Extensions of Lorentzian spacetime geometry:
From Finsler to Cartan and vice versa
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Motivation From Finsler to Cartan Finsler — Cartan — Finsler

e Quantum gravity may break symmetries: e Observer space O C T'M: e Finsler spacetime (M, F).
— Cartan geometry (7 : P — O, A).
- — New Finsler spacetime (M, F)
€M e (M, F)equals (M, F)?
— Finsler diffeomorphism . always exists:

— General covariance. 5 .
— Local Lorentz invariance. _ U

e Observer-dependent physical quantities.
e Consider space of physical observers. e Space P of orthonormal frames f;:
e Geometry of observer space? TN

Gap (T, fo) [ F7 = —ij -
Observer space Cartan geometr e Principal K-bundle 7 : P — O. \ /
e G/H Cartan geometry: e Cartan connection A € Q1 (P, g): o TO=—=40
— Lie groups G and H C G. A= fligpaz, 4 %f—lg [szy (dchabc v / \ v

— Principal H-bundle 7 : P — M. TN Vi
— Cartan connection A € Q' (P, g). + (da® Ny + de)Cabc) n dfﬂ% j
Choose K = S0O(3), H = S0O¢(3,1),
G € {SO¢(4,1),1S0¢(3,1),50¢(3,2)}. e Fundamental vector fields:
Lorentzian manifold (M, g). | X B
Future unit timelike vectors O c T M. A(a) = 2" f* (00 — f] Fap0?) ot Y (P o> O A
Space P of orthonormal frames. 4 (B e — B foFece, ) &) e Lartan geometry (m: 1~ — U, A).
Principal K-bundle = : P — O. (W5 0Ji15C"e) O — Finsler spacetime (M, F').
G /K Cartan geometryon 7 : P — O [1]. fora = 2'Z; + hi; 7 € g. — New Cartan geometry (7 : P — O A)

o . e (m: P — 0O,A) equals (7 : P%OA)
e Split of the tangent bundle — Only if a “Cartan morphism”  exists:

= Reconstruction of Finsler spacetime.

Cartan — Finsler — Cartan

Finsler spacetimes

g t & 9 o 3
e Finsler length functional: JAA _ JAQ n jb n Jﬁg n JAO
R,P © B,P o H{

1o _

. / F(x(t), i (t))dt . Il =
t1

e [Ime translation:
— Integral curve (z, f) of t = A(Z)).
— (a, fo) Is canonical lift:

er function F : TM — RT.
metry suitable for spacetimes [2, 3].
er metric with Lorentz signature:

e Cartan morphism y = (z, f) satisfies

m (7(p)), fi(p) = m(m(A(Z:)(p)))

= Simple test for equivalence.

1 0 0

F —
gab(’r?y) — 9 aya 8yb

F(x,y). o |
— (x, fo) is Finsler geodesic:

Unit timelike vectors Q, C T, M. @- o . .
o Clrgselgqce:c;nigstcegrgompgnentS C Q,. Wo(t) =0 = 0=3&"+ N, MacDowell-Mansouri gravity

S. corresponds to physical observers. — Frames are parallely transported: e Gravity action on observer space [1]:

Summary wip(t) =0 = 0=V fa- Se = /Oeag,ytrh(ﬂ,A*Fh)AbaAbﬁAm.

o Finsler geometry < Cartan geometry. e Curvature F' = dA + %[A, A] € Q*(P, g):
e Reconstruction of original geometries. |
e [ranslation of gravitational actions. F=—f10%.Zidx® \N§fS — Curvature scalar:

e [ranslate terms to Finsler language:

1 —11 ' F ab pc
——f 1Esz%j (Rdcabdxa A da” e, el AxR ~ g R qep dV .
Outlook 4

Derive gravitational equations of motion.
Consistent matter coupling.

Study of exact solutions.

Effects of Finsler metric geometry? — Gauss-Bonnet term:

Finsler-Cartan geometrodynamics? From Cartan to Finsler

Vertical distribution VP = RP & BP.
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e [ranslate terms to Cartan language:

d*z d*y V —G = €ijpi€apy b ANB° A D

Finsler function F' on Ra(O): Y B S
ANe' Nel Ne¥ Ne",
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