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A simple experiment

A supernova occurs in a far away galaxy.
An astronomer points his telescope to the sky.
He takes a picture of the supernova.

How can we describe this experiment?
What does it tell us about “spacetime”?
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The spacetime picture

The spacetime picture:
Model spacetime as a Lorentzian manifold (M,g).
Supernova is a “beacon” at some event x0 ∈ M.
Astronomer observes the light at another event x ∈ M.
Light follows a null geodesic γ from x0 to x .

Description of measured data:
Tangent vector to γ in x determines direction of light propagation.
Distance determines apparent magnitude (observed brightness).
Spacetime metric g determines redshift.

How much imagination does this picture require?
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The actual measurement

Fix an observer frame:
Location of the observer: spacetime event x .
Four-velocity of the observer: future timelike unit tangent vector f0.
Coordinate axes of the observatory: spatial frame components fi .

Perform the measurement:
Direction of incoming light with respect to local frame.
Brightness: photon rate using local clock.
Redshift: frequency using local clock.

⇒ Variables split into two classes:
(x , f ) ∈ P describes the observer.
Light direction, photon rate, frequency describe the observation.

⇒ “Beacon” event x0 and geodesic γ are part of the interpretation.
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Spacetime vs. observer space

The spacetime picture:
Spacetime geometry given by Lorentzian manifold (M,g).
P is the space of orthonormal frames of (M,g).

⇒ π̃ : P → M is a principal SO0(3,1)-bundle.
⇒ Observers (x , f ) and (x , f ′) at the same event are related by

Lorentz transform.

The observer space idea:
Observers (x , f0, fi ) and (x , f0, f ′i ) are related by rotation.

⇒ Consider a principal SO(3)-bundle π : P → O.
Describe experiments on observer space O.

In general no (absolute) spacetime M.
Geometry on observer space O?
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Klein geometry

A Klein geometry is a Lie group G with a closed subgroup H ⊂ G.
π : G→ G/H = Z is a principal H-bundle.
Tangent spaces TzZ ∼= z = g/h.
A Klein geometry is called reductive if g = h⊕ z.

Geometric structure on π : G→ Z induced by multiplication:
G acts on itself by left translation:

L : G ×G→ G, (g,g′) 7→ Lgg′ = gg′ .

Left translation induces the Maurer-Cartan form A ∈ Ω1(G, g):

A : TG→ g, v ∈ TgG 7→ (Lg−1 )∗v ∈ TeG ∼= g .

Z is a homogeneous space - all points “look the same”.
How can we describe inhomogeneous geometries?
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Cartan geometry

Idea: “local” version of Klein geometry.
A Cartan geometry modeled on a Klein geometry G/H is a
principal H-bundle π : P → M together with a 1-form A ∈ Ω1(P, g)
(the Cartan connection) such that:

For each p ∈ P, Ap : TpP → g is a linear isomorphism.
(Rh)∗A = Ad(h−1) ◦ A ∀h ∈ H.
A restricts to the Maurer-Cartan form of H on kerπ∗.

Curvature F ∈ Ω2(P, g) of the Cartan connection:

F = dA +
1
2

[A,A] .

Example: Every Klein geometry π : G→ G/H with the
Maurer-Cartan form A on G is a flat (F = 0) Cartan geometry.

Manuel Hohmann (Tartu Ülikool) Finsler observer spaces 24. November 2012 11 / 31



Cartan geometry

Idea: “local” version of Klein geometry.
A Cartan geometry modeled on a Klein geometry G/H is a
principal H-bundle π : P → M together with a 1-form A ∈ Ω1(P, g)
(the Cartan connection) such that:

For each p ∈ P, Ap : TpP → g is a linear isomorphism.
(Rh)∗A = Ad(h−1) ◦ A ∀h ∈ H.
A restricts to the Maurer-Cartan form of H on kerπ∗.

Curvature F ∈ Ω2(P, g) of the Cartan connection:

F = dA +
1
2

[A,A] .

Example: Every Klein geometry π : G→ G/H with the
Maurer-Cartan form A on G is a flat (F = 0) Cartan geometry.

Manuel Hohmann (Tartu Ülikool) Finsler observer spaces 24. November 2012 11 / 31



Cartan geometry

Idea: “local” version of Klein geometry.
A Cartan geometry modeled on a Klein geometry G/H is a
principal H-bundle π : P → M together with a 1-form A ∈ Ω1(P, g)
(the Cartan connection) such that:

For each p ∈ P, Ap : TpP → g is a linear isomorphism.
(Rh)∗A = Ad(h−1) ◦ A ∀h ∈ H.
A restricts to the Maurer-Cartan form of H on kerπ∗.

Curvature F ∈ Ω2(P, g) of the Cartan connection:

F = dA +
1
2

[A,A] .

Example: Every Klein geometry π : G→ G/H with the
Maurer-Cartan form A on G is a flat (F = 0) Cartan geometry.

Manuel Hohmann (Tartu Ülikool) Finsler observer spaces 24. November 2012 11 / 31



Cartan geometry of spacetime

Let

G =


SO0(4,1) Λ > 0
ISO0(3,1) Λ = 0
SO0(3,2) Λ < 0

, H = SO0(3,1) .

⇒ Klein geometries G/H are the maximally symmetric spacetimes.

Let (M,g) be a Lorentzian manifold.
Let P be the oriented time-oriented orthonormal frames on M.

⇒ π̃ : P → M is a principal H-bundle.
g = h⊕ z splits into H-modules under Ad.
Let e ∈ Ω1(P, z) be the solder form of π̃ : P → M.
Let ω ∈ Ω1(P, h) be the Levi-Civita connection.

⇒ A = ω + e ∈ Ω1(P, g) is a Cartan connection.
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Cartan geometry of observer space

Let O be the future unit timelike tangent vectors on M.
Let P be the oriented time-oriented orthonormal frames on M.

⇒ π : P → O is a principal K -bundle, K = SO(3).

Let A = ω + e ∈ Ω1(P, g) as before.
⇒ A is a Cartan connection of a geometry modeled on G/K .
⇒ A satisfies some integrability conditions (technical).

Assume that only π : P → O and A (satisfying integrability
conditions) are given. [S. Gielen, D. Wise ’12]

⇒ Spacetime manifold M can be reconstructed.
⇒ Metric g on M can be reconstructed up to global rescaling.

General relativity can be lifted to observer space. [S. Gielen, D. Wise ’12]
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The clock postulate

Proper time along a curve in Lorentzian spacetime:

τ =

∫ t2

t1

√
−gab(x(t))ẋa(t)ẋb(t)dt .

Finsler geometry: use a more general length functional:

τ =

∫ t2

t1
F (x(t), ẋ(t))dt .

Finsler function F : TM → R+.
Parametrization invariance requires homogeneity:

F (x , λy) = λF (x , y) ∀λ > 0 .
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F (x(t), ẋ(t))dt .

Finsler function F : TM → R+.
Parametrization invariance requires homogeneity:

F (x , λy) = λF (x , y) ∀λ > 0 .

Manuel Hohmann (Tartu Ülikool) Finsler observer spaces 24. November 2012 15 / 31



Definition of Finsler spacetimes

Finsler geometries suitable for spacetimes exist. [C. Pfeifer, M. Wohlfarth ’11]

⇒ Notion of timelike, lightlike, spacelike tangent vectors.
Finsler metric

gF
ab(x , y) =

1
2
∂

∂ya
∂

∂yb F 2(x , y) .

Unit vectors y ∈ TxM defined by

F 2(x , y) = gF
ab(x , y)yayb = 1 .

⇒ Set Ωx ⊂ TxM of unit timelike vectors at x ∈ M.
Ωx contains a closed connected component Sx ⊆ Ωx .
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Physics on Finsler spacetimes

Geodesic motion:
Point particle action on Finsler spacetime:

τ =

∫ t2

t1
F (x(t), ẋ(t))dt .

Finsler geodesics extremizing this action:

0 = ẍa + Na
b(x , ẋ)ẋb .

Cartan non-linear connection Na
b.

Gravity:
Gravity action: [C. Pfeifer, M. Wohlfarth ’11]

SG =

∫
Σ

d4x d3y
√
−G̃Ra

abyb .

Unit tangent bundle Σ = {(x , y) ∈ TM|F (x , y) = 1}.
Sasaki metric G̃ on Σ.
Non-linear curvature Ra

ab.
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Observer space

Recall from the definition of Finsler spacetimes:
Set Ωx ⊂ TxM of unit timelike vectors at x ∈ M.
Ωx contains a closed connected component Sx ⊆ Ωx .

Definition of observer space:

O =
⋃

x∈M

Sx .

⇒ Tangent vectors y ∈ Sx satisfy gF
ab(x , y)yayb = 1.

Complete y = f0 to a frame fµ with gF
ab(x , y)f a

µ f b
ν = −ηµν .

Let P be the space of all observer frames.
⇒ π : P → O is a principal SO(3)-bundle.
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Cartan connection - translational part

Need to construct A ∈ Ω1(P, g).
Recall that

g = h ⊕ z
A = ω + e

⇒ Need to construct ω ∈ Ω1(P, h) and e ∈ Ω1(P, z).

Definition of e: Use the solder form.
Let w ∈ T(x,f )P be a tangent vector.
Differential of the projection π̃ : P → M yields π̃∗(w) ∈ TxM.
View frame f as a linear isometry f : z→ TxM.
Solder form given by e(w) = f−1(π̃∗(w)).
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Cartan connection - boost / rotational part

Definition of ω:
Frames (x , f ) and (x , f ′) related by generalized Lorentz transform.
[C. Pfeifer, M. Wohlfarth ’11]

Relation between f and f ′ defined by parallel transport on O.
Tangent vector w ∈ T(x,f )P “shifts” frame f by small amount.
Compare shifted frame with parallely transported frame.
Measure the difference using the original frame:

∆f a
µ = εf a

νω
ν
µ(w) .

Choose parallel transport on O so that gF is covariantly constant.
Connection on Finsler geometry: Cartan linear connection.

⇒ Frames f a
µ and f a

µ + ∆f a
µ are orthonormal wrt the same metric.

⇒ ω(w) ∈ h is an infinitesimal Lorentz transform.
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Cartan connection - boost / rotational part

Definition of ω:
Frames (x , f ) and (x , f ′) related by generalized Lorentz transform.
[C. Pfeifer, M. Wohlfarth ’11]
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Complete Cartan connection

Translational part e ∈ Ω1(P, z):

eµ = f−1µ
adxa .

Boost / rotational part ω ∈ Ω1(P, h):

ωµν = f−1µ
a

[
df a
ν + f b

ν

(
dxcF a

bc + (dxdNc
d + df c

0 )Ca
bc

)]
.

Coefficients of Cartan linear connection:

Na
b =

1
4
∂̄b

[
gF aq

(
yp∂p∂̄qF 2 − ∂qF 2

)]
,

F a
bc =

1
2

gF ap
(
δbgF

pc + δcgF
bp − δpgF

bc

)
,

Ca
bc =

1
2

gF ap
(
∂̄bgF

pc + ∂̄cgF
bp − ∂̄pgF

bc

)
.

⇒ A = ω + e is a Cartan connection on π : P → O.
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Curvature of the Cartan connection

Curvature F ∈ Ω2(P, g) defined by

F = dA +
1
2

[A,A] .

Translational part Fz ∈ Ω2(P, z) (“torsion”):

deµ + ωµν ∧ eν = −f−1µ
aCa

bcdxb ∧ δf c
0

with δf c
0 = dxdNc

d + df c
0 .

Boost / rotational part Fh ∈ Ω2(P, h):

dωµν + ωµρ ∧ ωρν = −1
2

f−1µ
d f c
ν

(
Rd

cabdxa ∧ dxb

+ 2Pd
cabdxa ∧ δf b

0 + Sd
cabδf a

0 ∧ δf
b
0

)
.

Rd
cab, Pd

cab, Sd
cab: curvature of Cartan linear connection.
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Split of the tangent bundle TP

g splits into subrepresentations of Ad : K ⊂ G→ Aut(g):

g = k⊕ y⊕~z⊕ z0 .

Cartan connection A ∈ Ω1(P, g) splits:

A = Ω + b + ~e + e0 .

Rotations: Ω ∈ Ω1(P, k).
Boosts: b ∈ Ω1(P, y).
Spatial translations: ~e ∈ Ω1(P,~z).
Temporal translation: e0 ∈ Ω1(P, z0).

Isomorphisms Ap : TpP → g induce split of the tangent spaces:

TpP = RpP ⊕ BpP ⊕ ~HpP ⊕ H0
p P .

Manuel Hohmann (Tartu Ülikool) Finsler observer spaces 24. November 2012 24 / 31



Time translation

Unique normalized section T of H0P given by

ωµν(T ) = 0 , eµ(T ) = δµ0 .

Integral curve Γ : R→ P, t 7→ (x(t), f (t)) of T .

From eµ(T ) = δµ0 follows:

ẋa = f a
0 .

⇒ (x , f0) is the complete lift of a curve from M to O.
From ωµ0(T ) = 0 follows:

0 = ḟ a
0 + Na

bẋb = ẍa + Na
bẋb .

⇒ (x , f0) is a Finsler geodesic.
From ωi

j(T ) = 0 follows:

0 = ḟ a
i + f b

i

(
ẋcF a

bc + (ẋdNc
d + ḟ c

0 )Ca
bc

)
= ∇(ẋ ,ḟ0)f

a
i .

⇒ Frame f is parallely transported.
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d + ḟ c
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Reconstruction of spacetime (sketch)

For p ∈ P, define the vertical tangent space

VpP = RpP ⊕ BpP = {v ∈ TpP|A(v) ∈ h} .

Vertical tangent bundle VP is a distribution on P.
Necessary condition: VP must be integrable.

⇒ VP induces a foliation of P.

Define M as the leaf space of the foliation.
Topology on M given by the quotient topology π̃ : P → M.
For g ∈ g, let A(g) be the vector field A(A(g)) = g.
Integral curves define homeomorphism of neighborhoods:

φp = expp ◦A : Vp ⊂ g→ Up ⊂ P .

⇒ Charts of P.
Restrict charts to Zp = Vp ∩ z to get homeomorphisms

ψp = π̃ ◦ expp ◦A : Zp ⊂ z→Wp ⊂ M .

⇒ Charts on M - hopefully C∞.
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Gravity (sketch)

MacDowell-Mansouri gravity on observer space: [S. Gielen, D. Wise ’12]

S =

∫
O

trh(Fh ∧ ?Fh) ∧ τy(b ∧ b ∧ b) + . . .

h-part of the curvature Fh.
Hodge operator ? on h.
Non-degenerate H-invariant inner product trh on h.
Volume form τy(b ∧ b ∧ b) along the boost directions.

Application to Finsler geometry (with R = dω + 1
2 [ω, ω]):

Curvature scalar:

[e,e] ∧ ?R  gF abRc
acb dV .

Cosmological constant:

[e,e] ∧ ?[e,e] dV .

Gauss-Bonnet term:

R ∧ ?R  εabcdεefghRabef Rcdgh dV .
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Comparison with metric limit

Finsler geometry of a Lorentzian manifold (M,g):

gF
ab = −gab , Na

b = Γa
bcyc , F a

bc = Γa
bc , Ca

bc = 0 .

Consider a section f : M → P of the frame bundle and v ∈ TxM.
h-part of the connection:

f a
ν ω

ν
µ(f∗(v)) = vb∂bf a

µ + vc f b
µΓa

bc = vb∇bf a
µ .

⇒ ω is the Levi-Civita connection on P.
Curvature coefficients:

Rd
cab = ∂bΓd

ca−∂aΓd
cb+Γe

caΓd
eb−Γe

cbΓd
ea , Pd

cab = Sd
cab = 0 .

Cartan curvature:

Fµ
z = 0 , Fh

µ
ν = −1

2
f−1µ

d f c
ν Rd

cabdxa ∧ dxb .

⇒ The torsion Fz vanishes and Fh is the Riemannian curvature.
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Summary

Finsler spacetime:
Based on generalized length functional.
Finsler metric is observer dependent.

Observer spaces:
Lift physics from spacetime to the space of observers.
Describe observer space geometry using Cartan geometry.

Observer space of Finsler spacetimes:
Finsler spacetimes possess well-defined observer space.
Cartan geometry on observer space derived from Finsler geometry.
Connection and curvature follow from Cartan linear connection.
Fermi-Walker transported frames given by the “flow of time”.
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Outlook

Current projects:
Reconstruction of smooth spacetime manifold.
Reconstruction of Finsler metric on observer space.
Finsler gravity in Cartan language.

Future projects:
Consistent matter coupling.
Study of exact solutions.
Effects of deviations from metric geometry?
. . .
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