
1

2κ2

∫
M

d4x
√
−g
(
ψR− ω(ψ)

ψ
∂ρψ∂

ρψ

)
+ Sm[gµν , χ] . (5.2.34)

The gravitational field variables of this theory are the metric gµν and scalar field ψ. In
addition, the gravitational part of the action is complemented by a matter action Sm, which
also depends on the matter fields χ. The dynamics of the scalar field is determined by a
free function ω. The vacuum background solution takes the form

0
gµν = ηµν ,

0

ψ = Ψ , (5.2.35)

where the constant background value Ψ of the scalar field is related to the Newtonian
gravitational constant κ2 via the normalization condition

κ2 = 4πΨ
2ω0 + 3

ω0 + 2
. (5.2.36)
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Here we used the convention

ω0 = ω(Ψ) , ω1 = ω′(Ψ) (5.2.37)

for the Taylor coefficients of ω at the constant background value Ψ. Solving the perturbative
field equations one finds that the irreducible components of the metric perturbations take
the form

2
g⋆ = 2U , (5.2.38a)
2
g• = 2

ω0 + 1

ω0 + 2
U , (5.2.38b)

2
g†
ij = 0 , (5.2.38c)
3
g⋄
i = −2ω0 + 3

ω0 + 2
(Vi +Wi) , (5.2.38d)

4
g⋆ =

3ω0 + 4

ω0 + 2
(A+B)− 2

(
1 +

ω1Ψ

4(2ω0 + 3)(ω0 + 2)2

)
U2

+Φ1 +

(
4ω0 + 2

ω0 + 2
− ω1Ψ

(2ω0 + 3)(ω0 + 2)2

)
Φ2 + 3Φ3 + 6

ω0 + 1

ω0 + 2
Φ4 . (5.2.38e)

Equivalently, one may express the gravitational field equations through the tetrad instead of
the metric. In this case the solution yields the irreducible tetrad perturbation components

2

θ⋆ = U , (5.2.39a)
2

θ• =
ω0 + 1

ω0 + 2
U , (5.2.39b)

2

θ†ij = 0 , (5.2.39c)
3

θ⋄i = −2ω0 + 3

2ω0 + 4
(Vi +Wi) , (5.2.39d)

4

θ⋆ =
3ω0 + 4

2ω0 + 4
(A+B)−

(
1

2
+

ω1Ψ

4(2ω0 + 3)(ω0 + 2)2

)
U2

+
1

2
Φ1 +

(
2ω0 + 1

ω0 + 2
− ω1Ψ

2(2ω0 + 3)(ω0 + 2)2

)
Φ2 +

3

2
Φ3 + 3

ω0 + 1

ω0 + 2
Φ4 . (5.2.39e)

Finally, one compares the result with the generic metric perturbation (5.2.32) or its tetrad
equivalent (5.2.33). One finds that it indeed has the expected form, where the constant
PPN parameters are given by

γ =
ω0 + 1

ω0 + 2
, β = 1+

ω1Ψ

4(2ω0 + 3)(ω0 + 2)2
, α1 = α2 = α3 = ζ1 = ζ2 = ζ3 = ζ4 = ξ = 0 .

(5.2.40)
This result is the well-known post-Newtonian limit of the studied scalar-tensor theory [136].

5.3 Non-trivial rotations in Finsler geometry

In the previous sections we have discussed gravity theories in which the dynamical fields are
defined as sections of fiber bundles, mostly tensor bundles, whose base manifold is identified
as spacetime, so that spacetime symmetries act on this base space. This is different in
gravity theories based on Finsler geometry, where the base space is (constructed from)
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the tangent bundle, and the dynamical fields are most often represented by d-tensors. In
both geometric settings, it is common to study background solutions which exhibit spherical
symmetry. To discuss perturbations of such spherically symmetric background, it is helpful
to decompose such perturbations into irreducible representations of the rotation group. For
tensor fields, this leads to so-called tensor spherical harmonics [107, 149]. In our work [H7],
which we summarize here, we generalized this concept to d-tensors. In section 5.3.1, we
discuss the action of rotations on the tangent bundle via their canonical lift, and introduce a
suitable set of coordinates. Using these coordinates, we find it straightforward to construct
harmonic functions in section 5.3.2. These are then used to recursively construct harmonic
d-tensors in section 5.3.3. While our work [H7] focuses on this extrinsic approach, we
remark in section 5.3.4 that also a fully intrinsic approach may be considered.

5.3.1 Rotations in the tangent bundle

As discussed in section 3.1.3, the action of an infinitesimal diffeomorphism generated by a
vector field Xµ on the base manifold M of a Finsler geometry is governed by its canonical
lift X̂µ to the tangent bundle TM . Hence, to study the action of the rotation genera-
tors (4.1.1), we need to derive their canonical lifts. While in principle it is straightforward
to calculate these canonical lifts in the coordinates on TM which are induced by the spher-
ical coordinates (t, r, ϑ, φ) following the definition (2.2.35), one obtains a rather lengthy
result, which leads to complicated symmetry conditions and transformation rules. In order
to simplify the result, it is useful to introduce different sets of non-induced coordinates on
TM . For simplicity, we omit the time coordinate t in the following considerations, and
discuss Finsler geometry on a three-dimensional space only. Starting from the Cartesian
coordinates (x1, x2, x3), together with the corresponding induced coordinates (x̄1, x̄2, x̄3)
on each tangent space, one can define two more sets of coordinates on TM . The first set
(r, ϑ, φ, ϱ, α, β), which we call co-rotated spherical coordinates, is defined byx1x2

x3

 =

cosφ − sinφ 0
sinφ cosφ 0
0 0 1

 ·

 cosϑ 0 sinϑ
0 1 0

− sinϑ 0 cosϑ

 ·

0
0
r

 (5.3.1a)

x̄1x̄2
x̄3

 =

cosφ − sinφ 0
sinφ cosφ 0
0 0 1

 ·

 cosϑ 0 sinϑ
0 1 0

− sinϑ 0 cosϑ


·

cosβ − sinβ 0
sinβ cosβ 0
0 0 1

 ·

 cosα 0 sinα
0 1 0

− sinα 0 cosα

 ·

0
0
ϱ

 (5.3.1b)

Another set (r, ϑ, φ, ρ, z, β) will be called co-rotated cylindrical coordinates and defined as

x1x2
x3

 =

cosφ − sinφ 0
sinφ cosφ 0
0 0 1

 ·

 cosϑ 0 sinϑ
0 1 0

− sinϑ 0 cosϑ

 ·

0
0
r

 (5.3.2a)

x̄1x̄2
x̄3

 =

cosφ − sinφ 0
sinφ cosφ 0
0 0 1

 ·

 cosϑ 0 sinϑ
0 1 0

− sinϑ 0 cosϑ

 ·

ρ cosβρ sinβ
z

 (5.3.2b)

They are obviously related to each other by

ρ = ϱ sinα , z = ϱ cosα , (5.3.3)
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Note that in both cases (r, ϑ, φ) are simply the spherical coordinates on M which we had
introduced already earlier, and that their induced coordinates on each tangent space are
related to those defined above by the coordinate transformation

x̄1 = r̄ sinϑ cosφ+ ϑ̄r cosϑ cosφ− φ̄r sinϑ sinφ , (5.3.4a)

x̄2 = r̄ sinϑ sinφ+ ϑ̄r cosϑ sinφ+ φ̄r sinϑ cosφ , (5.3.4b)

x̄3 = r̄ cosϑ− ϑ̄r sinϑ , (5.3.4c)

from which follows  ϑ̄r
φ̄r sinϑ

r̄

 =

ϱ sinα cosβ
ϱ sinα sinβ
ϱ cosα

 =

ρ cosβρ sinβ
z

 . (5.3.5)

The reason for choosing these coordinates becomes clear when one uses them to express
the action of the rotation generators (4.1.1) on the tangent bundle. One finds that in either
of the two sets of coordinates on TM their canonical lifts have the same form

R̂1 = sinφ∂ϑ +
cosφ

tanϑ
∂φ − cosφ

sinϑ
∂β , (5.3.6a)

R̂2 = − cosφ∂ϑ +
sinφ

tanϑ
∂φ − sinφ

sinϑ
∂β , (5.3.6b)

R̂3 = −∂φ . (5.3.6c)

This is due to the fact that they involve only the coordinates (ϑ, φ, β), which are common
to both coordinate systems. Note that these three coordinates simply denote coordinates
have a simple geometric interpretation. The angular coordinates (ϑ, φ) are coordinates on
a sphere of constant radius r. A tangent vector to this sphere has the form ϑ̄∂ϑ+ φ̄∂φ, and
is thus characterized by the equivalent conditions that r̄, z or cosα vanish. The coordinate
β determines the orientation of this tangent vector on the sphere, while the remaining
coordinate ρ or ϱ determines its length. The fact that only ∂β appears in the complete lift
shows that a rotation of the sphere preserves tangency condition r̄ = 0 and only changes
the orientation of such tangent vectors, but not their length. Another, more physical, but
equivalent, interpretation is obtained by realizing that (ϑ, φ, β) yield a parametrization
of SO(3) in terms of Euler angles, and so they can be interpreted as parametrizing the
orientation of a rigid rotor, where (ϑ, φ) indicate the orientation of its main axis of inertia,
while β denotes rotation around this main axis. This analogy becomes even more apparent
if one defines the vector fields

B̂1 = sinβ∂ϑ +
cosβ

tanϑ
∂β −

cosβ

sinϑ
∂φ , (5.3.7a)

B̂2 = − cosβ∂ϑ +
sinβ

tanϑ
∂β −

sinβ

sinϑ
∂φ , (5.3.7b)

B̂3 = −∂β (5.3.7c)

on TM , which follow from exchanging the angles φ and β. This can be seen by defining
their actions on functions f on TM as

Rjf = i£R̂j
f , Bjf = i£B̂j

f . (5.3.8)

It then follows that they satisfy the Lie algebra relations

[Rj ,Rk] = iϵjklRl , [Bj ,Bk] = iϵjklBl , [Bj ,Rk] = 0 , (5.3.9)
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which correspond to the quantum mechanical operators of space-fixed and body-fixed an-
gular momentum of a rigid rotor. Further defining the operators

R± = R1 ± iR2 , Rz = R3 , R2 = R2
1 +R2

2 +R2
3 , (5.3.10a)

B± = B1 ± iB2 , Bz = B3 , B2 = B2
1 + B2

2 + B2
3 , (5.3.10b)

one finds that they satisfy the relations

[Rz,R±] = ±R± , [R+,R−] = 2Rz , [R±,R2] = [Rz,R2] = 0 , (5.3.11a)

[Bz,B±] = ±B± , [B+,B−] = 2Bz , [B±,B2] = [Bz,B2] = 0 , (5.3.11b)

as well as R2 = B2 being the Casimir operator of the rigid rotor. Hence, harmonic functions
and tensors on the tangent bundle will arise from representations of the algebra of the rigid
rotor.

5.3.2 Harmonic tangent bundle functions

Using the properties of the rotation algebra discussed in the previous section, it is now
possible to find a complete set of orthogonal functions on the orbits of the rotation group
in the tangent bundle, which are parametrized by the angular coordinates (ϑ, φ, β). Such
functions can be found by making a separation ansatz of the form

f(x, y) = f̃(r, ϱ, α)Y (ϑ, φ, β) = f̌(r, ρ, z)Y (ϑ, φ, β) , (5.3.12)

and to realize that the rotation operators introduced earlier act only on the angular part
Y (ϑ, φ, β). Further, one uses the fact that the three operators R2,Rz,Bz mutually com-
mute, and so one can find a set of common eigenfunctions. Decomposing the resulting
eigenvalue equations with another separation ansatz, and solving the resulting differential
equations, taking into account the periodicity of the angular coordinates, one finds that
the eigenfunctions form a discrete series of the form

Yl,m,n(ϑ, φ, β) = Nl,m,ne
imφeinβ cosm+n ϑ

2
sin|m−n| ϑ

2

· 2F1

(
max(m,n)− l,max(m,n) + l + 1; |m− n|+ 1; sin2

ϑ

2

)
, (5.3.13)

where the normalization constants are given by

Nl,m,n = (−1)max(m,n)

√
(2l + 1)

|m− n|!

√
(l −min(m,n))!(l +max(m,n))!

(l −max(m,n))!(l +min(m,n))!
, (5.3.14)

and the three parameters must satisfy the conditions

l ∈ N , m, n ∈ {−l,−l + 1, . . . , l} (5.3.15)

in order to obtain a well-defined and smooth solution on the orbit of the rotation group.
Given the explicit formula, it is straightforward to check that these functions indeed satisfy
the eigenvalue equations

R2Yl,m,n = l(l + 1)Yl,m,n , RzYl,m,n = mYl,m,n , BzYl,m,n = nYl,m,n . (5.3.16)
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Further, one finds that functions with identical l can be transformed into each other by
application of the ladder operators

R±Yl,m,n =
√

(l ∓m)(l ±m+ 1)Yl,m±1,n , (5.3.17a)

B±Yl,m,n =
√
(l ∓ n)(l ± n+ 1)Yl,m,n±1 . (5.3.17b)

Finally, we remark that the normalization of these functions is chosen such that they satisfy
the relations∫ 2π

0

∫ 2π

0

∫ π

0
Yl,m,n(ϑ, φ, β)Yl′,m′,n′(ϑ, φ, β) sinϑ dϑ dφdβ = 8π2δll′δmm′δnn′ (5.3.18)

of an orthonormal basis, where the overline denotes complex conjugation.

5.3.3 Harmonic d-tensors

Following a similar idea as for the scalar functions on the tangent bundle discussed in the
previous section, one can also proceed to study the transformation of d-tensors under the
rotation group, and decompose them into irreducible representations. However, there is an
important difference which must be taken into account. As explained in section 3.1.3, de-
spite being fiber bundles over the tangent bundle TM , the d-tensor bundles are not natural
bundles over TM , since they do not allow for a functorial lift of general diffeomorphisms of
TM , but only of those diffeomorphisms which are lifted from the base manifold M . Hence,
only the operators Rj induced by rotations of the base manifold can be extended to act on
d-tensors, while the co-rotation operators Bj cannot. It is thus not possible to work with
the extended algebra of the rigid rotor, but one is limited to the common rotation algebra
generated by the vector fields Rj .

There are different possibilities to construct harmonic d-tensors. In our work [H7], we
followed an approach to construct tensor harmonics on R3 [107]. This approach starts
from the Cartesian coordinate basis (∂1, ∂2, ∂3) of each tangent space TxM , and the cor-
responding dual basis (dx1,dx2,dx3) of T ∗

xM . Via the pullback along the tangent bundle
projection τ : TM → M , they induces bases of the pullback bundles τ∗TM and τ∗T ∗M ,
from which the d-tensor bundles are constructed as mentioned in section 2.2.4, and which
we denote by the same symbols here for brevity. From these Cartesian coordinate bases,
one then constructs the bases

e0 = ∂3 , e1 = −∂1 + i∂2√
2

, e−1 =
∂1 − i∂2√

2
, (5.3.19)

as well as

e0 = dx3 , e1 = −dx1 + idx2√
2

, e−1 =
dx1 − idx2√

2
. (5.3.20)

One finds that these bases transform under the fundamental, three-dimensional represen-
tation of the rotation group. Hence, they satisfy the relations

R2em = 2em , Rzem = mem , R±em =
√
(1∓m)(2±m)em±1 , (5.3.21)

and analogously for the dual basis. One then uses these basis elements in order to construct
the harmonic d-tensors via a simple recursion formula. The starting point of this formula
are the zeroth-rank d-tensors, which are identified with the scalar tangent bundle spherical
harmonics via

m
Y
n
l = Yl,m,n . (5.3.22)
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Here we have centered the index l, as a means to indicate that this object is a scalar function,
which transforms neither covariantly nor contravariantly under coordinate transformations,
but trivially. This notation is to be contrasted with that of the vector fields

m
Y
n
l′l = (−1)l−m

√
2l + 1

∑
m′,µ

(
l l′ 1
m −m′ −µ

)
Yl′,m′,neµ , (5.3.23)

where now the lower position of the last index reflects that of the basis element. Conversely,
the covectors

m
Y
n
l′
l = (−1)l−m

√
2l + 1

∑
m′,µ

(
l l′ 1
m −m′ −µ

)
Yl′,m′,ne

µ , (5.3.24)

carry an upper index. The same principle is applied also to higher rank tensors, which are
recursively defined using the tensor product

m
Y
n
l0l1···lk = (−1)lk−m

√
2lk + 1

∑
m′,µ

(
lk lk−1 1
m −m′ −µ

)
m′

Y
n
l0l1···lk−1

⊗ eµ (5.3.25)

with further basis elements, and analogously with covariant and mixed tensors. Here the
parentheses denote Clebsch-Gordan coefficients; note that these are non-vanishing if and
only of the indices satisfy the conditions

l0 = 0, 1, . . . , li = |li−1− 1|, . . . , li−1+1 , m = −lk, . . . , lk , n = −l0, . . . , l0 . (5.3.26)

Explicitly iterating the recursion formula, one can also write them as the multiple tensor
product

mk

Y
n
l0l1···lk =

∑
m0,...,mk−1
µ1,...,µk

Yl0,m0,neµ1 ⊗ . . .⊗ eµk

·
k∏
i=1

(−1)li−mi
√
2li + 1

(
li li−1 1
mi −mi−1 −µi

)
. (5.3.27)

It is well know that the Clebsch-Gordan coefficients appear in the decomposition of tensor
products of representations of the rotation group into sums of irreducible representations.
Applying this fact to the recursion formula given above, taking into account the transfor-
mation of the tangent bundle spherical harmonics and the basis vectors under the rotation
group, one easily finds that the harmonic d-tensors satisfy the transformation rules

R2
m
Y
n
l0l1···lk = lk(lk + 1)

m
Y
n
l0l1···lk , Rz

m
Y
n
l0l1···lk = m

m
Y
n
l0l1···lk ,

R±
m
Y
n
l0l1···lk =

√
(lk ∓m)(lk ±m+ 1)

m±1
Y
n

l0l1···lk . (5.3.28)

Hence, we see that the indices n, l0, . . . , lk label the irreducible representations of dimension
2lk+1 in this decomposition, whilem = −lk, . . . , lk is the magnetic quantum number, which
labels the different basis elements within this representation. Finally, we remark that the
normalization is chosen such that they satisfy the orthonormality relations∫ 2π

0

∫ 2π

0

∫ π

0

〈
m
Y
n
l0l1···lk ,

m′

Y
n′
l′0
l′1···l′k

〉
(ϑ, φ, β) sinϑ dϑ dφdβ = 8π2δmm′δnn′

k∏
i=0

δlil′i ,

(5.3.29)
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where the scalar product is defined as

⟨A,B⟩ = A∗
a1···akB

ak···a1 , (5.3.30)

and where the star denotes complex conjugation. In our work [H7], we derived further
formulas for the transpose, contraction and products of harmonic d-tensors.

5.3.4 Intrinsic approach

In our work [H7], we followed the approach outlined in [107] which can be regarded extrinsic
in the sense that it considers harmonic d-tensors on a three-dimensional spaces acted upon
by the rotation group. However, as argued in section 5.3.1, the rotation generators act
non-trivially only on the angular coordinates and the orientation of tangent vector to the
spheres which are the orbits of the rotation group, while leaving any radial coordinate, radial
tangent vector component and length of tangent vectors unchanged. One may therefore
consider an alternative, intrinsic approach instead, which makes use of d-tensors on the
sphere S2 only, and which we briefly explain in this section. The advantage of this approach
is that it makes a proper split of d-tensors into angular and non-angular components, and
then expands only the former into harmonics, without imposing any conditions on the
structure of the latter.

We now make use of the fact that by restriction to r̄ = 0, or equivalently z = 0 or
cosα = 0, the coordinates given in section 5.3.1 describe those tangent vectors with are
tangent to the spheres of constant radial coordinate r. It then follows that the tangent
bundle TS2 can be parametrized in terms of the coordinates (ϑ, φ, ϑ̄, φ̄), or equivalently
(ϑ, φ, β, u), where u = ρ/r = ϱ/r measures the length of tangent vectors, and the other
coordinates retain their meaning. Recalling from section 5.3.2 that the scalar harmonics
Yl,m,n depend only on the coordinates (ϑ, φ, β), one thus sees that they are naturally given
as functions on TS2.

To construct the harmonic d-tensors, one may they proceed in analogy to the construc-
tion of tensor harmonics on S2, by applying suitable linear operators to the scalar harmon-
ics [149]. These are defined due to the fact that the sphere S2 is canonically equipped with
a unique (up to a constant scalar factor) spherically symmetric Finsler geometry, derived
from the Finsler function

F (ϑ, φ, β, u) = u =

√
ϑ̄2 + sin2 ϑ φ̄2 . (5.3.31)

This Finsler function happens to originate from the canonical Riemannian metric

γ = dϑ⊗ dϑ+ sin2 ϑ dφ⊗ dφ (5.3.32)

on the sphere, which further defines a volume form

ϵ = sinϑ(dϑ⊗ dφ− dφ⊗ dϑ) . (5.3.33)

We will not enter the details of this construction here, since it depends on the rank of the
constructed d-tensors, and restrict ourselves to showing the relation between the intrinsic d-
tensors with the extrinsic d-tensors we constructed in the previous section, where we restrict
ourselves to covariant tensors for simplicity. For this purpose it is helpful to express the

basis elements em =
m
Y
0
01 in spherical coordinates, which yields

e0 = cosϑ dr − r sinϑ dϑ , e±1 = −e
±iφ
√
2

(± sinϑ dr ± r cosϑ dϑ+ ir sinϑ dφ) . (5.3.34)
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Note in particular that the radial coordinate basis covector is given by the linear combina-
tion

−
0
Y
0
1
0 =

Y1,0,0e
0 − Y1,−1,0e

1 − Y1,1,0e
−1

√
3

= dr . (5.3.35)

By subtracting a suitable multiple of this element, one can split the basis elements in the
form

ẽm = π̃ · em =
2
m
Y
0
01 +

√
2
m
Y
2
01

3
=

m
Y
0
0
1̃ , êm = π̂ · em =

m
Y
0
01 −

√
2
m
Y
2
01

3
=

m
Y
0
0
1̂ , (5.3.36)

where we used a tilde to denote purely angular components and a hat to denote purely
radial components. By applying the projectors

π̃ = −
2

0
Y
0
010 +

√
2

0
Y
0
210

√
3

= dϑ⊗∂ϑ+dφ⊗∂φ , π̂ = −

0
Y
0
010 −

√
2

0
Y
0
210

√
3

= dr⊗∂r (5.3.37)

to every index of a harmonic d-tensor, one can thus achieve a full decomposition into radial
and angular components. Further, using the fact that the canonical d-tensors on the sphere
are given by

γ = −
2

0
Y
0
010 +

√
2

0
Y
0
210

√
3r2

, ϵ = − i
√
6

r2

0
Y
0
10 ·

0
Y
0
0
110 =

i
√
2

r2

0
Y
0
1
10 , (5.3.38)

and decomposing the derivative operators acting on d-tensors on the sphere which arise
from this background geometry using the rules for the d-tensors presented in section 5.3.3,
one can construct a full d-tensor generalization of the harmonic tensors [149].

6 Transforming teleparallel gravity theories with field space
symmetries

In the previous sections we have discussed of transformation groups on the base space of
a natural bundle, and the induced transformation on the fields defined on this bundle,
as described in section 2.3.1, in the context of gravity theories. In this context, the base
space is interpreted as spacetime, and the induced field transformations are interpreted as
the change of the mathematical representation of the gravitational field under a change of
spacetime coordinates. In this final section, we consider a different type of transformations,
which act on the fibers of the field space instead, as laid out in section 2.3.3, and can be
interpreted as a transformation of the dynamical variables which describe the gravitational
field. The theories we consider here are teleparallel gravity theories, whose underlying
geometry we discussed in section 2.2.3, to which we couple a single or multiple scalar fields.
We study two different classes of transformations acting on the dynamical fields: conformal
transformations in section 6.1 and disformal transformations in section 6.2.

6.1 Conformal transformations

In our work [H8], we studied the behavior of a class of scalar-torsion theories of gravity
under conformal transformations, which we summarize in this section. As an introduction,
we briefly review the notion of conformal transformations in Riemannian geometry in sec-
tion 6.1.1, and explain how it relates to the notion of field space symmetries we defined in
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section 2.3.3. We then translate this concept to teleparallel geometry in section 6.1.2. In
section 6.1.3, we discuss a class of scalar-torsion theories of gravity and show how confor-
mal transformations relate different constituents of this class to each other, and can thus
be regarded equivalent up to field redefinitions. The aforementioned considerations are
generalized to multiple scalar fields in section 6.1.4. Finally, in section 6.1.5, we display a
number of invariant quantities which can be used to characterize each equivalence class of
scalar-torsion theories.

6.1.1 Conformal transformations of metric geometry

In the following we will consider conformal transformations of teleparallel geometry in the
case that these are defined by a single scalar field. The starting point of this discussion is
the conformal transformation of the metric, which takes the form

g̃µν = c(ϕ)gµν , (6.1.1)

where the conformal factor c(ϕ) is determined by the value of the scalar field ϕ through
a positive function c : R → R+. Before transferring this notion into the framework of
teleparallel geometry, it is worth elucidating on its geometric foundation. Recall that a
(Lorentzian) metric is a section g : M → LorMet(M) of the bundle of non-degenerate
metrics of Lorentzian signature, while a scalar field ϕ : M → R can be regarded as a
section of the trivial bundle M × R. Hence, the pair (g, ϕ) constitutes a section of the
fibered product E = LorMet(M)×M (M × R), more concisely written as

(g, ϕ) : M → E
x 7→ (gµν(x), ϕ(x))

. (6.1.2)

Since the signature of the metric is preserved under multiplication by a positive factor, one
may consider a transformed section

((c ◦ ϕ)g, ϕ) : M → E
x 7→ (c(ϕ(x))gµν(x), ϕ(x))

. (6.1.3)

Hence, we may consider conformal transformations as an action of the multiplicative group
of positive functions c : R → R+ on the space of sections of E. This class of transformations
may be further enhanced by also considering a transformation of the scalar field ϕ. Such a
field redefinition is defined by a bijective function f : R → R, and acts on a section (g, ϕ)
to yield

(g, f ◦ ϕ) : M → E
x 7→ (gµν(x), f(ϕ(x)))

. (6.1.4)

Combining both operations, a pair (c, f) acts on a section (g, ϕ) as

((c ◦ ϕ)g, f ◦ ϕ) : M → E
x 7→ (c(ϕ(x))gµν(x), f(ϕ(x)))

. (6.1.5)

Hence, it follows that the combined scalar field redefinitions and conformal transformations
form a group with group operation

(c, f) · (c′, f ′) = ((c ◦ f ′)c′, f ◦ f ′) , (6.1.6)

so that the inverse transformation is given by

(c, f)−1 =

(
1

c ◦ f−1
, f−1

)
. (6.1.7)

It follows from these considerations, that the class of transformations we consider here can
be treated using the framework laid out in section 2.3.3.
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6.1.2 Conformal transformations of teleparallel geometry

Having clarified the concise mathematical framework, we can no proceed to conformal
transformations, combined with scalar field redefinitions, in teleparallel geometry. We
therefore now consider a transformation of the tetrad and scalar field given by

θ̃Aµ = C(ϕ)θAµ , ϕ̃ = f(ϕ) , (6.1.8)

with a positive function C : R → R+. Note that we do not transform the teleparallel
spin connection. This is justified by the fact that any transformation, which retains the
flatness and antisymmetry of the spin connection, could be absorbed into a local Lorentz
transformation. It then follows that the metric (2.2.22) transforms as

g̃µν = C2(ϕ)gµν , (6.1.9)

and so the conformal transformation of the tetrad induces a conformal transformation of
the metric of the form (6.1.1) with c = C2. For further studies of these transformations,
however, it turns out to be more convenient to express the conformal transformation as

C(ϕ) = eγ(ϕ) , (6.1.10)

in terms of a function γ : R → R, so that the transformation of the tetrad and metric reads

g̃µν = e2γ(ϕ)gµν , θ̃Aµ = eγ(ϕ)θAµ . (6.1.11)

With these definitions in place, it is now straightforward to calculate the transformation
of further relevant geometric quantities such as the torsion and contortion tensors. We
will not display them here, and defer a discussion to section 6.2.1, where we give a more
general expression for disformal transformations. In the following sections, we will focus
only on the transformation of terms which directly appear in the action functional of the
teleparallel gravity theories we consider.

6.1.3 Conformal transformations of teleparallel gravity actions

In our work [H8] we have considered a class of teleparallel gravity theories, whose action
takes the general form

Sg
[
θA,

•
ωAB, ϕ, χ

I
]
= Sg

[
θA,

•
ωAB, ϕ

]
+ Sm

[
θA, ϕ, χI

]
, (6.1.12)

and thus splits into a gravitational part Sg, depending on the tetrad, spin connection and
scalar field, and a matter part Sm, depending on the tetrad, scalar field and arbitrary
matter fields χI . For the gravitational part of the action, we assumed the form

Sg
[
θA,

•
ωAB, ϕ

]
=

1

2κ2

∫
M

[
−A(ϕ)T+ 2B(ϕ)X + 2C(ϕ)Y − 2κ2V(ϕ)

]
θd4x , (6.1.13)

where the appearing terms are the torsion scalar

T =
1

4

•
Tµνρ

•
Tµνρ +

1

2

•
Tµνρ

•
Tρνµ −

•
Tµµρ

•
Tν

νρ , (6.1.14)

the scalar field kinetic term
X = −1

2
gµνϕ,µϕ,ν , (6.1.15)
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as well as the derivative coupling term

Y = gµν
•
T ρρµϕ,ν . (6.1.16)

A particular action from this general class is defined by the choice of the functions A,B, C,V
of the scalar field. Another function of the scalar field enters the matter action, which we
assumed to be of the form

Sm
[
θA, ϕ, χI

]
= SJ

m

[
eα(ϕ)θA, χI

]
, (6.1.17)

so that the scalar field enters only through a conformal rescaling of the tetrad.
Under a combined conformal transformation of the tetrad and scalar field redefinition

of the form (6.1.8), using the parametrization (6.1.11), we find that the scalar quantities
constituting the action transform as

T̃ = e−2γ(ϕ)
(
T+ 4γ′(ϕ)Y + 12γ′2(ϕ)X

)
, (6.1.18a)

Ỹ = e−2γ(ϕ)f ′(ϕ)(Y + 6γ′(ϕ)X) , (6.1.18b)

X̃ = e−2γ(ϕ)f ′2(ϕ)X , (6.1.18c)

and so it follows that the transformed quantities can be expressed as a linear combination
of the original quantities, with coefficients given by functions of the scalar field. Due to this
property, one finds that transforming any teleparallel gravity action of the form (6.1.12),
with gravitational part (6.1.13) and matter part (6.1.17), leads to an action which is of
the same form. This transformed action can be derived explicitly as follows. Following
the framework given in section 2.3.3, we demand that the transformed action functional,
evaluated at the transformed fields, takes the same value as evaluating the original action
at the original fields. For the class of action and transformations we consider here, we thus
pose the condition

S̃g

[
θ̃A,

•
ωAB, ϕ̃

]
= Sg

[
θA,

•
ωAB, ϕ

]
, S̃m

[
θ̃A, ϕ̃, χI

]
= Sm

[
θA, ϕ, χI

]
. (6.1.19)

The calculation of the transformed actions is straightforward, using the transformation
rules (6.1.18) of the constituting terms. For the gravitational action (6.1.13), one finds

S̃g

[
θ̃A,

•
ωAB, ϕ̃

]
=

1

2κ2

∫
M

[
−Ã(ϕ̃)T̃+ 2B̃(ϕ̃)X̃ + 2C̃(ϕ̃)Ỹ − 2κ2Ṽ(ϕ̃)

]
θ̃d4x

=
1

2κ2

∫
M

{
− e2γ(ϕ)Ã(f(ϕ))T− 2κ2e4γ(ϕ)Ṽ(f(ϕ))

+ 2e2γ(ϕ)
[
B̃(f(ϕ))f ′2(ϕ)− 6Ã(f(ϕ))γ′2(ϕ) + 6C̃(f(ϕ))f ′(ϕ)γ′(ϕ)

]
X

+ 2e2γ(ϕ)
[
C̃(f(ϕ))f ′(ϕ)− 2Ãγ′(ϕ)

]
Y

}
θd4x ,

(6.1.20)

while the matter action obeys the transformation

S̃m

[
θ̃A, ϕ̃, χI

]
= SJ

m

[
eα̃(ϕ̃)θ̃A, χI

]
= SJ

m

[
eα̃(f(ϕ))+γ(ϕ)θA, χI

]
. (6.1.21)

It thus follows that the transformation we consider indeed retains the form of the action, and
that the parameter functions defining a particular action from the general class transform
as

A = e2γÃ , (6.1.22a)
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B = e2γ
(
B̃f ′2 − 6Ãγ′2 + 6C̃f ′γ′

)
, (6.1.22b)

C = e2γ
(
C̃f ′ − 2Ãγ′

)
, (6.1.22c)

V = e4γṼ , (6.1.22d)
α = α̃+ γ , (6.1.22e)

which is reminiscent of a similar set of transformation rules for scalar-curvature theories of
gravity [37]. Here we omitted the function arguments for brevity; it is to be understood
that the transformed functions (carrying a tilde) are evaluated at f(ϕ), while all other
functions, including γ and f , are evaluated at ϕ.

6.1.4 Generalization to multiple scalar fields

The considerations given above are easily generalized to the case of multiple scalar fields,
in a similar way as scalar-curvature theories of gravity can be generalized to multi-scalar-
curvature theories [27]. As argued in section 2.2.5, one may regard the space of values of
a scalar field multiplet ϕ as a manifold F , which constitutes the fibers of a trivial bundle
M × F , and the individual scalar fields ϕa as the corresponding coordinate expressions
obtained by choosing coordinates on F . With this geometric interpretation, it is straight-
forward to generalize the class of transformations discussed in section 6.1.2 to multiple
scalar fields, by making the necessary substitutions. It follows that conformal transforma-
tions are parametrized by positive functions C : F → R+, or with C = eγ equivalently
through γ : F → R. Scalar field redefinitions are induced by a diffeomorphism f : F → F ,
which can also be interpreted as a change of coordinates on the scalar field space. Together,
they induce the transformation

θ̃Aµ = C(ϕ)θAµ , ϕ̃a = fa(ϕ) , (6.1.23)

which is a direct generalization of the transformation (6.1.8). Using the geometric inter-
pretation given at the beginning of this section, it is also straightforward to generalize the
class of scalar-torsion gravity theories to multiple scalar fields. We start by retaining the
split

Sg
[
θA,

•
ωAB, ϕ

a, χI
]
= Sg

[
θA,

•
ωAB, ϕ

a
]
+ Sm

[
θA, ϕa, χI

]
(6.1.24)

of the action into a gravitational and matter part, simply replacing the single scalar field
ϕ by a scalar field multiplet. Next, the gravitational part (6.1.13) becomes

Sg
[
θA,

•
ωAB, ϕ

a
]
=

1

2κ2

∫
M

[
−A(ϕ)T+ 2Bab(ϕ)X

ab + 2Ca(ϕ)Y a − 2κ2V(ϕ)
]
θd4x .

(6.1.25)
Here the scalar field kinetic term (6.1.15) and kinetic coupling term (6.1.16) have been
generalized to the expressions

Xab = −1

2
gµνϕa,µϕ

b
,ν , Y a =

•
Tµ

µνϕa,ν . (6.1.26)

Note that the former is symmetric in its two indices; hence, the same restriction applies to
the parameter function Bab in the action. Further, all parameter functions now depend on
the whole scalar field multiplet ϕ. This also applies to the generalized matter action

Sm
[
θA, ϕa, χI

]
= SJ

m

[
eα(ϕ)θA, χI

]
, (6.1.27)
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which differs from the single-field case by the generalized dependence of the parameter
function α on all scalar fields. Applying the transformation (6.1.23), one finds that the
terms in the action (6.1.25) transform as

T̃ = e−2γ(ϕ)
(
T+ 4γ,a(ϕ)Y

a + 12γ,a(ϕ)γ,b(ϕ)X
ab
)
, (6.1.28a)

Ỹ a = e−2γ(ϕ)fa,b(ϕ)
(
Y b + 6γ,c(ϕ)X

bc
)
, (6.1.28b)

X̃ab = e−2γ(ϕ)fa,c(ϕ)f
b
,d(ϕ)X

cd , (6.1.28c)

where we note the appearance of the gradient γ,a of γ and the Jacobian fa,b of f , replacing
their simple derivatives. Finally, applying this transformation to the action shows that also
the class of multi-scalar-torsion theories we consider in this section retains its form under
conformal transformations, with the transformation of the parameter functions given by

A = e2γÃ , (6.1.29a)

Bab = e2γ
(
B̃cdf

c
,af

d
,b − 6Ãγ,aγ,b + 6C̃cf c,(aγ,b)

)
, (6.1.29b)

Ca = e2γ
(
C̃bfb,a − 2Ãγ,a

)
, (6.1.29c)

V = e4γṼ , (6.1.29d)
α = α̃+ γ . (6.1.29e)

Also here we omitted all function arguments, as we did in the single-field case (6.1.22).
Here it is to be understood that transformed quantities, carrying a tilde, are evaluated at
f(ϕ), with all other quantities evaluated at ϕ.

6.1.5 Invariants in scalar-torsion gravity

In the field of scalar-curvature theories of gravity, a highly debated question concerns the
invariance or non-invariance of physical quantities under conformal transformations of the
metric [24, 35, 28, 26, 143, 34, 23, 146]. An important contribution to answering this ques-
tion has been obtained by the derivation of a parametrization of scalar-curvature gravity
actions through a set of functions which is invariant under conformal transformations [112],
showing the equivalence of actions which are related by conformal transformations and
scalar field redefinitions. This approach has subsequently been used to express various
physical quantities in terms of such invariants [113, 124, 111, 114]. Further, this work has
also been generalized to multiple scalar fields [123, 82].

The class of scalar-torsion theories discussed here allows to construct a set of invariant
quantities in full analogy to the scalar-curvature case, as we have shown in our work [H8].
Here we skip the single-field case, and proceed immediately with the multi-scalar-torsion
case, which is a generalization of the former, and which gives a clearer understanding of
the geometric nature of the underlying transformations. Hence, we consider the transfor-
mation (6.1.29). From the transformation behavior of A, V and α immediately follows that
the combinations

I1 =
e2α

A
, I2 =

V
A2

(6.1.30)

are invariant under conformal transformations, while under a scalar field redefinition they
obey the transformation

I1(ϕ) = Ĩ1(f(ϕ)) , I2(ϕ) = Ĩ2(f(ϕ)) , (6.1.31)
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where we explicitly wrote out the previously omitted arguments of these functions for
clarity, as a reminder that they are evaluated at the untransformed / transformed values
of the scalar fields, respectively. One sees that these invariants behave as scalar functions
I1,2 : F → R on the scalar field space F . Similarly, one can construct the quantities

Fab =
2ABab − 6A,(aCb) − 3A,aA,b

4A2
, Ha =

Ca +A,a

2A
, (6.1.32)

which combine the parameter functions Bab and Ca with other terms, such that their confor-
mal transformations cancel each other, and they become invariant under conformal trans-
formations. Note that there are also other combinations which serve this purpose, such as
the combinations

Gab =
Bab − 6α,(aCb) − 6α,aα,bA

2e2α
, Ka =

Ca + 2α,aA
2e2α

, (6.1.33)

which are related to the previously defined ones via

Fab = I1Gab + 3I1,(aKb) −
3I1,aI1,b

4I2
1

, Ha = I1Ka −
I1,a
2I1

. (6.1.34)

Also for these indexed quantities it is straightforward to calculate the behavior under
scalar field redefinitions. Again omitting the function arguments, keeping in mind that
transformed quantities are evaluated at f(ϕ), we see that they obey the transformation
rules

Fab = f c,af
d
,bF̃cd , Ha = fb,aH̃b , Gab = f c,af

d
,bG̃cd , Ka = fb,aK̃b . (6.1.35)

Note the appearance of the Jacobian fb,a. It follows that they transform as covariant tensors
of rank 1 and 2, respectively, on the field space manifold F . This finding provides us a
clear geometric interpretation of the functions defining the scalar-torsion gravity action.

6.2 Disformal transformations

In the previous section we have discussed the role of conformal transformations in scalar-
torsion theories of gravity. The characteristic feature of such transformations is the fact that
the tetrad, which constitutes one of the fundamental fields in teleparallel gravity theories,
is rescaled by the transformation, but retains its orientation. This condition is relaxed in
the case of disformal transformations, which we discussed in our work [H9], and which we
summarize here. We briefly introduce the concept of disformal transformations of the metric
and the tetrad in section 6.2.1, and show how it affects the teleparallel geometry. These
transformations are used to derive an invariant class of scalar-torsion theories of gravity in
section 6.2.2. In order to give a geometric interpretation of these transformations following
our discussion in section 2.3.3, we generalize our previous work to multiple scalar fields in
section 6.2.3.

6.2.1 Disformal transformations of teleparallel geometry

The class of conformal transformations discussed in the previous section can further be
generalized to the notion of disformal transformations. Again we first consider the most
simple case in which the dynamical fields are a metric gµν and a single scalar field ϕ. In
this case, the most general class of disformal transformations can be written in the form [9]

g̃µν = c(ϕ,X)gµν + d(ϕ,X)∂µϕ∂νϕ , (6.2.1)
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where the two free functions c and d depend not only on the value ϕ of the scalar field
itself, but also on the kinetic term (6.1.15). In order to be a proper transformation of the
metric, also the transformed metric must be non-degenerate and of Lorentzian signature.
Note that the determinant of the metric transforms as

g̃ = c3(c− 2Xd)g . (6.2.2)

Hence, in the following we will assume c > 0 and c− 2Xd > 0.
As with conformal transformations, also disformal transformations of the metric can be

obtained from a corresponding set of transformations of the tetrad. These can be defined
as [33]

θ̃Aµ = C(ϕ,X)θAµ +D(ϕ,X)ηABeB
ν∂µϕ∂νϕ = C(ϕ,X)θAµ +D(ϕ,X)gνρθAρ∂µϕ∂νϕ ,

(6.2.3)
with two free functions C and D. One easily checks that this yields a disformal transfor-
mation of the form (6.2.1) for the metric; by direct calculation one finds

g̃µν = C2gµν + 2D(C−XD)∂µϕ∂νϕ , (6.2.4)

so that the free functions are related by

c = C2 , d = 2D(C−XD) . (6.2.5)

To obtain conditions on these functions C and D, which guarantee that the transformation
of the tetrad, and hence also the metric, is non-degenerate, one may return to the conditions
derived for c and d. However, it is simpler to directly calculate the transformation of the
determinant of the tetrad, which reads

θ̃ = C3(C− 2XD)θ , (6.2.6)

and so one obtains the conditions C > 0 and C − 2XD > 0. A remarkable fact is the
consistency with the previously obtained transformation (6.2.2) of the metric determinant,
which follows from the non-trivial relation

(C− 2XD)2 = C2 − 2XD(2C− 2XD) = c− 2Xd , (6.2.7)

which follows from the relation (6.2.5) between the parameter functions. The positivity
conditions also appear in the transformation of the inverse tetrad, which reads

ẽA
µ =

1

C

(
eA

µ − D

C− 2XD
gµνeA

ρ∂νϕ∂ρϕ

)
. (6.2.8)

Hence, in the following we will consider only transformations which satisfy these conditions.
In our work [H9], disformal transformations are studied in the context of scalar-torsion

theories of gravity. In addition to the tetrad and the scalar field, the underlying telepar-
allel geometry also depends on a spin connection, whose transformation behavior must be
specified. However, the situation is identical to the case of conformal transformations, that
any non-trivial transformation of the spin connection could simply be absorbed into a local
Lorentz transformation, and so we assume it to be invariant, ω̃ABµ = ωABµ. Under this
assumption, the transformation of the torsion takes the form

T̃Aµν = CTAµν + 2∂[µCθ
A
ν] + 2ηABeB

ρ
(
∂ρϕ∂[µD∂ν]ϕ+D∂[νϕ∇µ]∂ρϕ

)
, (6.2.9)
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while the contortion transforms according to

K̃ABµ = KABµ + 2e[A
αeB]

β

(
D

◦
∇µ

◦
∇αϕ

◦
∇βϕ

C− 2XD
+

D2
◦
∇µϕ

◦
∇αϕ

◦
∇βX

C(C− 2XD)
+

C,ϕ
◦
∇αϕgβµ

C− 2XD

+
C,XDgαµ

◦
∇βϕ

◦
∇γϕ

◦
∇γX

C(C− 2XD)
+

D,X

◦
∇αX

◦
∇βϕ

◦
∇µϕ

C
+

C,X
◦
∇αXgβµ
C

)
. (6.2.10)

Here we wrote the transformations in terms of tensor components [50]; in our work [H9],
we made use of the language of differential forms.

6.2.2 Disformal transformations of teleparallel gravity actions

In analogy to the class of teleparallel gravity actions which is invariant under conformal
transformations discussed in section 6.1.3, one may aim to construct a class of actions which
is invariant under disformal transformations. We have proposed multiple such classes in our
work [H9], based on the following principle. Since the dynamics of the gravitational field,
encoded in the tetrad and the spin connection, enters into the action through the torsion
tensor Tµνρ, it will necessarily appear in any teleparallel gravity action. To obtain a scalar
Lagrangian, its indices must be contracted with other tensor fields. To simplify the study
of disformal transformations for such scalar Lagrangian, it is helpful to first transform the
torsion tensor into the equivalent expression

A1A
BC = TABC = θAµeB

νeC
ρTµνρ , (6.2.11)

which transforms as a tensor under local Lorentz transformations, but as a scalar under
spacetime diffeomorphisms. The advantage of this change of index characters is that any
number of such Lorentz tensors / spacetime scalars can be combined and contracted with
the help of the Minkowski metric ηAB, which is invariant under disformal transformations,
in contrast to the spacetime metric gµν , which transforms non-trivially. Hence, to obtain
the transformation of a teleparallel gravity action, it is sufficient to derive the disformal
transformations of the constituting Lorentz tensors / spacetime scalars, in addition to the
transformation (6.2.6) of the tetrad determinant, which is required to obtain a Lagrangian
density from the scalar Lagrangian. For the torsion tensor (6.2.11), one finds that the
disformal transformation can be expressed as a sum of the terms

A2A
BC = 2TAD [Cϕ,B]ϕ,D , A3A

BC = 2ϕ,[Bδ
A
C] , A4A

BC = 2X,[Bδ
A
C] ,

A5A
BC = 2ηADX,[Bϕ,C]ϕ,D , A6A

BC = 2ϕ,[Cπ
A
B] , A7A

BC = 2ηDEϕ,DX,Eϕ,[Bδ
a
C] .

(6.2.12)

with coefficients which are functions of ϕ and X. Further, it turns out that all these terms
share the same transformation behavior, which can thus be expressed in the common form

ÃI ABC =
7∑

J=1

M I
J(ϕ,X)AJ ABC , (6.2.13)

with a matrix M I
J of coefficient functions; we do not list them here for brevity - a full list

is given in [72].
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From the transformation behavior of the terms AI ABC follows that any gravitational
action of the form

Sg
[
θA,

•
ωAB, ϕ

]
=

∫
M

∑
N

∑
{Ii}

HI1···IN A1···AN

B1···BNC1···CNAI1A1
B1C1 · · ·AINAN

BNCN

 θ d4x ,
(6.2.14)

retains this general form under the action of a disformal transformation. Here the expres-
sions HI1···IN A1···AN

B1···BNC1···CN are tensors of rank 3N constructed as linear combinations
of products of Kronecker symbols δBA and Minkowski metrics ηAB with coefficients which
are functions of the scalar field ϕ and its kinetic term X. A disformal transformation then
induces a transformation on the space of these coefficient functions, similarly to the trans-
formation (6.1.22) derived for conformal transformations. These transformations are rather
tedious to calculate in general. As an illustrative example, we worked out all possible terms
up to N = 2 [72].

6.2.3 Generalization to multiple scalar fields

By extending our work [H9], also disformal transformations can be generalized to the case
of multiple scalar fields ϕa, which may be interpreted as the coordinates of a point on a
field value manifold F , similarly to the case of conformal transformations. In this case, the
transformation of the tetrad can be written as

θ̃Aµ = C(ϕ,X)θAµ +Dab(ϕ,X)gνρθAρ∂µϕ
a∂νϕ

b , (6.2.15)

which is complemented by the transformation of the scalar field given by a diffeomorphism
f : F → F of the scalar field space. While the latter already has a straightforward
geometric interpretation, the former needs clarification. Recall from section 2.2.5 that we
interpret the scalar field multiplet ϕ as a section of the trivial bundle M×F , or equivalently
as a map ϕ : M → F . The differential ϕ∗ : TM → TF of the latter is a vector bundle
morphism covering ϕ, i.e., to every v ∈ TM with τM (v) = x it assigns ϕ∗(v) ∈ TF with
τF (ϕ∗(v)) = ϕ(x). However, the fiber of TF over ϕ(x) is the same as the fiber of the
pullback bundle

ϕ∗TF = {(x, u) ∈M × TF,ϕ(x) = τF (x)} (6.2.16)

over x, where the projection is simply given by (x, u) 7→ x. Hence, we may equivalently
regard the differential ϕ∗ as a vector bundle morphism

(τM ,ϕ) : TM → ϕ∗TF
v 7→ (τM (v),ϕ∗(v))

(6.2.17)

covering the identity on M . Further, a vector bundle morphism covering the identical
is again equivalently described by a section of the tensor product bundle T ∗M ⊗ ϕ∗TF .
Finally, realizing that the inverse of the metric g is a symmetric tensor of rank (2, 0), and
hence a section of Sym(TM⊗TM), we can contract it with two copies of the aforementioned
tensor bundle section, which gives us a section of Sym(ϕ∗TF ⊗ ϕ∗TF ). The field X we
introduced in the definition (6.2.15) is simply this section, up to a factor −1

2 , so that its
coordinate expression

X = Xabða ⊗ ðb = −1

2
gµνϕa,µϕ

b
,νða ⊗ ðb , (6.2.18)

matches with the definition (6.1.26) of the kinetic term Xab. Here ða denote the coordinate
vector fields on F . While this coordinate expression is of course rather simple to display, it
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is still instructive to understand that it indeed has a fundamental geometric interpretation.
With this interpretation in mind, it is now clear that the pair (ϕ,X) simply constitutes
a map from M to Sym(TF ⊗ TF ), which is constructed from the metric g and the scalar
fields ϕ. The disformal transformations (6.2.15) are thus parametrized by functions

C : Sym(TF ⊗ TF ) → R , D : Sym(TF ⊗ TF ) → T ∗F ⊗ T ∗F , (6.2.19)

where the latter can be shown by a very similar construction, interpreting the values of Dab

as components of symmetric tensors of rank (0, 2) on F . Note that D is in general only
a bundle morphism over F , but not necessarily a vector bundle morphisms, even though
its domain and codomain are vector bundles over F . These functions must further be
restricted by the demand that the transformed tetrad (6.2.15) is non-degenerate, which
leads to the condition

det(Cδµν +Dabg
µρ∂νϕ

a∂ρϕ
b) > 0 . (6.2.20)

Evaluating this expression, we find that it becomes significantly more involved than in
the case of a single scalar field, so that we omit the result here. Similarly, also the group
structure, comprised of the product and inverse of disformal transformations, becomes
rather involved in this most general case.

It is, nevertheless, instructive to take a closer look at infinitesimal disformal transfor-
mations, in order to see how these are related to the framework laid out in section 2.3.3.
For this purpose one may consider a one-parameter group of disformal transformation with
parameter t ∈ R, which is defined by the parameter functions (Ct,Dt,f t). It follows from
the conditions on a one-parameter group that for t = 0 one finds the neutral element

(C0,D0,f0) = (1, 0, idF ) , (6.2.21)

where 1 denotes the constant function on Sym(TF⊗TF ) and 0 likewise denotes the constant
bundle morphism mapping to the zero section. The generator of this one-parameter group
consists of a real function C′

0 : Sym(TF ⊗ TF ) → R, a bundle morphism D′
0 : Sym(TF ⊗

TF ) → T ∗F ⊗ T ∗F (where we identified the vertical tangent spaces with the fibers of
the codomain) and a vector field f ′

0 : F → TF . To study the action of these generators
on the field space, we denote the coordinates on F by (sa), so that we have coordinates
(xµ, fA

µ, sa) on the total space of the bundle E = GL(M)× F . For the corresponding jet
bundle coordinates, we use the notation introduced in section 2.1.3. Note that here fAµ

denote the frame components, while we defined the disformal transformation (6.2.15) using
the coframe θAµ. In coordinates, we thus have the transformation

f̃−1A
µ = Ctf

−1A
µ +Dt abη

ABfB
νsaµs

b
ν , (6.2.22)

where Ct and Dt depend on the coordinate expressions sa and

−1

2
ηABfA

µfB
νsaµs

b
ν (6.2.23)

defined on the first jet bundle. Differentiating with respect to the parameter t, and using

d

dt
f̃−1A

µ

∣∣∣∣
t=0

= − f̃−1A
ν f̃

−1B
µ
d

dt
f̃B

ν

∣∣∣∣
t=0

, (6.2.24)

we find that the action of the one-parameter group of disformal transformations is generated
by the evolutionary vector field

X = f ′a
0 ða − fA

νfB
µ
(
C′
0f

−1B
ν +D′

0 abη
BCfC

ρsaνs
b
ρ

)
∂̄Aµ

= f ′a
0 ða −

(
C′
0fA

µ +D′
0 abf

A
νg
µρsaνs

b
ρ

)
∂̄Aµ .

(6.2.25)
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With this expression at hand, one may study the transformation of any Lagrangian, such as
the ones constructed in section 6.2.2, under infinitesimal disformal transformations, using
the framework displayed in section 2.3.4. Depending on the choice of the Lagrangian, this
may become rather involved, and we will not further pursue this calculation here.

7 Summary and outlook

In this thesis we have discussed the relevance of symmetry transformations in the geometric
formulation of gravity theories. In particular, we have:

1. extended the notion of invariance under the action of a symmetry group from pseudo-
Riemannian geometry to more general geometries used in gravity theory;

2. determined the most general classes of invariant geometries for different symmetry
groups;

3. studied the transformation of perturbed geometries under the action of infinitesimal
diffeomorphisms on the background geometry and derived gauge-invariant quantities;

4. discussed the transformation of geometric fields under group actions on the field space
and the introduced transformation of the action functional of gravity theories.

Despite having very diverse applications in gravity theory, we have cast these different
topics into a common and concise differential geometric framework, since they are based
on the same underlying mathematical notions. Having such a framework at hand does not
only provide better insight and understanding of the role of symmetry in the theory of
gravity, but can also serve as a guiding principle for future studies in this field.

Besides the particular geometries we studied in this thesis, also other, potentially more
general notions of geometry have found application in gravitational field theories. These
include higher order gauge theory [4], symmetric teleparallel gravity [133, 109], general
teleparallel gravity [10, 22] as well as Hamilton and Lagrange geometries [132, 2]. Even
more general geometric structures are employed in quantum gravity. Understanding the
action of transformation groups on these structures, finding symmetric solution, revealing
symmetries of gravity theories and deriving observational consequences is therefore a crucial
task.

The notions of symmetry derived for the aforementioned geometries and for the geome-
tries discussed in this thesis may further be used to derive the most general gravitational
field configurations which are invariant under the action of various other transformation
groups. The most notable contender classes of symmetry groups would be more gen-
eral types of cosmological symmetry, giving rise to the homogeneous, but not necessarily
isotropic Bianchi cosmologies [13], as well as planar symmetry, which is relevant for the
study of exact plane wave solutions. Once such exact symmetric solutions are found, one
may furher proceed and study perturbations of these geometries, as well as their trans-
formation under the symmetry group of the background spacetime, and gauge-invariant
perturbation variables may be constructed similar to those in Riemannian and teleparallel
geometries.

Finally, the general framework discussed in this thesis, which covers also symmetries of
gravity theories under transformations of their field space, allows for further applications.
Besides the disformal transformations of teleparallel geometry generated by scalar fields,
also vector fields may be included [115], and more general transformations of the connection
in the framework of metric-affine geometry may be considered [106, 105].
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[H2] [85] Manuel Hohmann, Laur Järv, Martin Krššák, and Christian Pfeifer, “Modified
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8, 084002 [arXiv:1901.05472].
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These publications have been chosen since they are either single-authored or the contri-
bution of the thesis author constituted a substantial part, and since they form a consistent
line of investigation focused on a common research topic which is central for the thesis
author’s work.

All included publications are single-authored publications by the thesis author, except
for [H2]. The contribution of the thesis author to the latter was to derive the symmetry
condition from a more general condition in the previous work [H1], to construct a method
for solving this condition in the Weitzenböck gauge, to construct the Lie algebra homomor-
phisms which are the starting point of this solution method, and to prove the non-existence
of such a homomorphism for the case of non-flat maximal symmetry.
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