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@ A simple experiment:

e Supernova occurs at xo € M and sends light along geodesic .
o Observer at x € M with 4-velocity f, and frame f,, observes light.
o Measured data < tensor components wrt observer frame.
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@ A simple experiment:

e Supernova occurs at xo € M and sends light along geodesic .
o Observer at x € M with 4-velocity f, and frame f,, observes light.
o Measured data < tensor components wrt observer frame.

= No direct observation of xq or ~.
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@ A simple experiment:

e Supernova occurs at xo € M and sends light along geodesic .
o Observer at x € M with 4-velocity f, and frame f,, observes light.
o Measured data < tensor components wrt observer frame.

= No direct observation of xy or ~.

@ Possible generalization of the “spacetime picture”:

e Focus on the space of allowed observers O 5 (x, fy).

o Describe physics in terms of observer frames P > (x, fy, f,,).
= Consider geometric theory on observer bundle = : P — O.

e O and P are not necessarily derived from some spacetime.
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Cartan geometry on observer space

@ Ingredients of a Cartan geometry:

Lie group G with a closed subgroup H C G.

e Principal H-bundle 7 : P — M.

e 1-form A € Q'(P, g) on P with values in g <> Cartan connection.
@ Ahas an “inverse” A: g — I'(TP) < fundamental vector fields.
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Cartan geometry on observer space

@ Ingredients of a Cartan geometry:
o Lie group G with a closed subgroup H C G.
e Principal H-bundle 7 : P — M.
e 1-form A € Q'(P, g) on P with values in g < Cartan connection.
e Ahas an “inverse” A: g — I'(TP) < fundamental vector fields.
@ Example: Cartan geometry of spacetime:
o Let (M, g) be a Lorentzian manifold.
e Choose Lie groups: G =1S0y(3,1), H = S0(3,1).
e Orthonormal frame bundle % : P — M is principal H-bundle.
o Let A= e+ w: solder form e, Levi-Civita connection w.
= Cartan geometry modeled on G/H.
= Lorentzian spacetime can be reconstructed from Cartan geometry.
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Cartan geometry on observer space

@ Ingredients of a Cartan geometry:
o Lie group G with a closed subgroup H C G.
e Principal H-bundle 7 : P — M.
e 1-form A € Q'(P, g) on P with values in g < Cartan connection.
e Ahas an “inverse” A: g — I'(TP) < fundamental vector fields.
@ Example: Cartan geometry of spacetime:
o Let (M, g) be a Lorentzian manifold.
e Choose Lie groups: G =1S0y(3,1), H = S0(3,1).
e Orthonormal frame bundle % : P — M is principal H-bundle.
o Let A= e+ w: solder form e, Levi-Civita connection w.
= Cartan geometry modeled on G/H.
= Lorentzian spacetime can be reconstructed from Cartan geometry.
@ Example: Cartan geometry of observer space: is. cieten, b. wise 12]
e Choose Lie group K = SO(3).
o Let O be the unit timelike vectors on M.
= Principal K-bundle = : P — O.
= Cartan geometry modeled on G/K.
= Lorentzian spacetime can be reconstructed from Cartan geometry.
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Finsler spacetimes

@ Finsler geometry: generalized length functional:
b
T = F(x(t),x(t))dt.
]

@ Finsler function F : TM — RT.
@ Finsler metric
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Finsler spacetimes

@ Finsler geometry: generalized length functional:

b
T = F(x(t),x(t))dt.
]
@ Finsler function F: TM — R™.
@ Finsler metric
10 0
S .
2 aya 8yb (X7 .y)
@ Finsler geometries suitable for spacetimes exist. (c. preiter, M. wonifartn 1)
= Notion of timelike, lightlike, spacelike tangent vectors.

gg—b(xay)
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Finsler spacetimes

@ Finsler geometry: generalized length functional:
7}
T = F(x(t),x(t))dt.
]
@ Finsler function F: TM — R*.
@ Finsler metric
10 0
S .
2 8ya 8yb (X7 .y)
@ Finsler geometries suitable for spacetimes exist. (c. preiter, M. wonifartn 1)
= Notion of timelike, lightlike, spacelike tangent vectors.
@ Unit vectors y € TxM defined by

gg—b(xay)

F2(x,y) = gho(x. ¥)y2y? = 1.

= Observer space O of unit timelike vectors.
= Principal K-bundle 7 : P — O of orthonormal frames.
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Cartan connection and fundamental vector fields

@ Translational part e € Q'(P, 3) given by solder form:
e = f1dx2.

@ Boost / rotational part w € Q'(P, ) given by Cartan linear
connection:

= 171 [ i+ 12 (dxF2p + (X ONCy + diF) Co) | -

= A =w + eis a Cartan connectionon = : P — O.
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Cartan connection and fundamental vector fields

@ Translational part e € Q'(P, 3) given by solder form:
e = f1dx2.

@ Boost / rotational part w € Q'(P, ) given by Cartan linear
connection:

= 171 [ i+ 12 (dxF2p + (X ONCy + diF) Co) | -

= A =w + eis a Cartan connectionon = : P — O.
@ Fora=z'Z;+ h'/H/ € g we have the fundamental vector field

A(a) — Zifia (aa _ ’;’bFCabéé) + (hljfla _ hiOfibijCabc> 5{3
= Forallpe P, Alpo Alp = idg and Alp o Alp = idr,p.
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Time translation

@ Consider the fundamental vector field
t=A(Z) =180, 1NP0, &  Wi()=0, €(t)=4d.
@ Integralcurve I : R — P, A — (x(X), f(N\)) of t.
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Time translation

@ Consider the fundamental vector field
t=A(Z) =180, 1NPB, &  Wi()=0, €(t)=4d.
@ Integralcurve I : R — P, A — (x(X), f(N\)) of t.

@ From €/(t) = &} follows:
X2 — £,

= (x, fp) is the complete lift of a curve from M to O.
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Time translation

@ Consider the fundamental vector field
t=A(Z) =180, — 1NPB, &  W()=0, €(t)=4d.
@ Integralcurve I : R — P, A — (x(X), f(N\)) of t.

e From €'(t) = &} follows:
=1

= (x, fp) is the complete lift of a curve from M to O.
@ From w/o(t) = 0 follows:

0= f7 4+ N3pxP = X3+ N3,xP.

= (x,fp) is a Finsler geodesic.
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Time translation

@ Consider the fundamental vector field
t=A(Z) =180, — 1NPB, &  W()=0, €(t)=4d.
@ Integralcurve I : R — P, A — (x(X), f(N\)) of t.

e From €'(t) = &} follows:
=1

= (x, fp) is the complete lift of a curve from M to O.
@ From w/o(t) = 0 follows:

0= f7 4+ N3pxP = X3+ N3,xP.

= (x, fp) is a Finsler geodesic.
@ From w®s(t) = 0 follows:

0= 124 12 (X°F2hg + (XIN°g + 1§)C%o ) = V5 112

= Frame f is parallely transported.
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Split of the tangent bundle TP

@ Consider adjoint representation Ad : K ¢ G — Aut(g) of K on g.
@ g splits into irreducible subrepresentations of Ad.
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Split of the tangent bundle TP

@ Consider adjoint representation Ad : K ¢ G — Aut(g) of K on g.
@ g splits into irreducible subrepresentations of Ad.
@ Induced decompositions of A and TP:

g = ¢ ® ) ® 3 o 30
TJA = JQ + jb + jé + jeo
spatial temporal

rotation - i
tations  DOOSIS 4o nqlations  translations
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Reconstruction of spacetime from Cartan geometry

@ Condition: boost distribution VP = RP @ BP is integrable.
= VP can be integrated to a foliation F with leaf space M.
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Reconstruction of spacetime from Cartan geometry

@ Condition: boost distribution VP = RP @ BP is integrable.
= VP can be integrated to a foliation F with leaf space M.
@ Condition: foliation F is strictly simple.

= Leaf space M is a smooth manifold.

= Canonical projection 7 : P — M is a submersion.
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Reconstruction of spacetime from Cartan geometry

@ Condition: boost distribution VP = RP @ BP is integrable.
= VP can be integrated to a foliation F with leaf space M.
@ Condition: foliation F is strictly simple.
= Leaf space M is a smooth manifold.
= Canonical projection 7 : P — M is a submersion.
@ Canonical projections 7@ = 7’ o 7:
P—_~0-"=M

™
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Reconstruction of spacetime from Cartan geometry

@ Condition: boost distribution VP = RP @ BP is integrable.
= VP can be integrated to a foliation F with leaf space M.
@ Condition: foliation F is strictly simple.
= Leaf space M is a smooth manifold.
= Canonical projection 7 : P — M is a submersion.

@ Canonical projections 7@ = 7’ o 7:

P=-0—"=M

@ Tangent spaces (with o = 7(p) and x = 7’(0) = 7(p)):

RoP & ByP & HpP ToP
|~ Jm Jm
0 B,O & H,0 = T,0
| .
0 M = TM
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Reconstruction of the Finsler metric

@ Forp e Pand w,w € H,P define the horizontal metric on P:

gp(p) : HoP @ HP — R
(w,w') = —pie'(w)e(w)
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Reconstruction of the Finsler metric

@ Forp e Pand w,w € H,P define the horizontal metric on P:

gp(p) : HoP @ HP — R
(w,w') = —nie'(w)ew) -

@ Use equivariance of A and isomorphism =, : H,P — H,O.
= Horizontal metric on O independent of p € 7—'(0):

go(o) : H,O®H,O — R
(me(w), me(W)) = gp(p)(w, W) -
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Reconstruction of the Finsler metric

@ Forp e Pand w,w € H,P define the horizontal metric on P:

(w,w) = —npe'(w)e(w') -

@ Use equivariance of A and isomorphism 7, : H,P — H,O.
= Horizontal metric on O independent of p € 7—'(0):

go(o) : H,O®H,O — R
(me(w), (W) = gp(p)(w, W) -

@ Use isomorphism 7, : H,O — T,yM for v,v' € H,0.
= Observer dependent metric at “observer location” x:

glo) : TyIMRTM — R
(m(v), m (V) = go(o)(v,V') ~

= Metric has Lorentz signature.
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Embedding of observers into TM

@ Fundamental vector field t = A(Z,) € I'(TP) of time translation.
= Vector field r € I'(TO) independent of p € 7~ (0):

r(0) = m(t(p)) -
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Embedding of observers into TM

@ Fundamental vector field t = A(Z,) € I'(TP) of time translation.
= Vector field r € I'(TO) independent of p € 7~ (0):

r(0) = m(t(p)) -

@ Define the map
™

c : O —
o — mi(r(o)
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Embedding of observers into TM

@ Fundamental vector field t = A(Zy) € ['(TP) of time translation.
= Vector field r € I'(TO) independent of p € 7—(0):

r(0) = m(t(p)) -

@ Define the map
™

c : O —
o — mi(r(o)

= o(0) is unit timelike:

g(0)(a(0),0(0)) =1.

= Image o (7'~ '(x)) € TxM is connected and fixes time orientation.
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Embedding of observers into TM

@ Fundamental vector field t = A(Zy) € ['(TP) of time translation.
= Vector field r € I'(TO) independent of p € 7—(0):

r(0) = m(t(p)) -

@ Define the map
™

c : O —
o — mi(r(o)

= o(0) is unit timelike:

g(0)(a(0),0(0)) =1.

= Image o (7'~ '(x)) € TxM is connected and fixes time orientation.
@ o is in general not an embedding.

@ Impose this as another condition.

= Finsler spacetime reconstructed from Cartan geometry.
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Gravity from Cartan to Finsler

@ MacDowell-Mansouri gravity on observer space: [s. cieien, 0. wise "12]

SG:/eaﬁvtrh(Fh/\*Fh)/\ba/\b’B/\bV
(0]

e Hodge operator x on b.
o Non-degenerate H-invariant inner product try on b.
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Gravity from Cartan to Finsler

@ MacDowell-Mansouri gravity on observer space: [s. cieien, 0. wise "12]

SG:/ea[gvtrh(Fh/\*Fh)/\ba/\b’B/\bV
(0]

e Hodge operator x on b.
o Non-degenerate H-invariant inner product try on b.

@ Translate terms into Finsler language (with R = dw + %[w,w]):
e Curvature scalar:

[e,e] AxR ~ gF#®RC . dV .
o Cosmological constant:
[e,e] A x[e,e] ~ dV.
o Gauss-Bonnet term:

R AR ~» ¥R ot Regn dV .

= Gravity theory on Finsler spacetime.
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Gravity from Finsler to Cartan

@ Finsler gravity action: (c. peiter, M. woifarth '11]
Sg = /O dix Py \/—GRA,yP.

e Sasaki metric G on O.
o Non-linear curvature R?,.

Manuel Hohmann (Tartu Ulikool) Finsler observer spaces DPG 2013 13/15



Gravity from Finsler to Cartan

@ Finsler gravity action: (c. peiter, M. woifarth '11]
S = /O dix Py \/—GRA,yP.

e Sasaki metric G on O.
o Non-linear curvature R?,.

@ Translate terms into Cartan language:

d*xd®y \/ G = cjigcap, € NE NEKNE ANBE A A,
R2aby° = b*[A(Z.), A(Z0)] .

= Gravity theory on observer space.
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@ Observer spaces:
o Lift physics from spacetime to the space of observers.
o Describe observer space geometry using Cartan geometry.
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@ Observer spaces:
o Lift physics from spacetime to the space of observers.
o Describe observer space geometry using Cartan geometry.

@ Finsler spacetime:

e Based on generalized length functional.
o Finsler metric is observer dependent.

Manuel Hohmann (Tartu Ulikool) Finsler observer spaces DPG 2013 14/15



@ Observer spaces:
o Lift physics from spacetime to the space of observers.
o Describe observer space geometry using Cartan geometry.
@ Finsler spacetime:
e Based on generalized length functional.
o Finsler metric is observer dependent.
@ From Finsler to Cartan:
o Cartan geometry on observer space derived from Finsler geometry.
e Connection calculated from Cartan linear connection.
o Parallely transported observer frames given by the “flow of time”.
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e Spacetime can (sometimes) be constructed from Cartan geometry.
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o Observers have timelike 4-velocities in TM.
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@ Observer spaces:
o Lift physics from spacetime to the space of observers.
o Describe observer space geometry using Cartan geometry.
@ Finsler spacetime:
e Based on generalized length functional.
o Finsler metric is observer dependent.
@ From Finsler to Cartan:
o Cartan geometry on observer space derived from Finsler geometry.
e Connection calculated from Cartan linear connection.
o Parallely transported observer frames given by the “flow of time”.
@ From Cartan to Finsler:
e Spacetime can (sometimes) be constructed from Cartan geometry.
o Observer dependent Finsler metric from Cartan connection.
o Observers have timelike 4-velocities in TM.
@ Gravity:
o MacDowell-Mansouri gravity from Cartan to Finsler.
o Finsler gravity from Finsler to Cartan.
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@ Current projects:

o Derive gravitational equations of motion.
o Translate more terms between both languages.
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@ Current projects:

o Derive gravitational equations of motion.

o Translate more terms between both languages.
@ Future projects:

Consistent matter coupling.
Study of exact solutions.
Effects of deviations from metric geometry?
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