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Motivation
• Quantum gravity may break symmetries:

– General covariance.
– Local Lorentz invariance.

• Observer-dependent physical quantities.
• Consider space of physical observers.
• Geometry of observer space?

Observer space Cartan geometry
• G/H Cartan geometry:

– Lie groups G and H ⊂ G.
– Principal H-bundle π : P →M .
– Cartan connection A ∈ Ω1(P, g).

• Choose K = SO(3), H = SO0(3, 1),
G ∈ {SO0(4, 1), ISO0(3, 1),SO0(3, 2)}.

• Lorentzian manifold (M, g).
• Future unit timelike vectors O ⊂ TM .
• Space P of orthonormal frames.
• Principal K-bundle π : P → O.
• G/K Cartan geometry on π : P → O [1].

Finsler spacetimes
• Finsler length functional:

τ =

∫ t2

t1

F (x(t), ẋ(t))dt .

• Finsler function F : TM → R+.
• Geometry suitable for spacetimes [2, 3].
• Finsler metric with Lorentz signature:

gFab(x, y) =
1

2

∂

∂ya
∂

∂yb
F 2(x, y) .

• Unit timelike vectors Ωx ⊂ TxM .
• Closed connected component Sx ⊆ Ωx.
• Sx corresponds to physical observers.

From Finsler to Cartan
• Observer space O ⊂ TM :

O =
⋃
x∈M

Sx .

• Space P of orthonormal frames fi:

gFab(x, f0)fai f
b
j = −ηij .

• Principal K-bundle π : P → O.
• Cartan connection A ∈ Ω1(P, g):

A = f−1i
adx

aZi +
1

2
f−1i

a

[
f bj

(
dxcF abc

+ (dxdN c
d + df c0)Cabc

)
+ dfaj

]
Hij .

• Fundamental vector fields:

A(a) = zifai
(
∂a − f bjF cab∂̄jc

)
+
(
hijf

a
i − hi0f bi f cjCabc

)
∂̄ja

for a = ziZi + 1
2h

i
jHij ∈ g.

• Split of the tangent bundle TP :

g =

=

k ⊕

+

y ⊕

+

~z ⊕

+

z0

TpP
?�
A

OOOO

= RpP
?�

Ω

OOOO

⊕ BpP
?�
b

OOOO

⊕ ~HpP
?�
~e

OOOO

⊕ H0
pP
?�
e0

OOOO

• Time translation:

– Integral curve (x, f) of t = A(Z0).
– (x, f0) is canonical lift:

ei(t) = δi0 ⇒ ẋa = fa0 .

– (x, f0) is Finsler geodesic:

ωi0(t) = 0 ⇒ 0 = ẍa +Na
bẋ
b .

– Frames are parallely transported:

ωαβ(t) = 0 ⇒ 0 = ∇(ẋ,ḟ0)f
a
α .

• Curvature F = dA+ 1
2 [A,A] ∈ Ω2(P, g):

F = −f−1i
aC

a
bcZidxb ∧ δf c0

− 1

4
f−1i

df
c
jHij

(
Rdcabdx

a ∧ dxb

+ 2P dcabdx
a ∧ δf b0 + Sdcabδf

a
0 ∧ δf b0

)
⇒ Cartan geometry from Finsler geometry.

From Cartan to Finsler
• Vertical distribution V P = RP ⊕BP .
• V P must be integrable.
• Integrate V P to foliation F .
• F must be strictly simple.
• Smooth leaf space M of F .
• Embedding σ : O → TM of observers:
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• Finsler function F on Rσ(O):

F (λσ(o)) = |λ| .

⇒ Finsler geometry from Cartan geometry.

Finsler→ Cartan→ Finsler
• Finsler spacetime (M,F ).
→ Cartan geometry (π : P → O,A).
→ New Finsler spacetime (M̂, F̂ ).
• (M,F ) equals (M̂, F̂ )?
→ Finsler diffeomorphism µ always exists:
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⇒ Reconstruction of Finsler spacetime.

Cartan→ Finsler→ Cartan
• Cartan geometry (π : P → O,A).
→ Finsler spacetime (M,F ).
→ New Cartan geometry (π̂ : P̂ → Ô, Â).
• (π : P → O,A) equals (π̂ : P̂ → Ô, Â)?
→ Only if a “Cartan morphism” χ exists:
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• Cartan morphism χ = (x, f) satisfies

x(p) = π′(π(p)) , fi(p) = π′∗(π∗(A(Zi)(p)))

⇒ Simple test for equivalence.

MacDowell-Mansouri gravity
• Gravity action on observer space [1]:

SG =

∫
O

εαβγ trh(Fh ∧ ?Fh)∧ bα ∧ bβ ∧ bγ .

• Translate terms to Finsler language:

– Curvature scalar:

[e, e] ∧ ?R gF abRcacb dV .

– Cosmological constant:

[e, e] ∧ ?[e, e] dV .

– Gauss-Bonnet term:

R ∧ ?R εabcdεefghRabefRcdgh dV .

⇒ Gravity theory on Finsler spacetime.

Finsler gravity
• Finsler gravity action [3]:

SG =

∫
O

d4x d3y
√
−G̃Raabyb .

• Translate terms to Cartan language:

d4x d3y
√
−G̃ = εijklεαβγ b

α ∧ bβ ∧ bγ

∧ ei ∧ ej ∧ ek ∧ el ,
Raaby

b = bα[A(Zα), A(Z0)] .

⇒ Gravity theory on observer space.

Summary
• Finsler geometry⇔ Cartan geometry.
• Reconstruction of original geometries.
• Translation of gravitational actions.

Outlook
• Derive gravitational equations of motion.
• Consistent matter coupling.
• Study of exact solutions.
• Effects of Finsler metric geometry?
• Finsler-Cartan geometrodynamics?
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