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@ Fluids are everywhere:
o Perfect fluid (radiation, dust, dark matter...) - cosmology.
o Maxwell-Boltzmann gas - atmospheres.
e Plasma - stellar dynamics, primordial plasma.
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@ Fluids are everywhere:

o Perfect fluid (radiation, dust, dark matter...) - cosmology.
o Maxwell-Boltzmann gas - atmospheres.
e Plasma - stellar dynamics, primordial plasma.

@ Lift fluid dynamics to observer space:

o All measurements are performed by observers.

e Measurements depend on observer’s frame (velocity).

@ Quantum gravity: possible non-tensorial velocity dependence.
o Observer space: space of all physical velocities.

o Fluids naturally modeled as densities on observer space.
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@ Fluids are everywhere:
o Perfect fluid (radiation, dust, dark matter...) - cosmology.
o Maxwell-Boltzmann gas - atmospheres.
e Plasma - stellar dynamics, primordial plasma.

@ Lift fluid dynamics to observer space:

o All measurements are performed by observers.
e Measurements depend on observer’s frame (velocity).
@ Quantum gravity: possible non-tensorial velocity dependence.
o Observer space: space of all physical velocities.
o Fluids naturally modeled as densities on observer space.
@ Finsler spacetimes as observer space geometry:
Finsler geometry of space widely used in physics.
Finsler geometry generalizes Riemannian geometry.
Finsler spacetimes are suitable backgrounds for physics.
Possible explanations of yet unexplained phenomena.
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Finsler spacetime geometry

@ Generalize metric length measure to Finsler function:

T / * Vgwlxyamieidt [ Fox, x(0)dt

t
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Finsler spacetime geometry

@ Generalize metric length measure to Finsler function:

7= /tg \/'gab ))xa(£)XE(L)|dlt ~ ’ F(x(1), x(1))dt.

t

@ Finsler function F: TM — R*.
@ Parametrization invariance requires homogeneity:

F(x,\y) = AF(x,y) YA>0.
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Finsler spacetime geometry

@ Generalize metric length measure to Finsler function:

T / * Vgwlxyamieidt [ Fox, x(0)dt

t

@ Finsler function F: TM — R*.
@ Parametrization invariance requires homogeneity:

F(x,\y) = AF(x,y) YA>0.

@ Finsler spacetime c. preiter, M. wonitarth 117
o Length measure for tangent vectors.
@ Notion of timelike, lightlike, spacelike tangent vectors.
o “Future unit timelike” vectors: physically allowed velocities.
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Finsler spacetime geometry

@ Generalize metric length measure to Finsler function:

T / * Ngatyiameeiat [ Foxct), (o)t

t

@ Finsler function F: TM — R™.
@ Parametrization invariance requires homogeneity:

F(x,\y) = AF(x,y) YA>0.

@ Finsler spacetime [C. Pfeifer, M. Wohlfarth "11].

o Length measure for tangent vectors.
@ Notion of timelike, lightlike, spacelike tangent vectors.
o “Future unit timelike” vectors: physically allowed velocities.

= Observer space O ¢ TM of allowed velocities.
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Point mass dynamics on observer space

@ Point mass follows curve v : R — M on spacetime M.
@ ~ is extremal curve of Finsler length measure:

5 / F((t),4(H)at = 0.
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Point mass dynamics on observer space

@ Point mass follows curve v : R — M on spacetime M.
@ ~ is extremal curve of Finsler length measure:

5/F(fy(t),f'y(t))dt:0.
@ Canonical lift I' of curve to tangent bundle TM:
r=09-
@ Lift of geodesic equation to TM is first order differential equation:
F(t) = S(r(t)).

= Solutions are integral curves of vector field S on TM.
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Point mass dynamics on observer space

@ Point mass follows curve v : R — M on spacetime M.
@ ~ is extremal curve of Finsler length measure:

5 [ Fao.3(0)at = o.
@ Canonical lift I' of curve to tangent bundle TM:

r=(19)-

@ Lift of geodesic equation to TM is first order differential equation:
F(t) = S(r(t)).

= Solutions are integral curves of vector field S on TM.
@ Physically allowed velocities: I'(t) € O.

@ Restriction r = S|p: Reeb vector field.
= Physical geodesics are integral curves of r on O.
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From particles to fluids

@ Model fluid by classical, relativistic particles:

o Particles follow piecewise geodesic curves.
e Endpoints of geodesics are interactions with other particles.
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From particles to fluids

@ Model fluid by classical, relativistic particles:

o Particles follow piecewise geodesic curves.

e Endpoints of geodesics are interactions with other particles.
@ Particle measure: w € Q8(0) unique 6-form such that:

@ w non-degenerate on every hypersurface not tangent to r.
e dw=0.
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From particles to fluids

@ Model fluid by classical, relativistic particles:

o Particles follow piecewise geodesic curves.
e Endpoints of geodesics are interactions with other particles.

@ Particle measure: w € Q8(0) unique 6-form such that:

@ w non-degenerate on every hypersurface not tangent to r.
e dw=0.

@ Define one-particle distribution function ¢ : O — R™ such that:

For every hypersurface o C O,

Nlo] :/quw s . p

# of particle trajectories through o.

(]
e Counting of particle trajectories respects hypersurface orientation.

Manuel Hohmann (University of Tartu) Finsler fluid dynamics DPG Berlin 19. Méarz 2015 5/11



Collisions & the Liouville equation

@ Collision in spacetime «~ interruption in observer space.
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Collisions & the Liouville equation

@ Collision in spacetime «~ interruption in observer space.

@ Forany openset V € O,

| ow= [ )= [ crox

# of outbound trajectories - # of inbound trajectories.
= Collision density measured by Ly¢.

Manuel Hohmann (University of Tartu) Finsler fluid dynamics DPG Berlin 19. Méarz 2015



Collisions & the Liouville equation

@ Collision in spacetime «~ interruption in observer space.

@ Forany openset V € O,

| ow= [ )= [ crox

# of outbound trajectories - # of inbound trajectories.
= Collision density measured by Ly¢.
@ Collisionless fluid: trajectories have no endpoints, Ly¢ = 0.
= Simple, first order equation of motion for collisionless fluid.
= ¢ is constant along integral curves of r.
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Examples of fluids

Geodesic dust fluid:
B(x,y) ~é(y—u(x)).
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Examples of fluids

Geodesic dust fluid:
B(x,y) ~é(y—u(x)).

\\ \\ \\ \ \ \ \\
AN
“Jenkka”

Manuel Hohmann (University of Tartu) Finsler fluid dynamics DPG Berlin 19. Méarz 2015 7 /11



Examples of fluids

Geodesic dust fluid: Collisionless fluid:
o(x,y) ~ d(y—u(x)). Lrp=0.
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Examples of fluids

Geodesic dust fluid: Collisionless fluid:
o(x,y) ~ d(y—u(x)). Lrp=0.
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Examples of fluids

Geodesic dust fluid: Collisionless fluid: Interacting fluid:
B(x,y) ~é(y—u(x)). Lrp=0. Lrp #0.

RERRRRRRRNRgY

RERES AR AR %6
r

x x

s
2
N

\\ \\ \\ \ \ \ \\
AN
“Jenkka” “Polkka”

Manuel Hohmann (University of Tartu) Finsler fluid dynamics DPG Berlin 19. Méarz 2015 7 /11



Examples of fluids

Geodesic dust fluid: Collisionless fluid: Interacting fluid:
o(x,y) ~ d(y—u(x)). Lrp=0. Lrg #0.
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Example: dust fluid in Finsler geometry

@ Classical dust with density p(x) and velocity u?(x).
@ One-partical distribution function on O:
1 .. 80 —v(X))

o(%,0) = EP(X)\/W-
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Example: dust fluid in Finsler geometry

@ Classical dust with density p(x) and velocity u?(x).
@ One-partical distribution function on O:

A S(0-v(R)
o(x,0) = EP(X)\/W-

@ No collisions = Liouville equation L;¢ = 0.
= Equations of motion for p and u?@:

Vud=0 and Vs, (pu?)=0.

e Dynamical covariant derivative V.
e Horizontal part of Cartan linear connection Vs,.
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Example: dust fluid in Finsler geometry

@ Classical dust with density p(x) and velocity u?(x).
@ One-partical distribution function on O:

1o 00— v(X)
m” JdethF(%,6)

@ No collisions = Liouville equation L;¢ = 0.
= Equations of motion for p and u?@:

Vud=0 and Vs, (pu?)=0.

e Dynamical covariant derivative V.
e Horizontal part of Cartan linear connection Vs,.

@ Metric background geometry F(x,y) = /|gab(x)y2y?]:
WPV =0 and Va(pud) =0.

= Well-known Euler equations of fluid dynamics.
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Fluids with cosmological symmetry

@ Most general cosmological Finsler function F(%, §, w).
e Cosmological time 1.
e Velocity component j in #-direction.
e Velocity component W perpendicular to #-direction.
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Fluids with cosmological symmetry

@ Most general cosmological Finsler function F(%, §, w).
o Cosmological time f.
@ Velocity component y in t-direction. A
e Velocity component w perpendicular to t-direction.

@ Homogeneity: F determined by F as

F(t,y,w) =yF( w/7).
@ Observer space O with §F(t, w/y) = 1.
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Fluids with cosmological symmetry

@ Most general cosmological Finsler function F(%, §, w).
o Cosmological time f.
@ Velocity component y in t-direction. A
e Velocity component w perpendicular to t-direction.

@ Homogeneity: F determined by F as

F(t,y,w) =yF( w/7).
@ Observer space O with §F(t, w/y) = 1.

@ Most general fluid ¢(, W/§) with cosmological symmetry.
@ Liouville equation L;¢ = 0:

l:_wwﬁbt - I:_tw¢w-
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Fluids with cosmological symmetry
@ Most general cosmological Finsler function F(t, 7, w).

e Cosmological time ?. .
@ Velocity component y in t-direction
o Velocity component W perpendicular to t-direction

@ Homogeneity: F determined by F as
F(t,y.w) = gF(,w/7).

@ Observer space O with §F(t, w/y) = 1.
@ Most general fluid ¢(%, w/§) with cosmological symmetry

@ Liouville equation Ly¢ = O:
,:_WW¢1‘ = F_IW(ZSW-

@ Robertson-Walker metric: F = \/1 — a2(Hyw2/y2:

w2 a
Faz2 — 2> “ow-

<
7 N

bt = —
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Conclusion

@ Basic idea:
o Model fluids by particle trajectories.
o Lift trajectories from spacetime to observer space.
o Describe geometry of observer space using Finsler geometry.
o Measure particle density by distribution function.
o Derive fluid dynamics from geodesic motion.
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Conclusion

@ Basic idea:
o Model fluids by particle trajectories.
o Lift trajectories from spacetime to observer space.
o Describe geometry of observer space using Finsler geometry.
o Measure particle density by distribution function.
o Derive fluid dynamics from geodesic motion.

@ Presented examples:

o Classical dust fluid on Finsler spacetime.
o Most general cosmological fluid on Finsler spacetime.
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Conclusion

@ Basic idea:
o Model fluids by particle trajectories.
o Lift trajectories from spacetime to observer space.
o Describe geometry of observer space using Finsler geometry.
o Measure particle density by distribution function.
o Derive fluid dynamics from geodesic motion.

@ Presented examples:

o Classical dust fluid on Finsler spacetime.

o Most general cosmological fluid on Finsler spacetime.
@ Future research goals:

@ Coupling of fluids to non-metric gravity theories.
e Cosmological solutions of gravity with non-metric geometry.
e Extension of parameterized post-Newtonian formalism.
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