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VORWORT

Diese Arbeit widmet sich der Untersuchung eines wichtigen Beispiels der Dualitdt zwischen
Eichtheorie und Stringtheorie, nimlich der AdS/CFT-Korrespondenz auf AdSs x S3 x T* mit
RR-Fluss. Das Hauptaugenmerk liegt dabei auf der Seite der Stringtheorie. Zunéchst wird
gezeigt, dass der klassische Superstring auf diesem Raum integrabel ist. Danach werden einige
Losungen mit rotierenden Strings konstruiert und ihre Energien sowohl klassisch als auch unter
Beriicksichtigung von Quantenkorrekturen berechnet. Die Kenntnis der String-Energien ist
wichtig um die AdS/CFT-Korrespondenz zu testen, die eine Entsprechung der Energien von
Strings und der anomalen Dimensionen von Operatoren in der Eichtheorie beinhaltet.



ABSTRACT

In this work we shall examine an important example for a duality between gauge theory and
string theory, namely the AdS/CFT correspondence on AdSs x S3 x T* with RR-flux. Attention
will be payed mainly to the string theory side of the correspondence. Firstly, we will show
that the classical superstring on this space is integrable. Secondly, we will construct several
spinning string solutions and compute their energies at the classical level as well as their leading
quantum corrections. The knowledge of the string energies is important for testing the AdS/CFT
correspondence, which conjectures that the spectrum of string energies is identical to that of
anomalous dimensions of planar gauge theory operators.
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1. INTRODUCTION

The original discovery that led to the development of string theory was the observation of a
linear dependence between meson masses and their spins. This relation could be explained by
Veneziano [1], using a model of a rotating, open string. Today, string theory has evolved to be
one of the most promising candidates for a unified theory of gravity, quantum mechanics and
all forces of nature. Its basic idea is to replace the notion of pointlike, elementary particles by
one-dimensional, extended objects which can oscillate similar to a violin string - giving them
their popular name.

Although string theory has more and more become a unified theory of gravity and quantum
field theory than a pure theory of strong interactions, the original idea of writing a strongly
coupled gauge theory in terms of a string theory is still of particular interest. The basic idea of
relating gauge theory and string theory was developed by ’t Hooft [2], who proposed that gauge
theory and string theory provide holographically equivalent descriptions of the same problem.
He conjectured that there exists an even deeper equivalence between these two types of theories,
in a sense that they do not only lead to equivalent descriptions, but may be viewed as different
aspects of the same theory.

The most explicit example for this equivalence has been introduced by Maldacena [3] in his
famous conjecture of an equivalence between type IIB string theory on AdSs x S® and N = 4
super yang mills theory in four dimensions. Several other equivalences relating string theories
on anti-de-Sitter spacetimes and conformal field theories have been proposed, summarized under
the notion of AdS/CFT correspondence. It relates the fundamental objects of both theories to
each other, string states on the one side and gauge invariant operators on the other. An extensive
review can be found in [4].

Since the AdS/CFT correspondence is a conjecture, the question arises how this conjecture might
be tested. The most intuitive test is the comparison of string spectra with their gauge operator
counterparts on the CFT side. An important difficulty here is that the conjecture relates the
weakly coupled regime of string theory to the strongly coupled regime of CFT and vice versa,
which makes a direct comparison of the two theories difficult. To circumvent this problem, it is
fruitful to make use of the high amount of symmetry present on both sides of the conjecture.
Considering states that are invariant under parts of the supersymmetry, so called BPS states,
which thanks to non-renormalization theorems are protected, one can easily extrapolate from
weak to strong coupling. However beyond the BPS spectrum, other means of comparing the two
theories have to be found. What is potentially obstructing to such endeavors is the difficulty of
quantizing string theory in AdSs x S°.

A very fruitful direction in testing the AdS/CFT correspondence, which has been initiated by the
work of Berenstein, Maldacena, Nastase [16], Frolov, Tseytlin [?], Gubser, Klebanov, Polyakov
[3], is to study a subclass of states with large quantum numbers. Consider e.g. the rotational
symmetries of the S® component, corresponding to the R-symmetry of the CFT. On the string
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theory side, this leads to the classical limit of string solutions with high angular momentum,
known as spinning strings. The advantage in considering these states is that semi-classical quan-
tization can be used to compute quantum corrections to their classical energies. On the gauge
theory side, the corresponding states are operators with a large number of field insertions, which
can be represented by spin chains and thus can be investigated by techniques from condensed
matter physics, known as the Bethe ansatz.

In the case of the AdS5/CFT, correspondence much mileage has been gained by investigating the
subclass of states with large angular momentum, which lead to strong support of the conjectured
correspondence.

In this thesis, we will advance these methods in the case of AdS3/CFTy correspondence. Our
main focus is the string theory side, where we elaborate on the classical integrable structure. We
shall investigate different spinning string solutions on AdS3 x S3 x T* and compute their classical
energies as well as quantum corrections. The second chapter gives a short introduction into the
topic of AdS/CFT correspondence and its possible tests, especially using spinning strings. In
the third chapter we will state some geometrical properties of AdSs x S% x T* with RR-flux and
derive the equations of motion and conserved charges from the superstring action. The fourth
chapter covers classical integrability and the construction of flat currents. This establishes the
classical integrability of the theory. Finally, the fifth chapter is devoted to quantum corrections
to the energy of various spinning string configurations.

Appendix A lists the conventions and notation used in this thesis. The symmetry algebra
psu(1,1|2) x psu(1,1]|2) and different bases of this algebra are reviewed in appendix B. A de-
tailed derivation of invariant charges can be found in appendix C. Appendix D describes two
Mathematica packages that have been written for this thesis.



2. ADS/CFT CORRESPONDENCE

2.1 Statement of the AdS/CFT correspondence

It has been proposed by 't Hooft [2] that, although string theory is quite different from gauge
theory, there still exists a relationship between these two theories. The basic idea that led to this
discovery was again the aim to gain a deeper understanding of QCD. ’t Hooft suggested that the
SU(N) theory might simplify if N is large, especially in the limit N — oo the theory should be
solvable. This would allow the N = 3 case to be solved by performing an expansion in % We
will show that the diagrammatic expansion of the field theory suggests that the large N theory

is equivalent to a free string theory.

The idea of a gauge / string duality also applies to more general gauge theories. A particular
class of gauge theories are theories, in which the gauge coupling does not depend on the energy
scale. These theories are known to be conformally invariant. The conformal field theory, that
has been investigated most intensively in the context of gauge / string duality, is N' = 4 super
Yang-Mills theory. It has the maximal number of supersymmetry generators in four dimensions
and its gauge group is SU(N). The theory contains the gauge fields (gluons) A,,, four fermions
(which can be written as a 16 component 10d Majorana-Weyl spinor x,,a =1,...,16) and six
scalars ¢;,7 = 1,...,6. All fields transform in the adjoint representation of the gauge group. The
Lagrangian is completely determined by supersymmetry and reads [5]

2

S =
932fM

/ d'z Tr (iFHVF“” + %(Dufﬁi)(D“@) - i [Dis &5] (¢, 5] + %)Zl/)X - %Xri [¢i,X]> )

(2.1.1)
with the covariant derivative D,, = 9, —i[A,,,.] and ) = DHT',,. The field strength F,, is defined
as F,, = 0,A, —0,A,. (T',,I;) are the 10d gamma matrices. The only two parameters of the
theory are the Yang-Mills coupling gy s and the rank of the gauge group N. An important aspect
is how to scale the coupling in the limit N — oo. A natural choice that has been motivated
by QCD is the 't Hooft limit, scaling gy s such that the 't Hooft coupling A = g%,,N remains
constant.

Besides the gauge symmetry, the theory has a global su(4) 2 s0(6) R-symmetry and the conformal
symmetry with symmetry algebra so(4,2) in four dimensions. It is thus intuitive to claim that
these symmetries should also be found on the dual string theory side.

The most natural space that exhibits an SO(4,2) symmetry is five dimensional anti-de-Sitter
space AdS5, which is the maximally symmetric Lorentzian space with constant negative curva-
ture. Since superstring theory requires ten dimensions in order to be consistent, another five
dimensions have to be added. The obvious choice is to put these dimensions into a five sphere
S5, since it also introduces the SO(6) symmetry into our theory. Furthermore the combined
space is an exact solution to string theory. This vaguely suggests that A" = 4 super Yang-Mills
theory is related to a superstring theory on AdSs x S®. It has been motivated by Maldacena 3]
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that the dual string theory of A/ = 4 super Yang-Mills theory is indeed type IIB string theory
on AdSs x S°.

In string theory, there are again two parameters: the string coupling gs and the tension ﬁ A
third parameter, the common radius R of AdS5 and S®, can be absorbed by rescaling the embed-
ding space coordinates. Type IIB string theory on AdSs x S® involves the bosonic coordinates
2™ m =0,...,9 of AdSs x S® and two D = 10 Majorana-Weyl spinors 07,1 = 1,2, with the

dynamics given by an action of the form

1

2ma/

R? _
/ d%o (2\/—gg“”Gmn($)8uxmal,x" +i(y/—gg" " — e s' V0 p, D07 + .. ) ,
(2.1.2)

where p,v = 1,2 labels the string coordinates, s/’ = diag(1, —1) and higher terms have been
omitted.

A motivation for the correspondence is given in [1] and will be briefly summarized here. Consider
at first the gauge theory side and its perturbative expansion in terms of Feynman diagrams. Each
diagram can be viewed as a tiling (or simplicial decomposition) of a two dimensional, oriented
manifold. The numbers of vertices V', propagators E and loops F' correspond to the numbers
of corners, edges and surfaces of the tiling. To determine the powers of the ’t Hooft coupling
A= g2 ,,N and N associated with this diagram, assume that each 3-point vertex carries a factor
gy m and each 4-point vertex carries a factor g%,,. The contribution of the vertices can thus be

written as g;lf};}%“, where ng3 is the number of 3-point vertices and n4 is the number of 4-point
vertices. Since V' = n3+ny and 2E = 3ng + 4ny4, we can also write this as gf,EM_QV. Finally, each

loop contributes a factor N since we have to sum over N indices for each loop. It follows that
the overall factor of a diagram has the form

gng];Z2VNF _ )\E*VNFfEW*V _ )\E*VNX _ )\E*VN272g7 (213)

where F' — E 4+ V = x = 2 — 2g is the Euler characteristic of the manifold and g its genus. In
the 't Hooft limit N — oo, A = const. we find a diagrammatic expansion of the form

D ONTEN e N =D N (). (2.1.4)
g=0 =0 g=0

In the limit N — oo, only diagrams with genus g = 0, so-called planar diagrams, contribute
while all other diagrams are suppressed by a factor leg.

In perturbative string theory, a similar genus expansion exists. [5] A closer examination and
comparison to the expansion derived above shows that there is also a correspondence between
the parameters of the two theories, allowing us to identify

A R?
%=ﬁM=N,d=7§ (2.1.5)

From this we see that in the N — oo limit, the string theory becomes non-interacting and string
1

worldsheet corrections correspond to oY corrections.

Since the fundamental objects in CFT are gauge invariant operators, there should be some dual
to these objects in string theory. The fundamental objects in string theory are strings, so it
seems natural to propose that there exists a correspondence between gauge invariant operators
and string states. Both objects transform in representations of a symmetry algebra, which is the
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conformal and R-symmetry algebra in the case of CFT and the isometry of AdSs x S° in the
case of string theory. Both algebras match, leading to the conclusion that dual objects in the
sense of the correspondence should belong to the same representation of the symmetry algebra.
Especially, the charges of both objects under the symmetry algebra should be identical. One
of these charges is the energy F of the string, corresponding to the scaling dimension A of the
gauge invariant operator on the CEFT side. This leads to the conclusion that there should be
a one to one correspondence between the energies of string states and the scaling dimensions
of gauge invariant operators. In a similar fashion, the other conformal charges of the CFT are
found to be corresponding to spins of AdSs, whereas the R-symmetry charges correspond to S°
spins on the string theory side.

Another motivation of the correspondence arises from superstring theory in flat Minkowski space
with D-branes. Consider type IIB string theory in ten dimensional Minkowski space with N
parallel D3-branes placed very close to each other. In this case there are two types of string
excitations: open strings that end on the D-branes and closed strings, propagating through the
bulk. In the low energy limit, only massless states can be excited, leading to an effective action

S = Sbulk + Sbranc + Sint~ (216)

The bulk action describes the closed strings in the bulk and is given by type IIB supergravity. The
brane action corresponds to the open string excitations of the D-branes, which are represented by
maximally supersymmetric (N = 4) super Yang-Mills theory in 3 + 1 dimensions. Finally, Siu
contains the interactions between open and closed strings. In the low energy limit, this coupling
becomes weak and the brane modes decouple from supergravity.

On the other hand, one may view the D-branes as massive charged objects and, thus, sources
of a supergravity field. Considering the low energy limit as in the previous picture leads once
again to a decoupling of free type IIB supergravity from the remaining theory. But in this
case the remaining theory is type IIB string theory in the near horizon region of the D-branes.
More precisely, since the near horizon geometry of the D-branes is AdSs x S® with RR-flux, the
remaining theory is type IIB string theory on AdSs x S°.

The same theory, viewed from different points of view, decouples into type IIB supergravity
on flat Minkowski space plus some extra theory, which is a conformal field theory in one case
and a string theory on AdS space in the other case. This leads to the natural conclusion, that
(N = 4) super Yang-Mills theory in 3 + 1 dimensions is equivalent, or dual, to IIB string theory
on AdS5 x S° with RR-flux.

It is easy to construct similar correspondences. For example, one may consider a set of D(p — 2)-
branes instead of D3-branes. In this case the near horizon geometry is AdS, x S 10=p and there
is a different CF'T which is conjectured to be dual to the string theory in this geometry. Another
very well studied and very important case is that of AdSs x S3 x My, where M, is some 4-
dimensional, compact manifold. The most simple choice of My is the 4-dimensional torus T¢,
leading to the space AdS3 x S% x T*. [1] Unlike AdS3 x S x M, with NSNS flux this background
cannot easily be studied by means of world-sheet CFT, although some progress in this direction
has been obtained in [0, 7]. In this thesis, we will examine the case of a non-vanishing RR-flux
in more detail.



2. AdS/CFT correspondence 12

2.2 Tests of the correspondence

Given the correspondence between AN/ = 4 SYM theory and string theory on AdSs x S°, the
question arises how to test this conjecture. The main problem in testing the correspondence is
directly caused by the nature of the duality, which relates the weakly coupled regime of string
theory to the strongly coupled regime of gauge theory and vice versa. Thus, if the states can be
easily computed on one side of the correspondence, it is hard to find an approximation on the
other site, which makes it difficult to compare those states and their counterparts.

A possible test of the correspondence arises from supersymmetry. States that are invariant
under parts of the supersymmetry generators, named BPS states after Bogomol'nyi, Prasad
and Sommerfeld, are not modified by quantum corrections and do not depend on the coupling
constant. It is thus possible to compute them in the weak coupling regime and conclude that the
spectrum is the same in the strong coupling regime, where it can be compared to the spectrum
computed in the dual theory.

Another way to circumvent the problem of weak - strong coupling duality is to make use of the
high amount of symmetry that is present on both sides of the correspondence. Both theories
have the symmetry algebra su(2,2) @ su(4) = s0(2,4) @ so0(6). In particular, these are found
to be the charges of the conformal algebra and R-symmetry charges on the CFT side, which
correspond the the AdSs spins and S® spins on the side of the string theory.

For testing the correspondence, it is useful to consider states where at least one of the R-symmetry
charges (in the language of CFT), resp. S° spins (in the language of string theory) J is large.
This allows a rescaling of the 't Hooft coupling by

N=Z (2.2.1)

The expansion of string energies / anomalous dimensions 2.1.3 then takes the form [9]

o o (n)
E=J <1 +3 oA 931, ) . (2.2.2)

n=1 1=0

(n)

%

The coefficients g
theory side.

need to be determined separately on the string theory side and on the gauge

Since the CFT is weakly coupled when ) is small, one may perform an expansion in A to compute
the anomalous dimensions. Afterwards, considering the large J limit leads to an expansion in \
as quoted above. This limit corresponds to a weakly coupled CFT in the limit of large spin, i.e.
the limit of large gauge invariant operators.

On the string side of the correspondence, one can at first consider the limit J — oo with X fixed

to perform an expansion in % In this limit, the string is rotating at high speed along the S°

directions. The key point in considering this limit is that o ~ % ~ % becomes small and thus

quantum corrections to the classical solution can be computed semiclassically.

Both sides of the correspondence show that the same expansion in A’ and % is possible, which
allows us to compare not only the overall result, but also every single coefficient found in this
expansion. Studying the behavior of both theories in the large J limit thus leads to a powerful
test of the conjecture. A simple way to construct this kind of states will be explained in the
following sections.
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A similar treatment may be applied to the case of AdS3 x S3 x T*. Since the symmetry algebra
of AdSs x S3 is su(1,1)? @ su(2)? = s50(2,2) @ s0(4), it is again possible to consider states large
R-symmetry charges or S® spins, respectively.

2.3 Anomalous dimensions and Bethe ansatz

2.3.1 Anomalous dimensions and spin-chains

As mentioned in the previous section, it is fruitful to consider states carrying large charges. Since
there are many possible ways to construct these states, it turns out to be useful to restrict oneself
to an even smaller subset of states. We will present a short reminder of how such states can be
constructed. For a detailed analysis, see [10].

Starting from A" = 4 super Yang-Mills theory, one may consider states that are built up from
four of the six scalar fields, combined into two complex scalars:

Z = ¢1+iga, W =3+igs. (2.3.1)
A simple way to construct local, gauge-invariant operators from these fields is given by
O =Tr (Z""MW™M 4 permutations) (2.3.2)

where the terms in this sum are weighted by some phase factors. Since the theory is invariant
under the conformal algebra, the states form representations of that algebra. In particular, they
have to be eigenstates of the Casimir operators of the conformal algebra. One of them is the
generator of scaling transformation, known as the dilatation operator. Up to one-loop order in
perturbation theory, the dilatation operator acting on O is given by

L
A 2
D=Lt gz 31— v o) + OO (2.3.3)

with the set of Pauli matrices o acting on the SU(2) doublet W, Z at position [. The leading
order term, L, is the classical scaling dimension. It arises from the fact that the classical scaling
dimension of each of the fields is 1 and the product consists of L fields in total. The correction
to this classical scaling dimension is called the anomalous dimension and arises from quantum
corrections.

As the previous formula suggests, there exists a relationship to a set of L spin—% particles. One
may reinterpret O as a spin chain with M spins down and L — M spins up by the identifications
Z <71 and W «|. The cyclicity of the trace implies that this spin chain is closed. In this picture,
the one-loop dilatation operator acts as the Hamiltonian of a Heisenberg XXX spin chain with
nearest neighbor interactions. Thus we have mapped the original problem to a problem with a

well-known solution, that can be constructed using the Bethe ansatz.

The Bethe ansatz has the important property that many properties of the constructed states can
be evaluated in the thermodynamic limit, i.e. in the limit M — oo with ﬁ fixed. [11] From this
we may deduce that the Bethe ansatz is a good method for computing the anomalous dimensions
of large gauge theory operators that arise in the context of AdS/CFT correspondence. It has to
be tested whether this is actually the case. For the AdSs case, it has been shown that the Bethe
ansatz does not reproduce the spectrum completely. [23] Thus, it is an important task to check
how accurate the Bethe ansatz is on string backgrounds other than AdSs x S° and whether it
needs to be modified to compute the string spectrum.
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2.3.2 The Bethe ansatz

An extensive review of the Bethe ansatz can be found in [11, 12, 13]. The original problem
that has been solved by the Bethe ansatz method in 1931 is the Heisenberg model for a closed
spin chain. In its most simple form, the Heisenberg model describes a linear chain of N spin-
% particles with nearest neighbor interactions. A useful basis of the Hilbert space is given by

lo1,...,0n),0; =1, |. The Hamiltonian is given by
N N oy
H=-JY Sy Sp1=-J) (2 (S Spiy + Sy Siy)+ 82 ;’;+1> , (2.3.4)
n=1 n=1

where S, = (5%,5¥,5%) is the spin operator at position n and S;F = S¥ +iSY are the ladder
operators with

S| .T..>:%|...T...> Sﬂ...l...}z—%\...i...), (2.3.50)
STl..7..0=0 STl l..y=]..1T.., (2.3.5b)
STt =1 Ly S7]...l...y=0. (2.3.5¢)

They satisfy the commutation relations
[SE,, 7] = €ijibmnSh, [SZ,,SE] = £0mnSE, (5,87 ] = 26,mnSE, (2.3.6)

with 4, j, k = x,y, z, which are the commutation relations of N sets of su(2) generators.

An important property of this model is the fact that the total spin S = 25:1 S, commutes
with the Hamiltonian, since

N
[H,87] = =T Y [S.8%41,50]
m,n=1

N
=—J Z eijkém,n+1s7izs§+1+€ijk5m,n555f1+1 (2-3~7)

m,n=1
N . .

= _JZ €iji (ShShi1 + 5SS 11) =0
n=1

As a consequence, the total spin is conserved. This allows us to choose the eigenstates of the
Hamiltonian to be linear combinations of eigenstates of one spin component (say, S*) with
common eigenvalue. A basis with eigenstates of S% thus puts H into block diagonal form and is
the first step towards the Bethe ansatz.

The second symmetry that will be used is the symmetry under discrete translations. Let T" be
the operator that shifts the spin chain by one position, i.e.

TlUl,...,O'N>:lUg,...,O'N,(71> (238)
From this we can deduce

TS, T} lo1,...,on) =TSp|lon,01,-.,0N—1) = Sp+1|01,---,0N) (2.3.9)
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and, since the basis is complete, T'S,,7~! = S,,, 1. This leads to

N N N
THT ' =-JY T8, -SpT ' ==J> TS T TSl '=-JY Sni1-Spio=H
n=1

n=1 n=1

(2.3.10)
which implies [H,T] = 0. Similarly we find [S,T] = 0, such that we can choose a basis in which
both S% and T are diagonal and H is block diagonal. This basis is the second step towards the
Bethe ansatz.

In the following we will present the Bethe ansatz in its most general form and then restrict
ourselves to two simple examples. Let

n1,...,np) =58, ...S, [T...1),1<ni <...<n, <N (2.3.11)
be a state with r spins pointing down. Obviously it is an eigenstate of S* with S% |nq,...,n,.) =
(% — 7") |n1,...,n,). Every linear combination of these states with a common number of down
spins is another eigenstate of S* with the same eigenvalue. We now consider

) = > a(ny,...,n.) |ng,...,n,.) (2.3.12)
1<ni<...<n,.<N
with

T .

. i
a(ny,...,n.) = Z exp | ¢ Z kpjn; + 3 Z Opip; (2.3.13)

PES, Jj=1 1<i<j<r

which is known as the Bethe ansatz. k;,i =1,...,r and 0;; = —0;; are called the momenta and

phase angles, respectively. It is easy to check that |¢) is an eigenstate of the translation operator
T. Since

Ting,...,ne) =TS, .Sy [T...) =8, 1Sy aTT-..T)=lm+1,....n.+1)

(2.3.14)
we have
T |¢) = > a(ny —1,...,n, — 1) |ng,...,n,) (2.3.15)
1<ni<...<n,.<N
Finally,
< {
a(nl—l,...,nT—l): Zexp Zkaj(nj—1)+§ Z epipj
PES, Jj=1 1<i<j<r
(2.3.16)

T
= exp —iij a(ny,...,n;.)
j=1

=e *a(ny,...,n,)

where we introduced the wave number k = >7"_, k;. Thus we find T'[¢)) = e~ |1b). The periodic
boundary conditions require a(nq,...,n,) = a(ng,...,n,.,ny + N) which leads to

N =exp [0 (2.3.17)
i
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After taking logarithms and introducing the Bethe quantum numbers Ay, ..., A. € {0,1,..., N —
1} we end up with

Nk; =27 + > 03 (2.3.18)
JF
It can be shown [11] that [¢) is an eigenstate of H if

0 _ _
N eilkitk;) 1 1 — 9¢ik; (2.3.19)

or, equivalently,
2cot —* = cot o — cot o (2.3.20)

Equations 2.3.18 and 2.3.19 are known as the Bethe ansatz equations.

This method can be used to compute 1-loop anomalous dimensions, as we explained earlier.
[10, 14, 15] Here we need to consider the thermodynamic limit of the spin chain, i.e. the case
N — oo where the spin flip ratio & (which corresponds to the magnetization in condensed matter
physics) remains fixed. The Bethe ansatz can also be evaluated in this limit.

2.4 Spinning strings

2.4.1 General method

We have seen that there exists a way to construct eigenstates of the dilatation operator on the
gauge theory side, which are built from gauge invariant operators with a large number of field
insertions. Thus one may ask which are the corresponding states on the string theory side.
Many different solutions have been constructed and it turned out that the string theory duals
are solutions with large quantum numbers, which are known as spinning strings. [5]

2.4.2 AdSs x S° case

As already mentioned before, the symmetry algebra of AdSs x S® is s0(2,4) ®s0(6) = su(2,2) ®
su(4), where the symmetry algebra so0(2,4) = su(2, 2) of the AdSs component corresponds to the
conformal symmetry of the gauge theory and the s0(6) = su(4) symmetry of the S° component
corresponds to the R-symmetry. The conserved charges, which are the representation labels
belonging to the generators of the Cartan subalgebra, are the energy E, two AdSs spins St, So
and three S° spins Ji, Ja, Js.

One example is the plane-wave limit. In this case one considers a point-like string with infinite
spin J. The effective background is then exactly solvable [16, 17]. More general spinning string
solutions can be found, where the string is not point-like, but extends along various directions
in AdSs x S°. Depending on the string configuration, one or more of the spin quantum num-
bers 51,52, J1, Ja, J3 are large. The energy E of the string may then be written as a function
E(S1, 89, J1, J2, J3) of the string quantum numbers.

2.4.3 AdSs; x 5% x T* case

On AdSs x §% x T*, the situation is similar to the AdSs x S° case. Here, the dual gauge theory is
a two-dimensional CFT, which is the N’th symmetrical product of the 7* CFT. The symmetry
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algebra is composed of su(1,1)? = 50(2,2) (the conformal symmetry of the CFT, corresponding
to the symmetry of AdS3), su(2)? = s0(4) (the R-symmetry of the gauge theory, corresponding
to the symmetry of S®) and four copies of u(1) for the T* directions. The conserved charges
given by the generators of the Cartan subalgebra are the energy E, the AdSs spins S, two S3
spins Ji, Jo and four 7% momenta P, P, P3, Py.

There are three solutions that will be of particular interest in this thesis. For the first solution,
the non-vanishing charges (besides the energy) are the two spins S and Ji, such that the string
effectively rotates in an AdS3 x S* subspace with the S' component embedded in S3. An obvious
variation of this solution is given by embedding the S' in 7% instead of S3. In this case, .J;
vanishes, while the string acquires a non-vanishing 74 momentum P;. Both solutions correspond
to the su(1,1) sector of the dual CFT. In contrast, one may consider a solution corresponding
to the su(2) sector. This solution has two non-vanishing 53 spins Ji, Jo and effectively rotates
in R x S3. Only the solution with equal spins .JJ’ = J; = .J, will be investigated in detail.



3. STRINGS ON ADS; x S3 x T*

3.1 The supergeometry of AdSs x S* x T* with RR-flux

The superspace examined in this thesis is composed of three-dimensional anti-de-Sitter space
AdSs, a three-sphere S2 and a four-torus T#, along with 16 fermionic degrees of freedom. The
bosonic part of this space can be canonically embedded into R'3 xR*xT*, which greatly simplifies
the parametrization. The fact that the motion of the string is restricted to the embedded
AdSs x 53 x T* subspace will be incorporated later by introducing Lagrange multipliers into the
string action. The coordinates of R™3, R* and T* will be denoted Yg,S = 0,...,3, Xp,P =
1,...,4 and Z,,v = 1,...,4. It is convenient to use complex coordinates Y;,s = 0,1 and

Xp,p = 1,2, which are defined as
Yo =Y3+ 1Yy, Yi=Y1+1iYs, (311&)
X1 = X1 +1iXo, X9 = X3 4+ iXy4. (311b)

We finally end up with the following situation:

AdSs x 8% x T*

N N N
R x R* x T* (3.1.2)
w w w
Ys Xp Zv
The metric reads
ds? = dY; dY® + dX; dX, + dZ, dZ, (3.1.3)

Here we introduced Y* = n*tY; with n*¢ = diag(—+). A common parametrization of AdSs x S®
is given by

Yy = e cosh p, Y; = eXsinh p (3.1.4a)
X, = €™ cos, X, = e sinvy (3.1.4b)

Using these coordinates, we find the metric
ds? = —dt?cosh® p+ dy?sinh? p+ dp? + dip 2 cos? v+ d¢?sin* v+ dy2 4+ dZ,dZ, (3.1.5)

The set t,x, p, ¥, d,7, Z1,...,Zs of bosonic AdS3 x S® x T* coordinates will be denoted by
Xm,m = 0...9. In addition, we need a set of fermionic coordinates 67,1 = 1,2, where 67 is a
10d Majorana-Weyl spinor.
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3.2 'The superstring action

The complete superstring action can be found in [18]. It can be written in the form

27
I:ﬁ/ dT/O (21—;\/?9(53+LF) (3.2.1)

where L denotes the bosonic and L the fermionic part of the Lagrangian. Using the superspace
coordinates that were introduced in the previous section we can write the bosonic part as

Lp = —%g’“’ (0,X:0,X, + 0,Y20,Y" + 0,2,0,7,) + % (A(X;Xp 1) AYIYS 1))
(3.2.2)
The Lagrange multipliers A, A have been introduced to restrict the motion of the string to the
embedded AdS3 x S2 space by imposing the constraints

XiX,—1=Y!Y*+1=0 (3.2.3)

The fermionic part of the Lagrangian is more involved and only the part E%z) that is quadratic
in the fermion fields is required in this work. It can be written as

,Cg) =it —es'Yo' p, D, 07 (3.2.4)
with s/ = diag(1, —1). Here we used the projected Dirac matrices Pu = FMe/JY[, where efy =
EM(X)0,X™ is the projected vielbein and EM is the AdS3 x S3 x T* vielbein

EM — diag(cosh p, 1,sinh p, 1, cosv,sin~v,1,1,1,1) (3.2.5)
The covariant derivative is defined as
D,0" = <5” (aﬂ + iwﬁ/f NFMN> + ie”ef}ronrgr A> 67 (3.2.6)

M

M N = OuX mMN - The only non-vanishing compo-

Here wﬂ/f N denotes the Lorentz connection w
nents of WM™ (up to symmetry) are

wi' =sinhp, wi® = —coshp, wi'=siny, wd® = —cosy (3.2.7)

3.3 Equations of motion

The classical equations of motion can be computed by variation of the string action 3.2.1. Let
us consider the purely bosonic fields. Variation of the Lagrange multipliers A, A’ yields the
constraint equations

X, Xp—1=YY*+1=0 (3.3.1)
which is, of course, what we expect. Variation of the fields X,,, Y;, Z, leads to
O (V=99""0,Xp) + AXp = 0, (V—99""0,Ys) + AY, =9, (vV=99"0,2,) =0 (3.3.2)
Finally, the metric g has to be varied, leading to the Virasoro constraints

1
O X50,Xp + Y 0" + 0200, 20 = 599" (0,X;05 X, 4+ 0,Y,0,Y° 4+ 0,2,0,2,) =0
(3.3.3)
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In conformal gauge, the last two equations take the simple and well-known form
O+A)X,=(0+ANY,=0%7,=0 (3.3.4)
and
Xo Xy +YIY + 2,2, + XU X, + Y'Y + 22, = X)X, + Y)Y + 2,Z,=0.  (3.3.5)

Here we introduced the abbreviations

0
= d '=— 3.3.6
ar do ( )
for the derivatives with respect to the parameters of the string worldsheet.
3.4 Conserved charges
Writing the bosonic part of the action 3.2.2 in terms of the coordinates &,,, we find
1

Lp= —ig‘“’(—aut&,t cosh? p + Oux0OvX sinh? p + OupOyp (341)

+ 0,00, cos® y + 0,60, ¢ sin® y + 9,70,y + 0, Zy 00 Zy)

From this, we see that t, x, ¥, ¢, Z, are cyclic coordinates, i.e. the Lagrangian is invariant under
the transformations t — t + At,x — x + Ax, ¥ — Y+ A, ¢ — ¢+ A, 2, — Z, + AZ,.
According to the Noether theorem, each of them corresponds to a conserved quantity. In our
case, the conserved charges are the energy E, AdSs3 spin S, S spins J;, J; and 7% momenta P, .
They are given by

27
do .
E = \F)\/ 2—Ut cosh? p, (3.4.2a)
0 i
27
d
S =X / 2—“>'<sinh2 P, (3.4.2b)
0 m
2m
d .
Ji = \F)\/ 2—Uw cos®, (3.4.2¢)
0 i
27
d .
Jy =V / 2—J¢sin2'y, (3.4.2d)
0 m
2m d .
P, = ﬁ/ L9z (3.4.2¢)
0 27T

The conserved charges, divided by their common factor v, will be denoted &,S, 71, T2, P,
respectively.



4. CLASSICAL INTEGRABILITY

In this chapter we shall show that the string on AdSs; x S3 x T* with RR flux is classically
integrable. This is done by constructing an infinite set of commuting charges. This approach is
similar to [19], where two one-parameter sets of flat currents have been constructed, i.e. one-forms
a satisfying

da +aANa=0. (4.0.1)

4.1 The psu(1,1|2) x psu(1,1|2) sigma model

The symmetry algebra of the AdS3 x S2 with RR 3-form background may be represented as a
direct sum of two copies of psu(1,1|2) superalgebra, i.e. as G := psu(1,1|2) & psu(1,1|2). [18]
This algebra psu(1,1|2) is generated by the (2]2) x (2|2) supermatrices

m< a/
p & (4.1.1)
qﬁ m g

with m®; € su(l,1), m ., € su(2) and 8 fermionic generators qg‘,,qg/. For other bases, see

appendix B.

B

The purely bosonic part of the algebra psu(1,1|2) is su(1,1) @ su(2). It is generated by the
bosonic elements m* 5, me 5 Since G contains two copies of psu(1,1]|2), the bosonic subalgebras
can be grouped as su(1,1)? @ su(2)? = 50(2,2) @ s0(4). Thus we obtain the bosonic symmetry
algebra of AdSs x S3.

An important property of the algebra G is the fact that it obeys a Z,4 grading, i.e. the algebra
can be decomposed into four subspaces

G=Go+01+G2+G; (4.1.2)

and the equation

holds for m,n € Z4. Here [.,.} denotes the anticommutator between two fermionic operators and
the commutator otherwise.

4.2 Flat currents

Our construction of flat currents will be similar to [19] for AdSs x S° and we are using the
basis stated in B.1. We start with a two-dimensional sigma model with the target space
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SU(1,1]2)?/(SO(1,2) x SO(3)). Let G denote the Lie supergroup of G and g(x) a field taking
values in G. From the Lagrangian L o< Tr(d;g~10%g) we obtain a global left and right multipli-
cation symmetry. The conserved current L = ¢~ dg corresponding to right multiplication takes
values in G. Writing L as a one-form, we see that

dL +LANL=0 (4.2.1)
Using the Basis stated in B.1, we can write the current as
a Lo ab Lerar Lar,r
L:LP@+§L J&B+§LQ +§QL (422)
Since the algebra has a Z,4 grading with
gO = {Jab;Ja’b'}7 gl = {Q17Q1}a g2 = {Paypa’}y g3 = {Q27Q_2} (423)
we can decompose the current according to the grading
Lo ab a I Lorar _ Largr
H= —§L Jyypy P=-L"FP; Q = —§L Q- iQ L (4.2.4)

By construction, L satisfies the Maurer Cartan equation 4.2.1. This equation can be decomposed
according to the grading, which leads to

dH =HAH+PAP+Q'NQ*+Q*ANQ! (4.2.5a)
dP =HAP+PANH+Q'AQ' +Q* A Q? (4.2.5b)
dQ' =HANQ'"+ Q' NH+PAQ*+Q* AP (4.2.5¢)
dQ* =HANQ*+Q* NH+PAQ' +Q'AP (4.2.5d)
After a basis transformation
Q=Q'+Q* Q=Q"'-@ (4.2.6)
the Maurer Cartan equations translate to
1
dH:H/\H+P/\P+§(Q/\Q—Q’/\Q’) (4.2.7a)
1
dP:H/\P+PAH+§(Q/\Q+Q’/\Q’) (4.2.7b)
dQ =HAQ+QANH+PAQ+QAP (4.2.7¢)
dQ' = HAQ'+Q NH+PAQ +Q AP (4.2.7d)

To construct the flat currents, we use the lowercase forms defined by h = gHg™',p = gPg~',q =
9Qg™ 1, ¢ = gQ'g'. Expressing the Maurer Cartan equations in terms of the lowercase forms

yields
1
dh :—hAh+p/\p—(h/\p+p/\h)—(h/\q—i—q/\h)—i—i(q/\q—q’/\q’) (4.2.8a)
1
dp=—2pAp—(pAq+q/\p)+§(qu+q’Aq’) (4.2.8b)
dg = —2qAq (4.2.8¢)

d¢' = 2(pAd' +d Ap)—(aNd +d Nq) (4.2.8d)
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The equations of motion are obtained from the action [20]

1 ’ ! —_ —
S = —5/(L“/\*L“+L“ A LA —Ll/\LQ—LQ/\L1> (4.2.9)

and can be written in terms of the lowercase 1-forms as [20]

1
dip =pAxqt+rqAp+5and +4d Na) (4.2.10a)
0=pA(xq—q)+(xq—q)Ap (4.2.10b)
0=pA(g—=*¢)+(qg—*¢)Ap (4.2.10¢)
These equations are identical to the AdSs x S® case discussed in [19]. From this we know that

there are two one-parameter families of flat connections a given by

a=ap+ Bxp+vq+6q (4.2.11)
where
o = —2sinh? \ (4.2.12a)
0 = F2sinh A cosh A (4.2.12b)
v=1=%coshA (4.2.12¢)
0 =sinh A (4.2.124d)
4.3 Classical solutions
4.3.1 AdSs; x S' with S* c $3

This solution can also be found in the AdSs x S® sigma model [21] since it does not make use of

the T% component of the considered space. It can be parametrized as
YO _ 7Aoeifﬂ" Yl _ rleiWTJrikO" Xl _ eiw‘rJrimU (431)

and X, = Z, = 0. The constraint equations 3.3.1 are satisfied if 73 —r# = 1. From the equations
of motion 3.3.4 we get
A=m?—w* N =—k?=k*—w? (4.3.2)

Finally, the Virasoro constraints read
m? +w? — k23 + (k2 + wh)r? = mw + kwr? =0 (4.3.3)
The non-vanishing charges are

E=rir, S=riw, Ji=w (4.3.4)

4.3.2 AdSs; x S! with S' c T*

A simple variation of the previous solution can be obtained by choosing the S! to be part of T*
instead of S3. This solution is given by

Y, = roeim'7 Y, = TleiWT+iko, X =1, 71 = wT +mo (435)
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and Xy = Zy = Z3 = Z, = 0. To satisty the constraints, we require 7’(2) — r% = 1. The equations
of motion imply
A=0, AN=-r*=k—w (4.3.6)

The Virasoro constraints are identical to the previous case, given by
m? + w? — k23 + (k* + whr? = mw + kwr? =0 (4.3.7)

The non-vanishing charges are

E=rin, S=riw, Pi=w (4.3.8)
433 RxS3
Another solution that is also used in the AdS5 x S® case [22] can be written as
Yy = €7, X, = cosy(o)e™T, X, = siny(o)e™2" (4.3.9)

and Y7 = Z, = 0. Inserting this solution into the equations of motion leads to
0= (w24 A—4?)cosy —~"siny = (w2 + A —~?)siny +~" cosy =K%+ A (4.3.10)

Solving the first to equations for A leads to a second order differential equation for (o), which

can be written as

1
v+ 5(w§ —w})sin2y =0 (4.3.11)

In the following, we will limit ourselves to the circular solution which satisfies
w =we =w, y=ko (4.3.12)

with an integer winding number k. This greatly simplifies the equations of motion and one

obtains
A=k —w? AN =-k? (4.3.13)

The Virasoro constraints imply
K% =w? + k? (4.3.14)

The conserved charges are given by
w
5 = ,‘{, jl = jZ = — (4.315)

We see that the circular solution leads to equal spins J; = J2 = J’.



5. QUANTUM CORRECTIONS

We have seen that classically the AdS3 x S® string is very similar to the AdSs x S° string theory,
e.g. many classical solutions can be reproduced therein. However, as has been shown in the
AdSs x S? case, the quantum corrections obtain contributions from the full geometry (including
fermions), so that it is clear that the quantum corrections to the same classical solutions will
be different in the two backgrounds. We shall now compute the quantum corrections in AdSs x
53 x T4,

5.1 (eneral method

5.1.1 Bosonic part

We start by expanding the bosonic fields around a classical solution X, — X, + X},,Ys —
Y+ Y, Z, — Z, + Z, and expressing the fluctuation Lagrangian in terms of the fluctuation
fields. The resulting Lagrangian is given by

1 v K " Ve Y ~ ~ 1 YR AV *V S
Lp=—34" (auxpayxp O,V 0, Y + aﬂzvayzv) +3 (AXpo LAYV ) (5.1.1)

The fluctuation fields have to be restricted to the embedded AdSs x S3 x T space and thus satisfy
the constraints that were imposed by including the Lagrange multipliers. These constraints are
found to be ~ ~ ~ B

XpXp + X, X, =YY+ Y]V =0 (5.1.2)

These constraints can be simplified by using a coordinate system that is moving along the classical
solution. It can be written as

X, (e 0 cosy —sinvy\ (g1 +if1

(5(2> - < 0 ei‘i’) (sinﬂy cos y g2 +ifa (5.1.3a)
Yo\ (et 0 coshp sinhp\ [(Go + iFy (5.1.3b)
Yy)  \0 eX)\sinhp coshp) \Gi+iF} o

with fp, gp, Fs, G real. The constraints simplify to

g1 = GO =0 (514)
The only remaining fields are f1, f2, 91, Fo, F1,G1, 2, = Z,. In conformal gauge, the Lagrangian
can be brought in the form

L =1y — 2] + Kpgrpaiq + Wpaapl, + Mpgrpag (5.1.5)
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where z,,p=1,..., N are N = 10 independent fluctuation fields and K, Wyq, M, are constant.
Without loss of generality, we will assume that K and W are antisymmetric and M is symmetric,
since the contribution from the antisymmetric part of M vanishes and the contributions from
the symmetric parts of K and W are total derivatives. The equations of motion then read

0= Kpgq + Wpetl + Mpgry — p + ;) (5.1.6)
To solve these equations, assuming that the fields are periodic in o, we use the ansatz

00 2N

wp(r,0) = D > Ay ppetotern) (5.1.7)

n=-—oo [=1
Here, I =1,...,2N labels the different sets of solutions. Plugging this in we get

o) 2N
0= Z Z (iwI,nqu +inWpq + Mpg + (w?n — n2) 5pq) AqJ’nei(""""”*”) (5.1.8)

n=—oo [=1

This set of linear equations has a non-vanishing solution for all o, 7 when there exists A, 1, with
0 = (iwr,nKpg + inWpg + Mpq + (w%n —n?)6pq) Agrn = FpqAq.1m (5.1.9)

Such a solution only exists when F,, has a zero eigenvalue and thus det Fj,, = 0.

5.1.2 Fermionic part
The fermionic frequencies can be obtained from the fermionic Lagrangian 3.2.4. The first step
is the simplification of the Lagrangian by fixing the k-symmetry. There are different choices for

k-symmetry fixing, of which the following two will be used in this thesis:

e 0! =62 = 0, which leads to

_ 1 )
Eg) =0 <2ipp' (8M + 4w£‘t/[NFMN> + ;E“Vpﬂefr()F1F2FA> 0 (5110)
e 9L =0, where
or =pligl = %(5” — i’ ToT)97 (5.1.11)
This condition can be satisfied by defining
0 =06 =iTr'p? (5.1.12)
The Lagrangian then reads
£ =0 (i (D — B) — 16" (B + By0) ) 0 (5.1.13)
with ) _
A = pu (au + iwerMN - ;efFoflngAF0F1> (5.1.14)
and

A,u,u = FlTFOTA#VFOPI (5115)
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In both cases the Lagrangian has the form
£? =6Dy0 (5.1.16)
This directly leads to the very simple equations of motion
Dpf =0 (5.1.17)

As for the bosonic frequencies, one can use an ansatz that is periodic in o and plug it into the

equations of motion. Let
[es) 2N

0(7‘,0’): Z Zﬁ1,7L€i(nU+w1’nT) (5118)

n=-—oo [=1

with constant spinors ¥y . The equations of motion translate into

oo 2N

0= > Y Dpipe'oternn (5.1.19)

n=-—oo [=1

where ﬁp can be obtained from Dp by the substitutions 0 — iw, 0, — in. They are satisfied
for all o, 7 when .
0= Dpi, (5.1.20)

The fermionic frequencies are the values of w for which det Dp = 0. Before computing the
determinant, it is useful to choose a basis in which Dp has block diagonal form. This can be

done by choosing combinations of gamma matrices that commute with D, i.e. T = reert ... Iy
with 'Dp = DpI'. Diagonalization of I' is much simpler than a direct computation and leads to
a basis in which Dp has block diagonal form.

5.2 AdSs; x S' with S* ¢ S3

5.2.1 Bosonic part

The quadratic fluctuations are computed by inserting for each of the fields a small deviation
X, — X, +0X,, Ys — Y+ 0Y; and deriving the constraints on the fields 6.X,,, Y5 that follow
from the classical equations of motion [21].

For the transverse bosonic fluctuations in the S% the Lagrangian is
1 a * 1 *
oL = —iaaaxpa 0X, + §A25Xp5Xp (5.2.1)

For the present case only Xo decouples from the other fields and thus we obtain two real bosons
of mass-squared v? = Ay = J? — m?.

1
wS = 2—\/n2 + v2 (5.2.2)
K
Likewise the torus-directions are determined trivially, and due to the absence of the Lagrange
multiplier yield four real massless bosons

wT:4><m

1 o (5.2.3)
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The fluctuations in the internal bosonic directions (i.e., along the AdS3 x S') can be computed
the same way as in [21] by a method explained in 5.1.1. Starting from the Lagrangian 5.1.1 and
setting

iwrtimo . oY, einT 0 ro T Go + i F{
6X1 — "W +im (91 +Zf1)7 ((5Y(;) = ( 0 eiw7+ika) <T’(1) ,’,;) (G? +’LF2) (524)

06X, = eiw7—+imo(gl + ifl), oYy = BMT(GO + iFo), oY = €iWT+ikU(G1 + iFl) (525)

and solving the constraints 3.3.1 we find the final form for the Lagrangian

0L =

N =

To

(w2 = mas2 = 28 w2 = (2 4 62 - e
1 ;2 12 ;2 2 :, 2 2 1,2 1 2
+§ fl _fl _FO +F0 +F1 _F1 +7‘72G1 _7:72G1 (526)
0 0

+ Rt FyCh + B (G = wGh) = Gy <H;1F’0 —wh + kF1’>
0 0

Since k% = w? — k2 and v? = w? — m?, the first line can be written as
1 1
32 (g1 + f1) + 5% (- Fy = Go+ FE 4+ G =0 (5.2.7)

After rescaling Fy — iFy, Gy — roGyp we follow the procedure stated in the appendix. The
bosonic frequencies are the solutions to the equation

0=(n—w)(n+w)? ((w2 —n?)? 4 4r?kPw? —4(1 4 r]) (\/ K2 + k2w — kn)2> (5.2.8)

The first two factors correspond to massless modes which are canceled by the conformal ghost
contributions.

5.2.2 Fermionic part

We start by computing the vielbein, which can be written as
EM — diag(coshp, 1,sinh p,1,1,0,1,1,1,1) (5.2.9)

One of the components vanishes due to a metric singularity at v+ = 0. The non-vanishing
components of the Lorentz connection are (up to symmetry)

wyt =sinhp, wy?= —coshp, wi® =-1 (5.2.10)

After projecting onto the classical solution, we find for the vielbein

V= 1=m (5.2.11)

K cosh p, 672_ =wsinh7, et =uw, eg = ksinhp, e,

e T

and the Lorentz connection

01

r =

wsinhp, w!? = —wcoshp, wi?= —kcoshp (5.2.12)

w T

A further computation of the fermionic frequencies has been attempted, but failed due to the
large complexity of the resulting expression for det Dp. An extensive use of computer algebra
systems and simplifications did not solve the problem. More work and further simplifications are
needed, but would exceed the completion time of this thesis.
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5.3 AdSs x S* with St c T*

5.3.1 Bosonic part
From the S? directions, we get 3 free bosons with mass squared v? = Ay = J2 — m?,

WS = L (5.3.1)

"2k
The torus directions also decouple and contribute 4 massless bosons
T ||
=4 x — 5.3.2

For the internal AdS5 directions we use the same computation as in the previous case. Setting

6Y0 o e“” 0 o T1 GO + ZFO
6Y1 - O eiw7’+iko‘

™ To

and solving the constraints 3.3.1 we find the final form for the Lagrangian
1
sL=1 <_H2Fg +(w? = K2)(F2+ G2) — ;;,«RG%)
. . 1 . 1
+3 (—F02 N N Sy 72012 - 2G’12> (5.3.4)
0 0

+ Rt By + Fy (kG — wGh) — Gy <H:1F'O —wh + kF{)
0 0

Similarly to the S' C 52 case, the first line can be written as

5/@'2(—F02 ~-Ge+FE+GH =0

(5.3.5)

After rescaling Fy — iFy, G — roGy1 we follow the procedure stated at the beginning of this
chapter. The bosonic frequencies are the solutions to the equation

0=(n—w)(n+w) ((wQ—n

22 4 4r2420° —

2
401 +12) (\//# k2w — kn) ) (5.3.6)
ghosts.

The massless modes originating from the first two factors are again canceled by the conformal
5.3.2 Fermionic part
We start by computing the vielbein, which can be written as

EM — diag(cosh p, 1,sinh p,1,1,0,1,1,1,1)

(5.3.7)
One of the components vanishes due to a metric singularity at v+ = 0. The non-vanishing
components of the Lorentz connection are (up to symmetry)
wit =sinhp, wi?= —coshp, wd =-1

(5.3.8)
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After projecting onto the classical solution, we find for the vielbein

0

F =

S —w, €2 =ksinhp, e =m (5.3.9)

e =kcoshp, e =wsinhr, €&

and the Lorentz connection

W = gsinhp, w!? = —wecoshp, w!?= —kcoshp (5.3.10)

T (e

As in the S! C §3 case, a computation of the fermionic frequencies has been attempted without
success. The expression obtained for det Dp is slightly simpler than in the previous case, but
still too complex to solve it before this thesis has to be finished.

54 RxS?

5.4.1 Bosonic part

Once again, we start from the fluctuation Lagrangian obtained by replacing X, — X, + 0.X,.
The torus directions contribute 4 massless bosons

T n|
=4 x — 5.4.1
Wl =4x o (5.4.1)

Y; decouples and yields 2 massive bosons with mass squared k% = A1:

ws = i\/ n? + k2 (5.4.2)

2K

For the internal bosonic directions, we set

0X1\ _ wr (cosko —sinko\ (g1 +if1  inr .
(5X2> =e (sin ko cos ko ) <g2 1 if2 , 0Yg=e (GO + ZF()) (543)

The constraints imply

f=Go=0 (5.4.4)
Plugging this in, we end up with the Lagrangian
1
oL =5 ((w? = K*)(f} + f3 + 63) — K°F7)
1 2 ;2 . )
+3 (f1 — P — R —Fy + F62) (5.4.5)

+ fo(kf] — wga) — kfi fo + wga f
The first line can be written as
1
SR+l + 3+ 93— Ff —Gj) =0 (5.4.6)

After rescaling Fy — iFy we can apply the procedure from 5.1.1 and find the bosonic frequencies
as solutions of the equation

0=(n—-w)’*(n+w)?(w"—2(n*+20*)w® +n* — 4k*n?) (5.4.7)

As in the previous cases, the contributions from the first two factors are canceled by the conformal
ghost contributions.
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5.4.2 Fermionic part

We start by computing the vielbein, which can be written as
EM — diag(1,1,0,1, cos(ko),sin(ko),1,1,1,1) (5.4.8)

The vanishing component is due to a metric singularity at p = 0 (the center of AdSs), but it
will not have any impact on the following computation. The non-vanishing components of the
Lorentz connection are (up to symmetry)

wy? =1, wi*=sin(ko), w® = —-cos(ko) (5.4.9)
After projecting onto the classical solution, we find for the vielbein

el =k, el=wcos(ko), e =wsin(ko), €=k (5.4.10)

T T = g
and the Lorentz connection

31 = wsin(ko), w? = —wcos(ko) (5.4.11)

w T

The operator Dr computed using these coefficients is given by

1k ik
DF == iﬁwl—‘o - % COS(kO’)F01234 — % Sin(ko’)l—‘01235 + % sin(ka)I‘034 - % COS(kU)Fogs

ikk w?

+ 71"123 — iknl's + 71—‘345 + iww cos(ko )Ty + iww sin(ko)T's

(5.4.12)

The o dependence can be eliminated by performing a rotation in the 45-plane. Replacing

1
Dp — S 'DpS, S =exp (—2kar45) (5.4.13)
we end up with
. tkw WK 1kk ) w? .

Dr = ikwl'y — TF01234 — 71_‘035 + 71—‘123 —thknl's + 71—‘345 + jwwl'y (5.4.14)

A possible choice for a maximal subset of mutually commuting combinations of gamma matrices
that commute with Dp is given by I'15, g7, I'sg. Since the gamma matrices I'g, I'7, ', I'g do not
contribute to Dp, we can restrict ourselves to a representation of the first 6 gamma matrices.
Then the determinant of D is found to be

8

det Dp = 2% (K" =4 (K = 6n% + 20%) K2 + 4 (2 — 20 + 2w2)2)2 (5.4.15)

The fermionic frequencies are the roots of this determinant. We see that

1
w= 15\/72142 +4n2 + K2 £ dink (5.4.16)

In addition, there are four free fermions from the T* component of the superspace. Thus the
sum of the fermionic frequencies (weighted with appropriate signs) is given by

wh = —4n -2 (\/—2k2 +4n2 + k2 — dink + \/—2k:2 +4n2 + k2 + 4i7m>

:—4n—2<\/j2—k2+4n(n—i\/m)+\/J2—k2+4n(n+i j2+k2)>

(5.4.17)
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5.4.3 Large 1/J expansion

It is now straight forward to obtain the A’ expansion of the one-loop energy shift

0FE =0Ey +2 Z Wi +wl +wddS 4 oF (5.4.18)

n=1

e Analytic terms O(ﬁ) (via zeta-function regularization): first expand in %, and then
zeta-function regularize the sums at each order. See [23].

e Non-analytic terms O(ﬁ) integral approximation. See [24, 25, 20].

e Exponential terms e7 [20]

Given the above results for the fluctuation frequencies at one-loop we obtain

(5E=5E0+Zw2050nic+w5

n=1

:Z(z T2 + k2 + n2

n=1

(5.4.19)

+ \/2J2 +n2 =2/ T+ (T2 + k) n? + \/272 +n2 42/ T+ (J? + k?) n?
- 2\/J2 — k2 + 4n (n—i\/jQ +k2) - 2\/j2 — k2 + 4n (n—l—i\/jQ +k2)>

This sum in particular converges as the summand is order O(%) for large n.
We wish to evaluate this in the large J expansion, in particular, in order to compare to the
AdS5 x S5 case and also possibly to a quantum string Bethe ansatz. We shall present the

evaluation by computing the analytic terms via zeta-function regularization.

5.4.4 Analytic Terms

The analytic terms which come in a power series expansion in % are obtained by expanding the

summand naively in L and then summing at each order in % We get for the non-zero modes

J
O |non—seromodes = 3 % (6K — 200”4 n/n? — 452 %
+y é (21# —194n%k? + 765n* — n® \/W) %
+ %6 (6k° — 474n?k* + 6403n*k* — 18420° + n®/n? — 44 (n® — 1)) %

wo(z)

(5.4.20)
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As in the AdSs x S° case, the partial sums at each order diverge and we can evaluate them
formally by (-function evaluation. Let us denote the energies at each order in ﬁ by E®).

At order % the sums have asymptotics —14n? + 2k? + O(-5). Zeta function regularization
means that the following definition of the sums via the Riemann (-function are used

1
=3~ (5.4.21)
n=1
Furthermore B
m+1

-m) = ———— N. 5.4.22
(-my=-Dm e (5.4.22)

In particular, ((0) = —3 and for all even m the terms vanish.

Thus by zeta-function regularization at order % we need to subtract —14n2 + 2k2 and add
—1(2k?). Then

SE® = % (n\/ n? —4k? — n2) . (5.4.23)

Likewise
SEW =

(—4k4 — 22k + n? (n —/n? - 4k2)> : (5.4.24)

1
8
and

SE® = %6 (362 = n® 4 n®V/n? = 4k2 (n? — 1) ) . (5.4.25)

5.4.5 Discussion

We see that the quantum corrections that have been obtained in our computation have a form
which is similar to the quantum corrections in the AdSs x S® case. [26] The difference in the
analytic terms reflects the fact that the quantum corrections are influenced not only by the
classical string trajectory, but receive contributions from the whole supergeometry of the string
background. More work is required to compute the non-analytic and exponential terms.



6. CONCLUSION

In this work we have shown that the AdSs x S® x T* superstring with RR flux is a classically
integrable model. We have shown that an infinite set of conserved charges exists and computed
the conserved charges in different bases of the symmetry superalgebra.

We have furthermore constructed several spinning string solutions and computed their energies at
the classical level and quantum corrections at one-loop order. We have seen that the divergent
terms in the bosonic and fermionic contributions to the quantum corrections cancel, as one
would expect from a supersymmetric model. We have then computed the analytic terms of the
% expansion. From this derivation we have seen that the results are have a similar structure as

those obtained for spinning strings in AdS5 x S°.

During this work, an extensive use of Mathematica has shown to be useful. Two Mathematica
packages have been developed for algebraic simplifications and applied to the computations done
in this work. The Grassmann package helps in dealing with Grassmann algebras and in con-
structing representations of superalgebras. The Clifford package performs various simplifications
in Clifford algebras and utilizes a simple, but fast algorithm to compute products and inverses
of Clifford algebra elements.

There are various possibilities for further studies:

e Asin the AdSs x S° case, the spectrum may be computed using a string Bethe ansatz and
compared to the result obtained by explicit one-loop calculations. [23, 27] This gives us the
possibility to test whether the Bethe ansatz is valid for the computation of string spectra
and may give some hints on how the different backgrounds influence the structure of the

quantum corrections.
e The origin of analytic, non-analytic and exponential terms in the % expansion may be

analyzed in more detail. [20]

e The effects of zeta-function regularization on the evaluation of quantum corrections to
spinning strings may be discussed as it has been done in the case of AdS5 x S°. [27]

e Exact expressions for the quantum corrections may be computed as in [26].

e The AdSs x S* solutions may be examined in more detail, as it has already be done for
the R x S2 solution.



APPENDIX



A. CONVENTIONS AND NOTATION

A.1 Coordinate indices

We use the following convention for the indices:

a,b,...=1,2, AdSs3 tangent space indices
a,b,...=1,2".3 S3 tangent space indices
a, IN), ...=1,2,3,4 T* tangent space indices
a,b,...=1,2,3,1,2,3 AdS; x S3 tangent space indices
A A, A, A same as above for labeling vielbeins
m,n,...=1,2,3,1,2/.3,1,2,3,4 AdSs x S x T* tangent space indices
M,N,... AdS; x S x T* vielbein indices
P,Q,...=0,1,2,3 R > AdS3 coordinate indices
p,q,...=0,1 RY 5 AdS3 coordinate indices (complexified)
S, T,...=1,2,3,4 R*> S coordinate indices
s,t,...=1,2 R*>D 3 coordinate indices (complexified)
v, W, =1,2,3,4 T* coordinate indices
i,7,...=0,1,2,3  SO(2,2) vector indices
i'y3',...=0,1,2.3 SO(4) vector indices
I1,J,...=1,2 labels the two sets of spinors
Ly V, = 71,0 world sheet coordinates

A.2 Convention for gamma matrices

The gamma matrices of the 6-dimensional Clifford algebra used in this thesis can be written as

=021y @0t
VP =1y ® 0% @ o2

(A.2.1a)
(A.2.1b)

M=ol @1y @0t
=1, 002 @0

Y =ied @1, @0t
VB =180 @2

From these, the 10-dimensional gamma matrices are obtained by defining I'4 = 44 ® 14, r4 =

fyA, ® 14 and
i1
Fﬁ = ]14 X o3 X (%2 _(])12> F7 = ]14 X o3 X (_?0_1 Z% > (A22)
- 92 ;-3
FS = ]14 X o3 X (30_2 Zg ) 1—\9 = ]14 X o3 X (?03 Z% ) (A23)



B. BASES OF PSU(1,1|2) x PSU(1,1|2)

B.1 'The canonical basis
The most obvious way to construct the symmetry algebra is to start with the purely bosonic
symmetry algebra of AdSs x S3, which is 50(2,2) x s0(4). The generators of this algebra are
Panabapa'7Ja’b’ (Bll)

where a,b = 1,2,3 and o/,b = 1’,2/,3’. Their commutation relations can be put in a simple
form by defining

Moo = P, Map = Jab, Moo = P, Moy = Jarw (B12)

This allows us to write
[M;;, Myi] = nju My + na M, — My — 11 Mg (B.1.3a)
[Mrjr, M) = 6k Minr + Girer Mijrgr — Girgr Mjrr — 6 Miyrr (B.1.3b)

where n = (— + +—). To incorporate the superspace coordinates into this algebra, we need to
add 16 supersymmetry generators Qrqoos and Qraar, I = 1,2, a = 1,2, o’ = 1,2. The remaining
(anti)commutation relations are

[Pa, Q1] = *%QJ'Y(LQJ [P, Q1] = %EIJ'Ya/QJ (B.1.4a)
[Jab, Q1] = *%’Yab@l Jarv, Q1] = *%’Ya/b/QI (B.1.4Db)
[P Q1] = 5Qsesra [P, Q1) =~ Querto (B.1.4¢)
[ Q1) = 5@ Q1] = 2@ (B.1.4d)
and finally
{Q1,Q} =201, (iPa’Ya - Pa"ya/> + ey (Jab’yab - Ja/b/’yalb,) (B.1.4e)

The gamma matrices are defined as
A =ig? 42 = ol 4% = 02,71’ _ 01772' _ J2’73’ — 53 (B.1.5)
We see that G respects a Z4 grading, i.e.
G=Go+G1+G2+Gs (B.1.6)

and
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for m,n € Z4. Here [.,.} denotes the anticommutator between two fermionic operators and the
commutator otherwise. We find that

Ja/b’v Jab S g07 Qlaa’7 Qlaa’ S gh Pav Pa’ S g27 QQaaH Q2o¢a’ S gS (Blg)

B.2 The covariant basis

Since 50(2,2) = su(1,1) x su(1,1) and so(4) = su(2) x su(2), it is possible to choose a basis in
which the factor algebras are evident. Let m®;,m®;, o, = 1,2 and m® ﬁ,,ﬁl 'ﬁ” o, B =12
denote the two sets of su(1, 1) and su(2) generators, respectively. They satisfy the commutation
relations

(~) () ' o ()~

(~ (~) (~) / ! (~)
[m®g,m7s] = %m s —0sm’g [mo‘ g m! } Spm® 5 — 5 m 5 (B.2.1)

The 16 supercharges are denoted ¢/, qg/, qs, qg’ and satisfy

( ~ I NN Mol !~ (~)my?
[ma@ qv} = —054) + 50547 [W o q,y] 52 ~ 755, 77 (B.2.2)
e 3] = s+ e e, ) =839 — Leag (B.2.3)
gy | = =05 ah + 505 a7 64| =345 — 50547 2.
as well as ) /
{95,305, } = =iog i, + o’ ) (B.2.4)

The sign is conventional and will be chosen differently for m, ¢ and m, q. [18]

B.3 The light cone basis

The generators in the light cone basis are the translations Pj[, conformal boosts K*, Lorentz
rotation JT~, dilatation D, R-symmetry generators J'; and J*;, Poincare algebra supercharges
Q*" and conformal algebra supercharges S*¢. Their Hermitian conjugates are given by

prl = p* gt =gt K+ = g+ Df=-D (B.3.1a)

Q' — g* sHit = gF g =7, =7, (B.3.1b)

For the bosonic generators we have

[PE,KF|=DFJt" (B.3.2a)
[D, P%] = —pP* [J*t=, P¥] = +P* (B.3.2b)
[D,K*] = K* [Jt7, K*] = £K* (B.3.2¢)

[T, g% = ok, — i gk, [jij, j’z] — sk, — 5T, (B.3.2d)
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Under conformal symmetry transformations, the fermionic generators transform as

D.QF] = —0F [D,5%] = 557 (B.3.2¢)
Q) = =50} (747, 5%] = £ (B3.21)
(ST, P¥] = Qf [QF K*] = 5 (B.3.2g)
The R-symmetry generators act as
1. . 1.
[J,Q7F] = — 5" [T, Q] = —01.Q; +05Q;, (B.3.2h)
2 2
. ) 1 ..
[J;, ST =gk st — %5;5“c [7': S8 ] = —0uSf + 5858¢ (B.3.2i)
1 . ~. 1., .
[ +ﬂ = OhQ — ZoiQ " [Jg,@ ] = —51Q} + 55! (B.3.2j)
1., S P B
[, 87F] = dhs = Sois™ [T 87 | = =018 + 5035 (B.3.2k)
Finally, the supersymmetry generators satisfy
{@7.Q7} = =P (@57} = 3 - Dy - T, (B:3.2])
{8*,5F} = £K*5! {7, 8} = %(ﬁ* + D)§i + J'; (B.3.2m)

All other (anti)commutators vanish. In this representation the Z4 grading can also be seen quite
easily. Using the notation

Go = H, G =: 9, Gz =P, Gz =S (B.3.3)
we find that

D, Jt7, 04,0 €N, P K* P, QT eQ, St es. (B.3.4)



C. CONSTRUCTION OF INVARIANT CHARGES

C.1 Derivation of Maurer-Cartan equations

In the following derivation of nonlocal charges the light cone basis defined in B.3 will be used.
Let G denote the Lie supergroup of G and g(z) a field taking values in G. From the Lagrangian
L o Tr(0;9g710%g) we obtain a global left and right multiplication symmetry. The conserved
currents corresponding to left and right multiplication [19]

j=—(99)g7" J=—g"'0g (C.1.1)
take values in G. Writing them as one-forms, we see that
dj +jANj=dJ —JANJT =0 (C.1.2)

We can make use of the Z, grading to write

J=H+P+Q+S (C.1.3)
where
H=LpD+ L TJ" +LL,J, +L',J7, (C.1.4a)
P=LpPT+LEP  + LK™+ LK™ (C.1.4b)
Q=Ly'Qf + Lg,Q"" + L§Q; + LH,Q™ (C.1L4c)
S=Lg'SH+Lg St + LES; + 1§87 (C.1.4d)

and the L’s are Cartan 1-forms. As we have already seen, the curl dJ = J A J also decomposes
according to the Z, grading. This simplifies the computation of the Maurer-Cartan equations.
Using

HANH=—-L} ANL* 07+ (7)) (C.1.5a)

PANP=LANLL(D—J" )+ LEAL(D+JT7) (C.1.5b)

—i 1 - i §j - (L e i Fi
QAS+SAQ=Lg AL, <2(J+ D)(SZ?JJi)JrLQi/\LJS” (2(J+ D)ajjj>

i - 1 - j j —i (1 - i i
+ LY A Lg; (—2(J+ + D)d? +in) + L5 AL’ (2(,]+ + D)6} +Jj>
(C.1.5¢)
HANP+PANH=—-LpANLpPt —LpANLEP  +Lp ANLgK" + Lp ALLK™

C.1.5d
+ L T ALGPT — L " ALEP  + L P ALKt —L T ALLK™ ( )
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N S - p+ +i + p—
QAQ=Lgy' NLg, Pt — LY NLE,P
SANS=Lg"NLgK* — L ANLE K™
1 1 R ,
= e -+ —t i —J +
H/\Q+QAH_<—2LDALQ +5L AL —Lj/\LQ)QZ.
N I N P R Qt
2 D Qi "9 Qi i Qj
+ NSy N P S LAk Q;
oD Nl T35 Q PN ) i
+ Y ALY flL’+/\L+ + LI, AL ) Q7
9D i Qi i Qj
PANS+SAP=-LH ANLg'Q; +LEANLG;Q " — Lp ALY'QF + Ly ALE,QT
1 1 ) , »
H/\S-l—S/\HZ(QLD/\LSZ—i—2L_+/\LSZ—LZJ-/\LS]>S;F
o ALs 4 Lt AL+ 1, ALg, ) S
tlglo ALt ANLg;+ L% A Lg;
lL LT 1L7+ Ly _ ¢ L+j S-
t{5lpALs' —35 ANLg =L NLg™ | 5;
Lo nLt i ant 4 BioaLt ) 5
tgloAlsi—3 ANLgy+ L7 N Lg;
PAQ+QAP=—Lj ALG'S; + L NLG,S™ = Lig ALE'ST + Ly AL, ST

(C.1.5¢)
(C.1.5)

(C.1.5g)

(C.1.5h)

(C.1.51)

(C.1.5)
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we can easily deduce the Maurer-Cartan equations

1 . ) . .
dLp =Lp AL+ LEANLy + 5(—Lgz ALgi+ L NLg'+ L AL, — L, ALEY)

(C.1.6a)

1 . ) . )
—LpANLE+LEANLy, + 5(—Lg ANLgi+LE; NLg' — Lo AL + Lo, ALEY)

(C.1.6b)
—L'y ALY + LY AN Lg; + L5, A LG (C.1.6¢)
—L ALK - LG NLE — L, ALY (C.1.6d)
~Lp AL FL T AL FLE ALS, (C.1.6e)
LpANLeFL P"ALEFLEANLE, (C.1.6f)
1 - —i _ Fi —J - i
5(—LD+L AL =Ly ALy = Lp ANLE (C.1.6g)
1 _ R e o
5(—LDJrL FYANLg + L ANLg; + Lp A LE, (C.1.6h)
1 B ; ) ) i )
5(=Lp—L ALY — LY ALY — LEA L (C.1.61)
1 .
5(=Lp —L™YYANLE + L NLG + LEA L, (C.1.6)
1 . , ,
5 (Lo + L™)ANLg" =L ALy — L ALY (C.1.6k)
1 ,
5(Lp +L ) ANLg+ L7, ANLg; + L NLE, (C.1.61)
1 - i_ Fi j —i
5(Lp =L YANLE L ALY - L AL (C.1.6m)
1 .
S(Lp— LY ANLE+ L, NLE + L A Lg, (C.1.6n)

2

C.2 Variation of Cartan 1-forms

In order to obtain the conserved charges and the equations of motion, we need to compute the
variation of the Cartan 1-forms given above under right multiplication. Let ¢’ = g(1 + w) and
J' = —g¢'~1dg’. Then we have

§J=—g'"""dg +g ' dg
—1+w) g d(g(l+w)) +g " dg
=—(1-w)g (dg(l+w)+gdw)+g 'dg

C.2.1
=wg ldg —¢g 'dgw— dw ( )
=—dw — [g_l dg ,w]
=—dw + [J,w]
For an explicit computation, we use the expansion
w=wpD+w I 4w+ 04T 4 wp Pt wpPT +wp KT+ wi KT (€22)

+ w5 QF + w5 QT + W QT +whQ T+ ws' S w5 ST+ WS + Wl ST
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From this we obtain

§J = —dw — (Lpwp — Lpwp)P" — (Lpwh — Lpwp)P~ + (Lpwy — Lgwp)K+ + (Lpwy; — Lj:wp)K ™~

— % ((LD%—; — Lg'wp)Qf + (Lpw' — L'wp)Q; + (Lpwg; — Lowp)@Y + (Lpwl,; — LgiwD)Q_i)

+ ; ((LDwgi — Lg'wp)S; + (Lpwd' — LE'wp)S; + (Lpwg; — Lg,wp)ST + (Lpwd; — Liwp)S™")

+ (L wp — L;‘»uf*)P+ — (L™ wp = Lpw™ )P~ + (L wy = Lgw™ N)E T — (L wy — Ljw™ K~

+ % ((L Tog' = L'w ™ NQF — (LT Fwd' = Lw™h)Q7 + (L FTwg, — Lgw HQY — (L7 7w, —%w‘*)@‘i)
+ ; (L twg" = Lg'w™ )8 — (L™ wi’ — LE'w )8, + (L Twg; — Lgw™ 1S — (L™ Twd, — LE,w™ )87

+ Ljiwlk((ﬂ“f —6jJ%) + L& (57?ji —51T%)

+ (L wipy — L) ( ) + (L wi" — L)) <— KQ5 + ;5;'@1;)

+ (L wg, — Lgiw?;) (5 St 5ls+’“> + (Lwg® — Lg*wi)) (—5;;5; + ;5;15;)

- o ’ 1,
+ (L wgy, — Lgp@s) (5’“@“ — 5ZQ+’“) + (Lwg* — Lg ) <— LT+ 5jQ;>

+ (L wi, — LE,&) (5’“si - 5;1Sk> + (L wi* Lgkaﬂ'i)( 5195 + 51 )

+(Lpwi — Lwp)(D = J*7) + (LPWK Lgwp)(D+J*7)
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— (Lgwg” + Ly’ wg) PHol + (Lbwe + Ly wh,) P~0h — (Lgwg? + Lg'wg ) K68 + (LEwd’ + L wd,) K0

- i i 1 - i i
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(C.2.3)

This can be decomposed into

6Lp = —dwp + Lpwj — Liwp + Liwyg — Lpwh
1 . . . iy iy

+ 3 (Léiw? + Lglwéi - Lgiwgl - Lszwgi — LQ’wgi - LSsz + L+ wg,; + LSZwQ )

(C.2.4a)
LT =—dw T — Lpwk + Liwp + Liwg — Lyw)

+ 9 ( LQW? - Lg’wéi - chiwgl - L?w?ﬁ + Lé’w; + Lgiwc? + chlwgi + LEMS’)
(C.2.4b)
SL'; = —dw'; + LFju'y — Ly — Lyws' — Lg'wd; — Lwg; — Lgw’ (C.2.4c)

SL'; = —da'; + LF,0'y — Lha*; + Lgwi’ + LE'wg, + Lg'wd, + Liwg’ (C.2.44)
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6Ly = —dw} — Lpwp + Lywp F L™ twp + Lyw™ " + Lwy' + Lj'w, (C.2.4e)
0L% = —dwi + Lpwi — Liwp F L‘*wK + LEw T + LEwE + LW, (C.2.4f)
—i —i 1 - —i e Fi o —j —j ~i - i -
0Ly' = —dwg' + 5((L t— Lp)wg' — L (w™t —wp)) — LYjwy’ + Ly’ @'y — Lpwd' + L'wp
| (C.2.4g)
0Lg; = —dwg; + 5((L77 = Lp)wg; = Lgy(w™" —wp)) + Lwg; — Lo;@; + Lpwg, — Lwp
(C.2.4h)
SLE = —dw’ + +5((=L7 T —Lp)wh' — L (—w T —wp)) — LY jwl’ + LY W' — Liwg' + Lg'w}
(C.2.4i)

1 » _
6L5i = fdwgi +§((7L*+7LD)le L+ J(—w +wa))+LJinJ LJr W +LPwSZ LSiw;
X (C.2.4j)
SLg' = —dwg® + 5((L*+ +Lp)wg' — Lg'(w™t +wp)) — LLwg? + LFw'; — Lgwl + Ly wy
) (C.2.4k)
§Lg; = —dw§i+§((L"L+LD)w§i—L§i(w’++wD))+Ljiw§j Ly i+ Lgwh,—Lbwi (C.2.41)

) 1 ) ) . ) o . )
OLG = —dwi' + S ((-L7" + Lp)wd’ = L (—w™" +wp)) = Ljwg” + L§'0 — Ljwg' + Lg'wi
(C.2.4m)

1 - ‘

SLE = —dwd; + (( L™+ Lp)wg; — L (—w™ " +wp)) + L]iw;rj - nga;]i + LJf{“’E)i - Léi“’?{
(C.2.4n)

C.3 Supersymmetric string action

The Lagrangian consists of a kinetic term and a Wess-Zumino term, which can be written as

1 vitata ! !
»Ckin = _5\/.69“ (L,LLLU + LDILLDV + Ll[? L;jl ) (C3la)
Lwz = —%6””[/5;661‘]‘[/5{, +h.c. (C.3.1b)

where

i 1 ’ N . .
L= L — 5L, LAY = —(c™) — ) (C.3.2)
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. , N
and ce;; is a charge conjugation matrix with |¢| = 1. Let crzjkl = (o4 )Zj(aA ) ;- The variation
of this Lagrangian is given by
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(C.3.3a)



C. Construction of invariant charges 46
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(C.3.3b)

The total derivatives can be neglected since they do not contribute to the action S = [ d%c L.
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C.4 Equations of Motion

The equations of motion can be obtained from the requirement that the action is stationary,
0S5 =0 for any w. It is convenient to write the variation of the Lagrangian as

0L = total derivative
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We find that
v fata i v i r—J )
0= V59" (VuLoy + LL) + e (ccssLiplah — ¢ LG, L0,,) (C.4.22)
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i N , ) Lo ii 1, - _
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v i . N ! j i v * _ij —
0= 7\fg“ (LiLsh+ Loy, +i(e™) L LE)) + N (C.4.2m)
0= 7\fg'””( L — Loulgy — (o) 1815, ) + %e‘“’ceijL L (C.4.2n)
0= jfgﬁw (L Lt + LouLg) — i )L Lgl) + ﬁe‘“’ €iLp, L5, (C.4.20)



D. MATHEMATICA PACKAGES

Two Mathematica packages have been written for and used in this thesis for algebraic simplifi-
cation purposes.

D.1 Grassmann.m

The Grassmann package helps in dealing with Grassmann algebras. A Grassmann algebra with
n generators 01,...,0, is spanned by the elements 1,6;,0,0;,...,0:0>...0, with 0,0, = —0,0;
and has dimension 2". Each element a can be written as a sum

a= > adbfos.. .0 (D.1.1)

ec{0,1}n

It is represented in Mathematica using the function GA, which makes use of the basis mentioned
above. The argument of GA is a nested list, containing the coefficients a. according to the
following scheme:

n ‘ a

1 GA[{ag, a1}]

2 GA{{aoo, aor}, {aio, a11}}]
3

GA[{{{aooo, @001}, {ao10, ao11}}, {{a100, @101}, {a110, a111}}}]

To avoid this cumbersome notation when entering Grassmann elements, the function Theta can
be used. Thetal[n] evaluates to the basis element 6,. The Grassmann product between to
elements a,b is entered as a ** b or NonCommutativeMultiply[a, b]. Grassmann elements
are displayed in their basis expansion in canonical order. For example,

In[1] := 1 + Thetal[1l] + 2 Theta[2] ** Thetal1]
Outl1] =1 + 61 - 2 01 *x 0,

Powers of Grassmann elements can be entered as a = n or Power[a, n]. Power([a, -1] com-
putes the inverse of a. Note that a is invertible iff ag.. g # 0. There are two functions for division
of Grassmann elements: b / a yields the right division ba~!, while a \ b computes the left
division a~'b. Some other mathematical functions (exponential, logarithm, trigonometric and
hyperbolic functions and their inverses) are defined via their power series expansion.

SN -
The left and right derivatives %ﬂa and a%ﬂ are entered as GADL[a, n] and GADR[a, n], re-
spectively. Repeated derivatives are entered as
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_—
o 0
" 00y, 00,
—
g 0
a&?m 0,

a <+ GADL[a, {ni, ng, ...}]

<~ GADR[a, {ni, no, ...}]

Note that the derivatives are applied in the same order as they are put inside the function call.

The package also supports handling Grassmann valued matrices. The ordinary dot product
Dot [M, N] is replaced by GADot[M, N] and uses the Grassmann product. Matrix powers and
inverses are computed using GAMatrixPower [M, n] and GAInverse[M].

D.2 C(Clifford.m

The clifford algebra Cl, ) has p + g generators I'y, ..., ', 441, which satisfy

Fifj + F]Pl = 277ij (D21)
where 7 is diagonal with the first p entries -1 and the last ¢ entries +1. Explicitly, one finds
-0 ifi#j
1 ifi=5>p
A common basis is given by the 2P19 elements 1,0y, Ty =150y, Tor. = Tol' ... Tpqgt-
Any Clifford element ¢ can thus be expressed as
c= > eRTY . T (D.2.3)
ec{0,1}pr+a

In Mathematica, Clifford elements are expressed using the function CA. The element ¢ € Cl,
is represented by

CAlp, q, {..{{{c00...00, c00..01}, {coo..10, coo..113}, ... }...}]

The basis element I';,;,..;, can be entered as Cliff[p, q, {é1, %2, ..., i,}]. The Clifford
product of two elements a, b is computed by entering a ** b or NonCommutativeMultiply[a,
b]. Clifford elements are always displayed in their standard basis expansion. For example,

In[1] := (Cliff([0, 2, {1}] + Cliff[0, 2, {2}]) *x Cliff[0, 2, {1}]
Out[1] :=1 - Ty

Any Clifford algebra is equipped with a set of (anti)automorphisms, which are also implemented
in the Mathematica package. The following table lists their usage.

(Anti)automorphism | Notation | Mathematica function
Involution a(x) CAAlpha[x]

Transpose xt CATranspose [x]
Conjugate z CAConjugate [x]
Adjoint xf CAAdjoint [x]

Inverse r1 CAInverse[x]

The inverse can also be entered as Power [x, -1]. Powers are entered as Power [x, n]. The left
and right division a='b and ba~! are written as a \ band b / a, respectively.
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D.3 Listings

D.3.1 Grassmann.m

(*

Grassmann.m

Package Algebra‘Grassmann®

Functions for dealing with Grassmann-Algebras
*)

BeginPackage ["Algebra‘Grassmann‘"] ;

GA::usage = "GA[elements] represents a Grassmann number using the standard expansion
A"\ (\[Theta] = a + a\_1\[Thetal\_1 + a\_2\[Thetal\_2 + a\_\(12\)\[Theta]\_1 *x
\[Thetal\_2 + \[Ellipsis]\)";

Theta::usage = "Theta[i] represents the Grassmann basis element \(\[Theta]\_i\).";
\[Theta] : :usage = "Grassmann basis element \(\[Thetal\_i\)";

GADL::usage = "GADL[f, n] is the left derivative \!\(\(\[PartialD] \/
\(\[PartialD] \[Theta]\_n\)\) \& \[RightVector] f\)\n
\I\(GADL[f, {n\_1, n\_2, \[Ellipsis]}]\) is the repeated left derivative
\VIN(\[Ellipsis] \(\[PartialD] \/ \(\[PartialD] \[Thetal\_\(\_2\)\V\) \&
\[RightVector] \(\[PartialD] \/ \(\[PartialD] \[Thetal\_\(a\_1\)\)\) \&
\[RightVector] £f\)"

GADR: :usage = "GADR[f, n] is the right derivative \!\(f \(\[PartialD] \/
\(\[PartialD] \[Thetal\_n\)\) \& \[LeftVector]\)\n
\I\N(GADR[f, {n\_1, n\_2, \[Ellipsis]}]\) is the repeated right derivative
AN\ (E \(\[PartialD] \/ \(\[PartialD] \[Thetal\_\(@\_1\)\)\) \& \[LeftVector]
\(\[PartialD] \/ \(\[PartialD] \[Thetal\_\(n\_2\)\)\) \& \[LeftVector]
\[Ellipsis]\)"

GADot::usage = "\!\(GADot[m\_1, m\_2, \[Ellipsis]]\) computes the dot product of
Grassmann valued matrizes."

GAMatrixPower::usage = "GAMatrixPower[m, n] computes the n’th matrix power
\'\(@\"n\) of a Grassmann valued matrix m."

GAInverse::usage = "GAInverse[m] computes the inverse of a Grassmann valued matrix m."
Begin["‘Private‘"];
(* A TensorRank[] that counts only lists. *)

garank[x_] := If[Head[x] === List, TensorRank[x], 0];
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(* Test whether x is a full tensor with two elements at each level.*)

gatest[x_] := Or[Head[x] =!= List, And[Length[x] == 2,
garank[x[[1]]] == garank[x[[2]]], @gatest[x[[1]1]], gatest[x[[2]1]111]1;

(* Generate a full tensor of rank n with zero entries. *)
zero[n_Integer /; n >= 0] := Table Q@ Join[{0}, Table[{2}, {n}]];
(¥ The n’th Grassmann basis element. *)

Theta[n_Integer /; n > 0] := Module[{t}, t = zero[n];
Part[t, Sequence @@ Table[1l, {n - 1}], 2] = 1; GA[t]];

(* Append one level with zeros to a full tensor. *)
expandl[x_ /; gatest[x]] := If([Head[x] === List, Map[{#, 0}&, x, {garank[x]}], {x, 0}];
(* Append the number of levels that are necessary to form a tensor of rank n. *)

expand[x_ /; gatest[x], n_Integer] := If[n > garank[x],
Nest [expandl, x, n - garank[x]], x];

(* Remove one level of zeros. *)

reducel[x_ /; gatest[x]] := Map[#[[1]1]&, x, {garank[x] - 1}];

(* Remove all levels that contain only zeros. *)

reduce[x_ /; gatest[x]] := Module[{n}, If[Head[x] === List, n = garank[x];
If[And @@ ((# === 0)& /@ Flatten[{Map[#[[2]11&, x, {n - 1}1}1),
reduce[reducel[x]], x], x]1];

(* Replace all Grassmann elements by their first element. *)

numpart[x_] := x /. GA -> (Part[#, Sequence @@ Table[l, {garank[#]}]]1&);

(* The sum is computed for each component. *)

GA /: GA[x_ /; gatest[x]] + GAly_ /; gatest[y]l] := Module[{n},
n = Max[garank([x], garank[yl];
GA[reduce[expand[x, n] + expandl[y, nlll];

(* This allows adding an ordinary number to a Grassmann element. *)

GA /: GA[x_ /; gatest[x]] + y_ /; And[Head[y] =!= List, Head[y] =!= GA] :=
GA[x] + GAlyl;
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(* The product formula uses the fact that 60;0; = —0;0;. *)

GA /: GA[x_ /; gatest[x]] *»* GA[y_ /; gatest[yl] := Module[{n, pl, x2, y2, t, i, j},
n = Max[garank([x], garank[y]]; =x2 = expand[x, n]; y2 = expand[y, n];
pl = Position[x2, _, {n}, Heads -> Falsel]; t = zerol[n];
Do[If[And @@ ((# < 4)& /@ (pll[il]l + pl[[311)),
Part[t, Sequence @@ (pl[[i]] + pl[[jl] - 1] +=
Signature[Join[Position[pl[[i]], 2], Position[pl[[j]1], 2111 =*
Part[x2, Sequence @@ pl[[i]]] * Part[y2, Sequence @@ pl[[j]]1]],
{i, 1, Lengthl[pll}, {j, 1, Lengthl[plll}];
GA[reduce([t]]];

(* The following three definitions allow multiplication with ordinary numbers. *)

GA /: GA[x_ /; gatest[x]] y_ /; And[Head[y] =!= List, Head[y] =!= GA] := GA[x y];
GA /: GA[x_ /; gatest[x]] **x y_ /; And[Head[y] =!= List, Head[y] =!= GA] := GA[x yIl;
GA /: y_ **x GA[x_ /; gatest[x]] /; And[Head[y] =!= List, Head[y] =!= GA] := GA[x y];

(* We also give a definition for the Grassmann product if both factors are numbers. *)

Unprotect [NonCommutativeMultiply];

NonCommutativeMultiply[x_ /; And[Head[x] =!= List, Head[x] =!= GA,
IMatchQ[x, Subscript[\[Thetal, _111,
y_ /; And[Head[y] =!= List, Head[y] =!= GA,

IMatchQLly, Subscript[\[Thetal, _]111] := GA[x yl;

Protect [NonCommutativeMultiply];

(* The inversion formula uses the power series expansion of L

14y
where y = m;;o is a pure Grassmann element and
7' =L L The series expansion converges since
ag 14y

every power series of pure Grassmann elements ins finite. *)
inverse[GA[x_ /; gatest[x]]] := Module[{x1l, x2, n, i},
If [Head[x] =!= List, GA[1 / x], n = garank[x];
x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x / x1;
Part[x2, Sequence @@ Table[1, {n}]] = 0;
Sum[Power[-1, i] Power[GA[x2], i], {i, O, n}] / x11];
(* Powers are computed recursively. *)

GA /: Power[GA[x_ /; gatest[x]], n_Integer /; n > 1] := Power[GA[x], n - 1] =** GA[x];

GA /: Power[GA[x_ /; gatest([x]], 1] := GA[x];
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GA /: Power[GA[x_ /; gatest[x]], 0] := GA[1];
GA /: Power[GA[x_ /; gatest[x]], n_Integer /; n < 0] := Power[inverse[GA[x]], -nl;
(* Right division: x / y = zy~ ! *)
GA /: Divide[GA[x_ /; gatest[x]], GAly_ /; gatestlyl]] := GA[x] ** inverse[GA[yl];
(* These two formulas allow right division with ordinary numbers. *)
GA /: Divide[GA[x_ /; gatest[x]], y_ /; And[Head[y] =!= List, Head[y] =!= GA]] :=

GAlx / yl;
GA /: Divide[x_ /; And[Head[x] =!= List, Head[x] =!= GAl, GAly_ /; gatestl[yll] :=

(*

GA

(*

GA

GA

(*

GA

GA

GA

GA[x] ** inversel[GA[yl];
Left division: x \ y = 271y %)

/: Backslash[GA[x_ /; gatest[x]], GAly_ /; gatestl[yll]

:= inverse[GA[x]] ** GA[y];

These two formulas allow left division with ordinary numbers. *)

/: Backslash[GA[x_ /; gatest[x]], y_ /; And[Head[y] =!= List, Head[y] =!= GA]]

inverse[GA[x]] **x GAl[y]l;

/: Backslash([x_ /; And[Head[x] =!= List, Head[x] =!= GA], GA[y_ /; gatest[yl]l] :=
GAly / x];
Several numerical functions are implemented using their power series. *)

/: Exp[GA[x_ /; gatest[x]]] := Module[{x1l, x2, n, i},
If [Head[x] =!= List, GA[Exp[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1, {n}]]; x2 = x;
Part[x2, Sequence @@ Table[1l, {n}]] = O;

Exp[x1] Sum[Power[GA[x2], i] / i!, {i, 0, n}]11];

/: LoglGA[x_ /; gatest([x]]] := Module[{x1l, x2, n, i},
If [Head[x] =!= List, GA[Log[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1, {n}]]; x2 = -x / x1;
Part[x2, Sequence @@ Table[1, {n}]] = O;

1 - Sum[Power[GA[x2], i] / i!, {i, 0, n}] + Loglx111];

/: Cos[GA[x_ /; gatest[x]]] := Module[{xl, x2, n, i},
If [Head[x] =!= List, GA[Cos[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;
Part[x2, Sequence @@ Table[1, {n}]] = O;

Cos[x1] Sum[Power[-1, i] Power[GA[x2], 2i] / (2i)!, {i, 0, n / 2}] -
Sin[x1] Sum[Power[-1, i] Power[GA[x2], 2i + 1] / (2i + 1)!', {i, 0, n / 2}]11];
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GA /: Sin[GA[x_ /; gatest[x]]] := Module[{x1l, x2, n, i},

GA

GA

GA

GA

GA

GA

GA

GA

GA

GA

GA

/:

/:

/ .

If [Head[x] =!= List, GA[Sin[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;
Part[x2, Sequence @@ Table[1l, {n}]] =

Sin[x1] Sum[Power[-1, i] Power[GA[x2], 2i] / (2i)!,

Cos[x1] Sum[Power[-1, i] Power[GA[x2], 2i + 1] / (2i + 1)!, {i,

{i)

0, n/ 2} +

: Sec[GA[x_ /; gatest[x]]] := inverse[Cos[GA[x]]];

: Csc[GA[x_ /; gatest[x]]] := inverse[Sin[GA[x]]];

: Tan[GA[x_ /; gatest[x]]] := Sin[GA[x]] ** inverse[Cos[GA[x]]];
: Cot[GA[x_ /; gatest[x]]] := Cos[GA[x]] ** inverse[Sin[GA[x]]1];
: Cosh[GA[x_ /; gatest[x]]] := Module[{xl, %2, n, i},

If[Head[x] =!= List, GA[Cosh([x]], n = garank[x]

x1 = Part[x, Sequence @@ Table[1, {n}]]; X;

Part[x2, Sequence @@ Table[1l, {n}]] =
Cosh[x1] Sum[Power[GA[x2], 2i] / (2i)!, {i, 0, n / 2

Sinh[x1] Sum[Power[GA[x2], 2i + 11 / (2i + 1)!', {i, 0

Sinh[GA[x_ /; gatest[x]]] := Module[{x1, %2, n, i}
If [Head[x] =!= List, GA[Sinh[x]], n = garank([x];

x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;
Part[x2, Sequence @@ Table[1l, {n}]] =

Sinh[x1] Sum[Power[GA[x2], 2i] / (2i)!, {i, O, n / 2

Cosh[x1] Sum[Power[GA[x2], 2i + 1] / (21 + 1)!', {i, O

: Sech[GA[x_ /; gatest[x]]] := inverse[Cosh[GA[x]1];

: Csch[GA[x_ /; gatest[x]]] := inverse[Sinh[GA[x]]];

: Tanh[GA[x_ /; gatest[x]]] :

Coth[GA[x_ /; gatest[x]]] :

ArcSin[GA[x_ /; gatest[x]]] := Module[{xl, x2, n,
If [Head[x] =!= List, GA[ArcSin[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[l, {n}]]; x2 = x;
Part[x2, Sequence @@ Table[1l, {n}]] =
Sum[Derivative[i] [ArcSin] [x1] Power[GA[x2], i] / i!,

GA /: ArcCos[GA[x_ /; gatest[x]]] := Module[{x1l, x2, n,

If [Head[x] =!= List, GA[ArcCos[x]], n = garank[x];
x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;
Part[x2, Sequence @@ Table[1, {n}]] =
Sum[Derivative[i] [ArcCos] [x1] Power[GA[x2], il / i!,

H

>

>

H

>

i},

=]

=]

{i,

i},

{i)

/ 2}111;

/ 2}111;

0, n/ 2}111;

Sinh[GA[x]] ** inverse[Cosh[GA[x]1];

Cosh[GA[x]] ** inverse[Sinh[GA[x]]];

0, n}l11]1;

0, n}11];
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GA

GA

GA

GA

GA

GA

GA

GA

GA

/: ArcTan[GA[x_ /; gatest[x]]] := Module[{x1l, x2, n, i},

If [Head[x] =!= List, GA[ArcTan[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;

Part[x2, Sequence @@ Table[1, {n}]] = 0;
Sum[Derivative[i] [ArcTan] [x1] Power[GA[x2], i] / i!, {i, O,

/: ArcSec[GA[x_ /; gatest([x]]] := Module[{x1l, x2, n, i},

If [Head[x] =!= List, GA[ArcSec[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;

Part[x2, Sequence @@ Table[1, {n}]] = O;
Sum[Derivative[i] [ArcSec] [x1] Power[GA[x2], i] / i!, {i, O,

/: ArcCsc[GA[x_ /; gatest([x]]] := Module[{x1l, x2, n, i},

If [Head[x] =!= List, GA[ArcCsc[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;

Part[x2, Sequence @@ Table[1, {n}]] = 0;
Sum[Derivative[i] [ArcCsc] [x1] Power[GA[x2], il / i!', {i, O,

/: ArcCot[GA[x_ /; gatest([x]]] := Module[{x1l, x2, n, i},

If [Head[x] =!= List, GA[ArcCot[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1, {n}]]; x2 = x;

Part[x2, Sequence @@ Table[1, {n}]] = 0;

Sum[Derivative[i] [ArcCot] [x1] Power[GA[x2], i] / i!, {i, O,

/: ArcSinh[GA[x_ /; gatest[x]]] := Module[{x1, x2, n, i},

If [Head[x] =!= List, GA[ArcSinh[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1, {n}]]; x2 = x;

Part[x2, Sequence @@ Table[1l, {n}]] = 0O;

Sum[Derivative[i] [ArcSinh] [x1] Power[GA([x2], i] / i!', {i, O,

/: ArcCosh[GA[x_ /; gatest[x]]] := Module[{x1l, %2, n, i},

If [Head[x] =!= List, GA[ArcCosh[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1, {n}]]; x2 = x;

Part[x2, Sequence @@ Table[1l, {n}]] = O;

Sum[Derivative[i] [ArcCosh] [x1] Power[GA([x2], i] / i!', {i, O,

/: ArcTanh[GA[x_ /; gatest[x]]] := Module[{x1l, %2, n, i},

If [Head[x] =!= List, GA[ArcTanh[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;

Part[x2, Sequence @@ Table[1, {n}]] = O;

Sum[Derivative[i] [ArcTanh] [x1] Power[GA[x2], i] / i!', {i, O,

/: ArcSech[GA[x_ /; gatest[x]]] := Module[{x1l, %2, n, i},

If [Head[x] =!= List, GA[ArcSech[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;

Part[x2, Sequence @@ Table[1, {n}]] = O;

Sum[Derivative[i] [ArcSech] [x1] Power[GA[x2], i] / i!', {i, O,

/: ArcCsch[GA[x_ /; gatest[x]]] := Module[{xl, %2, n, i},

n}l1l1]l;

n}ll]l;

n}ll]l;

n}1ll;

n}1ll;

n}l1ll;

n}]11];

n}]11];
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If [Head[x] =!= List, GA[ArcCsch[x]], n = garank[x];

x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;

Part[x2, Sequence @@ Table[1l, {n}]] = O;

Sum[Derivative[i] [ArcCsch] [x1] Power[GA[x2], il / i!', {i, 0, n}11];

GA /: ArcCoth[GA[x_ /; gatest[x]]] := Module[{x1l, x2, n, i},
If [Head[x] =!= List, GA[ArcCoth[x]], n = garank([x];
x1 = Part[x, Sequence @@ Table[1l, {n}]]; x2 = x;
Part[x2, Sequence @@ Table[1, {n}]] = O;
Sum[Derivative[i] [ArcCoth] [x1] Power[GA[x2], i] / i!', {i, 0, n}]11];

GA /: fkt_[GA[x_ /; gatest[x]]] := Module[{x1l, x2, n, i},
If [Head[x] =!= List, GA[fkt[x]], n = garank[x];
x1 = Part[x, Sequence @@ Table[1, {n}]]; x2 = x;
Part[x2, Sequence @@ Table[1, {n}]] = 0;
Sum[Derivative[i] [fkt] [x1] Power[GA[x2], il / i!, {i, 0, n}]1] /;
MemberQ[Attributes[fkt], NumericFunction];

(* The derivative of GA is the identity. *)

Unprotect [Derivative];
Derivative[x_ /; gatest[x]][GA]l[y_ /; gatestlyl] := GAl[reducel[x]];
Protect [Derivative];

—
2]

(x The left derivative z7—. *)

GADL[GA[x_ /; gatest[x]], m_Integer /; m > 0] := Module[{pl, t, i, n},
n = garank([x]; If[m > n, GA[O], pl = Position[x, _, {n}, Heads -> False];
t = zero[n]; Do[If[pl[[i,m]] == 1,
Part[t, Sequence @@ pl[[i]]] = Power[-1, Plus @@ Take[pl[[i]] - 1, m - 1]] =
Part[x, Sequence Q@ Join[Take[pl[[i]]l, m - 1], {2}, Take[pl[[il], m - n]l1l1],
{i, 1, Length[pll}]; GA[reduce[t]]1];

(* The zero’th left derivative is the identity. *)
GADL[GA[x_ /; gatest[x]], {}] := GA[x];
(* Left derivatives may be nested. *)

GADL[GA[x_ /; gatest[x]], {m_Integer /; m > O, mm___Integer}] :=
GADL [GADL[GA[x], m], {mm}];

(* Left derivatives of ordinary numbers vanish. *)

GADL[x_ /; Head[x] ='!'= GA, _] =0

—
(* The right derivative 537. *)
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GADR[GA[x_ /; gatest[x]], m_Integer /; m > O] := Module[{pl, t, i, n},
n = garank([x]; If[m > n, GA[O], pl = Position[x, _, {n}, Heads -> False];
t = zero[n]; Do[If[pl[[i,m]] == 1,
Part[t, Sequence @@ pl[[i]]] = Power[-1, Plus @@ Take[pl[[i]] - 1, m - n]] =*
Part[x, Sequence Q@ Join[Take[pl[[i]], m - 1], {2}, Take[pl[[il], m - n]l]1]],
{i, 1, Length[pl]l}]; GAl[reducel[t]l]]];

(* The zero’th right derivative is the identity. *)
GADR[GA[x_ /; gatest[x]], {}] := GA[x];
(* Right derivatives may be nested. *)

GADR[GA[x_ /; gatest[x]], {m_Integer /; m > O, mm_
GADR[GADR[GA[x], m], {mm}];

_Integer}] :=

(* Right derivatives of ordinary numbers vanish. *)

GADR[x_ /; Head[x] ='!'= GA, _] =0

(* The product of only one Grassmann matrix is the identity. *)

GADot[x_] := x;

(* The product of two Grassmann matrizes, written as an inner product. *)
GADot[x_, y_] := Inner[NonCommutativeMultiply, x, yl;

(* Products of more than one Grassmann matrix are defined recursively. *)
GADot[x_, y_, z__] := GADot[Inner[NonCommutativeMultiply, x, yl, z];

(* The inverse of a Grassmann matrix. *)

GAInverse::matrix = "‘1¢ is not a matrix."
GAInverse::matsq = "‘1‘ is not a square matrix."
GAInverse::sing = "Matrix ‘1 is singular."

(* We use a speciel pivoting algorithm to compute the inverse. *)

GAInverse[m_] := Module[{n, res, num, i, j, k, max, mr, mc, ar, ac, mat, ip, mul},
If[!'MatrixQ[m], Return[Message[GAInverse::matrix, m]]];
If [Length[Union[Dimensions[m]]] > 1, Return[Message[GAInverse::matsq, ml]l];
num = numpart [m] ; If [Det[num] == 0, Return[Message[GAInverse::sing, m]]];
n = Dimensions[m] [[1]]; mat = m; res = Map[GA, IdentityMatrix[n], {2}];
Do[max = O; mr = i; mc = i; Do[If[Abs[num[[j,k]]] > max, max = Abs[num[[j,k]]1];
mr = j; mc = k], {j, i, n}, {k, i, i}];
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ar = Rangel[n]; ac = Rangeln]; ar[[i]] = mr; ar[[mr]] = i; ac[[i]] = mc;
ac[[mcl] = i; res = res[[ar,ac]]; mat = mat[[ar,ac]]; num = num[[ar,acl];
ip = inverse[mat[[i,i]]]; Do[mat[[i,jl] = ip ** mat[[i,jl];

res[[i,jl] = ip ** res[[i,jl], {j, 1, n}]; num[[il] /= num([i,il];

Do[ip = mat([[j,i]]; Dolres[[j,k]l] = res[[j,k]] - ip *x res[[i,k]];
mat[[j,k]] = mat[[j,k]] - ip ** mat[[i,k]1], {k, 1, n}];

num[[j]] -= num[[j,i]] num[[i]], {j, i + 1, n}],

{i, 1, n}]; Dolres[[j,k]] = res[[j,k]] - mat[[j,i]] ** res[[i,k]],

{i, n, 2, -1}, {j, i - 1, 1, -1}, {k, 1, n}]; res];

(* Matrix powers are computed as repeated products. *)
GAMatrixPower [m_, n_Integer /; n > 0] := GADot @@ Table[m, {n}];
(* The zero’th matrix power is the identity. *)
GAMatrixPower[m_, 0] := IdentityMatrix([Length[m]];
(* Negative matrix powers use the inverse matrix. *)
GAMatrixPower[m_, n_Integer /; n < 0] := GADot @@ Table[GAInverse[m], {-n}];
(* Finally, all Grassmann numbers are printed in the standard basis. *)
Format [GA[x_ /; gatest[x]]] := Module[{pl, i, j, p, n}, n = garank[x];
pl = Position[x, _, {n}, Heads -> False];
p = Table[1, {Length[pll}]; Do[Do[If[pl[[i,jl] == 2,
If[pl[i]] === 1, p[[il] = Subscript[\[Thetal, jl,
pL[il] = p[[il] #** Subscript[\[Thetal, j111, {j, 1, n}1;
pl[il] = Part[x, Sequence @@ pl[[i]]] p[[il], {i, 1, Length[pll}]; Plus @@ p];

End[];
EndPackage[];

D.3.2 Clifford.m

(*
Clifford.m

Package Algebra‘Clifford®

Functions for dealing with Clifford-Algebras
*)

BeginPackage["Algebra‘Clifford‘"];

CA::usage = "CA[p, q, elements] represents an element of the Clifford algebra

ARANCOAVANG-N-APAVIAVAN
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Cliff::usage = "Cliff[p, q, {i, j, \[Ellipsis]}] represents the Clifford basis
element \!\(\[CapitalGamma]l\_\(i, j, \[Ellipsis]\) \[Element] CI\_\(p,q\)\).";

\[CapitalGamma] : :usage = "Clifford basis element
NI\ (\[CapitalGammal\_\(i, j, \[Ellipsis]\)\)";

CAAlpha: :usage = "CAAlpha[x] computes the involution
\!'\(\[Alpha] (x)\) of a Clifford element x.";

CATranspose: :usage = "CATranspose[x] computes the transpose
A\ (x\"t\) of a Clifford element x.";

CAConjugate: :usage = "CAConjugate[x] computes the conjugate
\I\(x\&_\) of a Clifford element x.";

CAAdjoint::usage = "CAAdjoint[x] computes the adjoint
\IN(x\"\ [Dagger]\) of a Clifford element x.";

CAlInverse::usage = "CAlInverse[x] computes the inverse
AN N\ (-1\)\) of a Clifford element x.";

Begin["‘Private‘"];

(* A TensorRank[] that counts only lists. *)

carank[x_] := If[Head[x] === List, TensorRank[x], 0];

(* Test whether x is a full tensor with two elements at each level.x*)

catest[x_] := Or[Head[x] =!= List, And[Length[x] == 2,
carank[x[[1]]] == carank([x[[2]]], catest[x[[1]1]1], catest[x[[2]1]111];

(* Test whether a Clifford element has the correct syntax. *)

catest2[x_] := MatchQ[x, CA[p_Integer, q_Integer, e_] /;
And[catest[e], carank[e] == p + ql];

(* Generate a full tensor of rank n with zero entries. *)
zero[n_Integer /; n >= 0] := Table @@ Join[{0}, Table[{2}, {n}]];

(* Generate a full tensor of rank n with only the first element 1. *)
one[n_Integer /; n >= 0] := ReplacePart[zero[n], 1, Table[l, {n}]];
(* Replace all Clifford elements by their first element. *)

numpart[x_] := x /. CA -> (Part[#3, Sequence @@ Table[l, {carank[#3]}]1]&);
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(* Helper function for computing the involution. *)

alphalx_ /; catest[x]]

If[carank[x] ==

» X,

Array[Power[-1, Plus @@ (List[##] - 1)]&, Table[2, {carank[x]}]] x];
(* Helper function for computing the traspose. *)

transpose[x_ /; catest[x]]

If[carank[x] == 0, x,
Array[Power[-1, (Plus @@ (List[##] - 1)) ((Plus @@ (List[##] - 1)) - 1) / 2]&,
Table[2, {carank[x]}]] xI1;

prod[0, 0, x

(* The product of two ordinary numbers is just the usual product. *)

/; catest([x], y_ /; catestlyl] := x y /; 0 == carank[x] == carankl[y];

(* If the lowest I'; satisfies szzl, use the formula
(@a+T:b)(c+Tid) = (ac+ a(b)d) + T;(be + a(a)d). *)

prod[0, g_Integer /; q > 0, x_ /; catest[x], y_ /; catestl[y]]

{prod[0, q - 1, x[[1]1], y[[11]1] + prod[0, q - 1, alphalx[[2]]1], y[[2]1],
prod[0, q - 1, alphalx[[1]11]1, y[[2]11] + prodl0, q - 1, x[[2]1, y[[1111} /;
q == carank[x] == carankl[y];

(x If the lowest I'; satisfies I?::<—1, use the formula
(a+T;b)(c+Tid) = (ac — a(b)d) + T;(bc + a(a)d). *)
prod[p_Integer /; p > O, q_Integer /; q >= 0, x_ /; catest[x], y_ /; catestl[yl]

{prodlp - 1, q, x[[11]1, y[[11]1] - prodlp - 1, q, alphalx[[2]1]1, y[[2]111,
prod[p - 1, q, alphalx[[1]11], y[[2]1]1] + prodlp - 1, q, x[[2]1], y[[1111} /;
p + q == carank[x] == carank[y];

(¥ The Clifford basis elements. *)

Cliff[p_Integer /; p >= 0, q_Integer /; q >= 0, x_List]
tab =

:= Module[{tab, ind},
zero[p + ql; ind = Array[If[MemberQ[x, #], 2, 1]1&, {p + q}]1;
CAlp, q, ReplacePart[tab, Signature[x], ind]]];

(* The sum is computed for

each component. *)
CA /: CAlp_Integer /; p >=

0, g_Integer /; q >= 0, x_ /; catest[x]] +
CA[p2_Integer /; p2 >=

0, g2_Integer /; g2 >= 0, y_ /; catest[yl]
CAlp, q, x + y] /; And[p + q == carank([x] == carankl[y], p == p2, q == q2];

(* This allows adding an ordinary number to a Clifford element. *)
CA /: CAlp_Integer /; p >= 0, g_Integer
y_ /; And[Head[y] =!= List, Headl[y]

/; 9 >= 0, x_ /; catest[x]] +
=1= CA]
Module[{z}, z = x; Part[z, Sequence
CAlp, q, z]1 /; p + q

@@ Tablel[1l, {p + q}]] +=y,;
carank[x] ;
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(* The product formula uses the recursive algorithm implemented above. *)

CA /: CAlp_Integer /; p >= 0, g_Integer /; q >= 0, x_ /; catest[x]] *x
CA[p2_Integer /; p2 >= 0, gq2_Integer /; q2 >= 0, y_ /; catestly]] :=
CAlp, q, prodlp, q, %, yl] /; And[p + q == carank[x] == carankl[y],

p == p2, q == q2];

(* The following three definitions allow multiplication with ordinary numbers. *)

CA /: CAlp_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]] *
y_ /; And[Headly] =!= List, Head[y] =!= CA] :=

CAlp, q, x yl /; p + q == carank[x];

CA /: CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]] *x*
y_ /; And[Head[y] =!= List, Head[y] =!= CA] :=
CAlp, q, x y] /; p + q == carank[x];

CA /: y_ *x CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]] /;
And[Head[y] =!= List, Head[y] =!= CA] := CAlp, q, x y] /; p + q == carank[x];

(* We also give a definition for the Clifford product if both factors are numbers. *)

Unprotect [NonCommutativeMultiply];

NonCommutativeMultiply[x_ /; And[Head[x] =!= List, Head[x] =!= CA,
IMatchQ[x, Subscript[\[CapitalGammal, _]11,
y_ /; And[Head[y] =!= List, Head[y] =!= CA,

'MatchQ[y, Subscript[\[CapitalGamma]l, _]1]] := x y;
NonCommutativeMultiply[x_] := x;
Protect [NonCommutativeMultiply];
(* Involution. *)

CAAlpha[CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]]] :=
CAlp, q, alphalx]] /; p + q == carank[x];

(* Transpose. *)

CATranspose[CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]]]
CAlp, q, transposelx]] /; p + q == carankl[x];

(* Conjugate. *)

CAConjugate[CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]]] CAlp, q,
If[p + == 0, Conjugate[x], Array[Power[-1, Plus @@ Take[List[##] - 1, pll&,
Table[2, {p + q}]] Conjugate[x]]] /; p + q == carank[x];
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(* Adjoint.*)

CAAdjoint [CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]]] :=
CAConjugate[CATranspose[x]] /; p + q == carank[x];

(* The inverse of an ordinary number. *)
inverse[0, 0, x_ /; catest[x]] := 1 / x /; carank[x] == 0;
(* Inversion formula, part 1. *)

inverse[0, q_Integer /; q > O, x_ /; catest[x]] := Module([{a, b, c, d, y},
a =x[[1]]; b = x[[2]]; If[And @@ ((# === 0)& /@ Flatten[{al}]),

= inverse[0, q - 1, b];

= inverse[0, q - 1, -prod[0, q - 1, a, prod[0, q - 1, y, alphalal]l] + alphalbl];

= -prod[0, q - 1, y, prod[0, q - 1, alphalal, d]],

= inverse[0, q - 1, alphalall;

= inverse[0, q - 1, a - prod[0, q - 1, alpha[b]l, prod[0, q - 1, y, bll];

= -prod[0, q - 1, y, prod[0, q - 1, b, c]1];

Simplify[{c, d}]] /; q == carankl[x];

Qa0 0 ax
|

(* Inversion formula, part 2. *)

Module[{a, b, c, d, y},

= x[[11]; b = x[[2]]; If[And @@ ((# === 0)& /@ Flatten[{a}l),
= inverse[p - 1, q, bl;

= inversel[p - 1, q, -prod[p - 1, q, a, prod[p - 1, q, y, alphalall] - alphalbl];
-prod[p - 1, q, y, prodlp - 1, q, alphalal, dl],

= inverse[p - 1, q, alphalall;

= inverse[p - 1, q, a + prod[p - 1, q, alphalb], prodlp - 1, q, y, bll];
= -prod[p - 1, q, y, prodlp - 1, q, b, c11];

Simplify[{c, d}]] /; p + q == carank[x];

inverse[p_Integer /; p > 0, q_Integer /; q >= 0, x_ /; catest[x]] :=
c

Q0< 0 A P
I

(* To make the inverse more useful, wrap it. *)

CAInverse[CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]]] :=
CAlp, q, inverselp, q, x]1] /; p + q == carank[x];

(* Powers are computed recursively. *)
CA /: Power[CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]],
n_Integer /; n > 1] := Power[CA[p, q, x], n - 1] *x CA[p, q, x] /;

p + q == carank[x];

CA /: Power[CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]], 1] :=
CAlp, q, x] /; p + q == carank[x];
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CA /: Power[CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]], 0] :=
CAlp, q, onelp + ql] /; p + q == carank[x];

CA /: Power[CA[p_Integer /; p >= 0, g_Integer /; q >= 0, x_ /; catest[x]],
n_Integer /; n < 0] := Power[CAlp, q, inverselp, q, x]], -nl;

(* Right division: x / y = ay~ ! *)

CA /: Divide[CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]],
CA[p2_Integer /; p2 >= 0, gq2_Integer /; q2 >= 0, y_ /; catest[y]]l] :=
CAlp, q, x] ** inversel[CAlp, q, yl]l /;

And[p + q == carank[x] == carank[y]l, p == p2, q == q2];

(* These two formulas allow right division with ordinary numbers. *)

CA /: Divide[CA[p_Integer /; p >= 0, gq_Integer /; q >= 0, x_ /; catest[x]],

y_ /; And[Head[y] =!= List, Head[y] =!= CA]] := CAlp, q, x / vyl /;
p + q == carank[x];
CA /: Dividel[x_ /; And[Head[x] =!'= List, Head[x] ='= CA],

CA[p_Integer /; p >= 0, q_Integer /; q >= 0, y_ /; catest[y]]] :=
x inverse[CAlp, q, yl] /; p + q == carankl[y];

(x Left division: x \ y = 271y %)

CA /: Backslash[CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]],
CA[p2_Integer /; p2 >= 0, q2_Integer /; q2 >= 0, y_ /; catest[y]]l] :=
inverse[CA[p, q, x]] **x CAlp, q, yl /;

And[p + q == carank[x] == carank[y]l, p == p2, q == q2];

(* These two formulas allow left division with ordinary numbers. *)

CA /: Backslash[CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]],

y_ /; And[Head[y] =!= List, Head[y] =!= CA]] := inverse[CAlp, q, x1] vy /;
p + q == carank[x];
CA /: Backslash[x_ /; And[Head[x] =!= List, Head[x] =!= CA],

CA[p_Integer /; p >= 0, q_Integer /; q >= 0, y_ /; catestl[yl]] :=
CAlp, a, y / x]1 /; p + q == carank[y];

(* Finally, all Clifford are printed in the standard basis. *)

Format [CA[p_Integer /; p >= 0, q_Integer /; q >= 0, x_ /; catest[x]]] :=
Module [{pl, i, j, t}, pl = Position[x, _, {p + q}, Heads -> False];
t = Table[1, {Length[pll}]; Do[Do[If[pl[[i,jl] == 2,
If[t[[i]] === 1, t[[i]] = Subscript[\[CapitalGamma], ToString[jl],
t[[i,2]] = StringJoin[t[[i,2]], ",", ToString[j111]1, {j, 1, p + q}];
t[[i]] = Part[x, Sequence @@ pl[[i]]] t[[il], {i, 1, Length[pl]l}]; Plus @@ t] /;
carank[x] == p + q;
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End[];
EndPackage[];
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