Harmonic d-tensors

A tool for calculating symmetric Finsler spacetimes

Manuel Hohmann

Laboratory of Theoretical Physics - Institute of Physics - University of Tartu
Center of Excellence “The Dark Side of the Universe”

&Ygs “/L]AL{(OO(. C ?/
s L
S

DPG Spring Conference - Session MP 8 - 3. March 2016

Manuel Hohmann (University of Tartu) Harmonic d-tensors DPG MP 8 - 3. March 2016



@ So far unexplained cosmological observations:

o Accelerating expansion of the universe
e Homogeneity of cosmic microwave background
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@ So far unexplained cosmological observations:
o Accelerating expansion of the universe
e Homogeneity of cosmic microwave background
@ Models for explaining these observations:
o ACDM model / dark energy
o Inflation
@ Physical mechanisms are not understood:

o Unknown type of matter?

e Modification of the laws of gravity?

e Scalar field in addition to metric mediating gravity?
e Quantum gravity effects?
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@ So far unexplained cosmological observations:
o Accelerating expansion of the universe
e Homogeneity of cosmic microwave background
@ Models for explaining these observations:
o ACDM model / dark energy
o Inflation
@ Physical mechanisms are not understood:

Unknown type of matter?

Modification of the laws of gravity?

Scalar field in addition to metric mediating gravity?
Quantum gravity effects?

@ Idea here: modification of the geometric structure of spacetime!

o Replace metric spacetime geometry by Finsler geometry.
e Similarly: replacing flat spacetime by curved spacetime led to GR.
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Finsler spacetimes

@ Finsler geometry of space widely used in physics:
@ Approaches to quantum gravity
o Electrodynamics in anisotropic media
e Modeling of astronomical data
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Finsler spacetimes

@ Finsler geometry of space widely used in physics:
@ Approaches to quantum gravity
o Electrodynamics in anisotropic media
@ Modeling of astronomical data
@ Finsler geometry generalizes Riemannian geometry:
o Geometry described by Finsler function on the tangent bundle.
e Finsler function measures length of tangent vectors.
o Well-defined notions of connections, curvature, parallel transport. ..
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Finsler spacetimes

@ Finsler geometry of space widely used in physics:
@ Approaches to quantum gravity
o Electrodynamics in anisotropic media
@ Modeling of astronomical data
@ Finsler geometry generalizes Riemannian geometry:
o Geometry described by Finsler function on the tangent bundle.
e Finsler function measures length of tangent vectors.
o Well-defined notions of connections, curvature, parallel transport. ..
@ Finsler spacetimes are suitable backgrounds for:
o Gravity
e Electrodynamics
o Other matter field theories
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Finsler spacetimes

@ Finsler geometry of space widely used in physics:
@ Approaches to quantum gravity
o Electrodynamics in anisotropic media
e Modeling of astronomical data
@ Finsler geometry generalizes Riemannian geometry:
o Geometry described by Finsler function on the tangent bundle.
e Finsler function measures length of tangent vectors.
o Well-defined notions of connections, curvature, parallel transport. ..
@ Finsler spacetimes are suitable backgrounds for:
o Gravity
e Electrodynamics
o Other matter field theories
@ Possible explanations of yet unexplained phenomena:
e Fly-by anomaly
o Galaxy rotation curves
@ Accelerating expansion of the universe
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Basics of Finsler gravity

@ Finsler geometric spacetime background:
o Proper time defined by Finsler length functional:

= [F Fxy, x()at.

o Finsler function F: TM — R.
e Finsler metric with Lorentz signature:

10 0
F _ Y Y 2
gab(x7y)_28yaayb": (X7y)'
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Basics of Finsler gravity

@ Finsler geometric spacetime background:
o Proper time defined by Finsler length functional:

= [F Fxy, x()at.

t

o Finsler function F: TM — R.
e Finsler metric with Lorentz signature:

10 0
F _ Y Y 2
gab(x7y)_2aya8yb": (X7y)'

@ Dynamics of Finsler gravity:

e Curvature R4, of Cartan non-linear connection.
e Finsler gravity Lagrangian £ ~ R3a,y".
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Basics of Finsler gravity

@ Finsler geometric spacetime background:
o Proper time defined by Finsler length functional:

= [F Fxy, x()at.

o Finsler function F: TM — R.
e Finsler metric with Lorentz signature:

10 0
F _ 2
gab(x7y) - zaya abe (X7y)'

@ Dynamics of Finsler gravity:

e Curvature R4, of Cartan non-linear connection.
e Finsler gravity Lagrangian £ ~ R3a,y".

@ Defining objects of Finsler geometry are d-tensors.
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D-tensors

@ Definition of d-tensors:
e Tangent bundle: 7: TM — M.
o Pullback bundle: 7 : TM xy TM — TM.
o Tensor bundles: 7] ().
e (r,s)-d-tensor field: section of 7] ().
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D-tensors

@ Definition of d-tensors:
e Tangent bundle: 7: TM — M.
o Pullback bundle: 7 : TM xy TM — TM.
o Tensor bundles: 7] ().
e (r,s)-d-tensor field: section of 7] ().
@ Relation to the double tangent bundle w : TTM — TM:
e Canonical injective strong bundle map:

i : TMxyT™M — TTM
(v,w) — G(v+tw)|_,

e Canonical surjective strong bundle map:

i TIM — TMxyTM
£ = (w(€): ()

e Exact sequence:

0= TMxy TM L ™ L ™ xy TM — 0
o Vertical tangent bundle: VTM = imi = kerj.
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Diffeomorphisms acting on d-tensors

@ Lift of diffeomorphisms to d-tensors:
o Diffeomorphism ¢ : M — M.
= Lift to the tangent bundle: ¢, : TM — TM.
= Lift to the pullback bundle: v, xp . : TM xpy TM — TM xy TM.
= Lift to 7{ (7) via pushforward / pullback.
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Diffeomorphisms acting on d-tensors

@ Lift of diffeomorphisms to d-tensors:
o Diffeomorphism ¢ : M — M.
= Lift to the tangent bundle: ¢, : TM — TM.
= Lift to the pullback bundle: v, xp . : TM xpy TM — TM xy TM.
= Lift to 7{ (7) via pushforward / pullback.
@ Infinitesimal diffeomorphisms:
e Vector field X = X293, € X(M).
— Complete lift X = X209, + y20,X0y, € X(TM).
= Action on d-tensor T € 7/ () in coordinate basis of TM:
(EXT)31..~a,bs _ XcacTar“a,br--bs +yd8dxcéc7-a1ma'b1u.bs
— O XB 7-("'22”"3’[)1...[3S — = O XE Ta1---a,,1cb1mb

S

+ Op XOTH ¥ oy o 4 Op XOTH ¥ pp o
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Diffeomorphisms acting on d-tensors

@ Lift of diffeomorphisms to d-tensors:
o Diffeomorphism ¢ : M — M.
= Lift to the tangent bundle: ¢, : TM — TM.
= Lift to the pullback bundle: v, xp . : TM xpy TM — TM xy TM.
= Lift to 7{ (7) via pushforward / pullback.
@ Infinitesimal diffeomorphisms:
e Vector field X = X290, € X(M).
— Complete lift X = X209, + y20,X0y, € X(TM).
= Action on d-tensor T € 7/ () in coordinate basis of TM:

(EXT)31..~a,bs _ XcacTar“a,br--bs +ydadxcéc7-a1ma’b1mbs
— O XB 7-("'22”"3’[)1...[3S — = O XE Ta1---a,,1cb1mb

S

+ Op XOTH ¥ oy o 4 Op XOTH ¥ pp o

@ Introduce short notation:
e Vector field X € X(TM).
e Corresponding Lie derivative X = iLx.
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Generating vector fields of SO(3)

@ Coordinates on TM for M = R3:
r? ﬁ’ 27 B? 97 gb
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Generating vector fields of SO(3)

@ Coordinates on TM for M = R3:

r? ﬁ’ 27 B? 97 gb
@ Generating vector fields of SO(3):
o cos¢,  COs¢
Ry = sin¢oy + and 8¢ sin_e 85 ,
R, :—cos¢89+sm¢ sing

tan0 ®  sing ?’
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Generating vector fields of SO(3)

@ Coordinates on TM for M = R3:

r? ﬁ’ 27 57 97 gb
@ Generating vector fields of SO(3):
o cos¢,  COs¢
Ry = sin¢oy + and 8¢ sing 85,
sing sin ¢

R, = —cos ¢y + ——
Rs = —0,.

@ Auxiliary vector fields:

tan0 ®  sing ?’

cosj _cosﬁ
tand ° sing " ®’
sin 8 sin 8
tan0 ?  sing ¢’

By =sinB9y +

B, = —cosf0y + ——
B; = —03.
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Symmetry algebra for SO(3)

@ Rotation algebra:

[Ri,Rj] = iexRi, [Bi,Bj] = iejwBxk, [Bi,Rj] =0.
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Symmetry algebra for SO(3)

@ Rotation algebra:
[R,’,Rj] = fe,']'kRk, [B,’7 Bj] = ie,'j'kBk, [B,‘,Rj] =0.
@ Introduce ladder operators and Casimir:

R:=R1+iR2, R:=TR3, BL=DB1+iB, B;=DBs,
R%2=TR3+R3+R3=DB3+B2+B5 =152
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Symmetry algebra for SO(3)

@ Rotation algebra:
[R,’,Rj] = fe,']'kRk, [B,’7 Bj] = ie,'j'kBk, [B,‘,Rj] =0.
@ Introduce ladder operators and Casimir:

R:=R1+iR2, R:=TR3, BL=DB1+iB, B;=DBs,
R%2=TR3+R3+R3=DB3+B2+B5 =152

= Algebra relations:

[Rz,Ri]=+R+, [R4,R_]=2R;, [R+,R¥=[R;R?] =0,
[B2,B+] = +By, [By,B_]=2B;, [B+,R? =[B,R?=0.
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Symmetry algebra for SO(3)

@ Rotation algebra:
[Ri,Rj] = iexRi, [Bi,Bj] = iejwBxk, [Bi,Rj] =0.
@ Introduce ladder operators and Casimir:

R:=R1+iR2, R:=TR3, BL=DB1+iB, B;=DBs,
R%2=TR3+R3+R3=DB3+B2+B5 =152

= Algebra relations:

[Rz,Ri]=+R+, [R4,R_]=2R;, [R+,R¥=[R,, R’ =0,
[B2,B+] = +By, [By,B_]=2B,, [B+,R? =][B,,R?]=0.

= R2 R, B, mutually commute.
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Scalar spherical harmonics on TM

@ Definition of spherical scalar harmonics:

ime i 0 . 0
y’vm,n(ga ®, B) = Nl,m7nelm¢emﬁ cos™" 5 S|n|m*f7| §

-2 Fy (max(m, n) — I,max(m, n) + [+ 1;|m — n| + 1;sin? Z)
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Scalar spherical harmonics on TM

@ Definition of spherical scalar harmonics:

ime i 0 . 0
yl,m,n(ga o, B) = Nl,m7nelm¢emﬁ cos™" 5 S|n|m*f7| §

-2 Fy (max(m, n) — I,max(m, n) + [+ 1;|m — n| + 1;sin? Z)

@ Operator relations:
e Eigenvalue relations:

Rzyl,m,n = /(/JF 1 )yl,m,na 7?/zyl,m,n = myl,m,na Bzyl,m,n = nyl,m,n

e Ladder operators:

R+Vimn = \/(/ + m)(/ *m+ 1)yl,mi1,n7
Biy/’m’n = \/(/ F n)(li n-+ 1)3),,,,7’,&1 .
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Spherical harmonic d-tensors

@ Basis e_1, e, e of 79(r) such that
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Spherical harmonic d-tensors

@ Basis e_1, e, e of 79(r) such that

@ Zeroth order tensors in 7 (r):

m
x/ =Vimn
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Spherical harmonic d-tensors

@ Basis e_1, e, e of 79(r) such that

@ Zeroth order tensors in 7 (r):

m
x/ =Vimn

@ Recursive definition in 79(r):

m / 1 m’
Yo = 1)k=m/2) + 1 Z( K k ! >X/o/1.../k_1®eu

m,u
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Spherical harmonic d-tensors

@ Basise ', e0 e' of 7](r) such that

R%eM™ =2eM, R,e"=me", R.e™=./(1Fm)2+m)em™!
@ Zeroth order tensors in 7 (r):
m
Y= Yimn
n

@ Recursive definition in 75 (r):

m / 1 m’
Bl / m k k 1 Byl
X,O1 k_ k— ,/2/ +1 E ( ,LL>XIO1 k-1 et

m,u

@ Analogue construction for dual basis and mixed tensors.
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Spherical operator relations

@ Eigenvalue relations:
2m m
Ry, = hellk +1)Yhp,...p
m m
RZXIO/V"//( = mXIoh..,,k .

@ Ladder operators:

m m=+1
Ry, = VkFm)(lk+m+1) Y by
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Application example: Finsler metric

@ Vertical gradient operator for f = f(r, p, Z):

vY (f?lo/ /> =
n Ol

1 [ f 0 1 [ f 0 0 m
HCOL L
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Application example: Finsler metric

@ Vertical gradient operator for f = f(r, p, Z):

vY (f?lo/ /> =
n Ol

1 f 0 . 1 f 0o 001
e (75 ¥ g (g o) ] o

@ Finsler metric for L(r, p,2) = F?(r, p, 2):

gF:%V‘/V"L
1 Lﬁ >0 10 1 <L_ )0 10
=——— L+ L+ Lz ) Yo' 0 — Ly Ly —2L55 ) Ye
2\/§<p ot ez ov6\p P ")

0
T, (910 _ w10}, 1 L\ (3,10 10
+§Lpz (Yz —_Y12 +tg Ly -5 gz +_Y22 .
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Generating vector fields of SO(4)

@ Coordinates on TM for M = R*:

r7 W7 a? /B’ 9+70_7 ¢+’ gb_
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Generating vector fields of SO(4)

@ Coordinates on TM for M = R*:
r7 W7 a? IB’ 0+7 9_7 ¢+’ ¢_

@ Generating vector fields of SO(4) = SO(3) x SO(3)/Zy:

. cos ¢ cos ¢*
JE =sin¢®9, T2 P —
1 0%+ gL 0 ~ Ging= 08
sin ¢ sin¢*
JF = —cos ¢t O — ——
2 070+ + ang= %" ~ Singz 28
+
J3 = _a¢i .
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Generating vector fields of SO(4)

@ Coordinates on TM for M = R*:
r7 W7 a? IB’ 0+7 9_7 ¢+’ ¢_

@ Generating vector fields of SO(4) = SO(3) x SO(3)/Zy:

. cos ¢ cos ¢*
JE =sin¢®o, o Oy — ———
1 0%+ gL 0 ~ Ging= 08
sin ¢ sin¢*
JF = —cos ¢t O — ——
2 070+ + ang= %" ~ Singz 28
+
J3 = _a¢i .

@ Auxiliary vector field:
B=-0s.
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Symmetry algebra for SO(4)

@ Rotation algebra:

[T, T = iewd& . [T7,971=0, [B,77]=0.

Manuel Hohmann (University of Tartu) Harmonic d-tensors DPG MP 8 - 3. March 2016 14 /21



Symmetry algebra for SO(4)

@ Rotation algebra:
[T, T = iewd s [T7.771=0, [B,J7]=0.
@ Introduce ladder operators and Casimirs:

JE=JFtigy, JF=J;,
(j:l:)Z _ (‘ﬂi)Z + (j2i)2 + (jsi)Z )
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Symmetry algebra for SO(4)

@ Rotation algebra:
[T, T = iewd& . [T7,971=0, [B,77]=0.
@ Introduce ladder operators and Casimirs:
JE=JFtigy, JF=J;,
(T5)? = (J7 P + (T2 + (T3 )2
= Algebra relations:

[JF,TE = +TF . [JE. T =27F,
(T35 (TP =175, (T5)? =0.
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Symmetry algebra for SO(4)

@ Rotation algebra:
[T, T = iewdi& [77.0,71=0, [B,771=0.

@ Introduce ladder operators and Casimirs:

JE=JFtigy, JF=J;,

(j:l:)Z _ (‘ﬂi)Z + (j2i)2 + (jsi)Z )
= Algebra relations:
(T35, TEl = +TE, 1T5. T =277,
[TE (T = 7. (T%)7] = 0.

= (J%)?, 7, B mutually commute.
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Scalar cosmological harmonics on TM

@ Definition of cosmological scalar harmonics:
— - imt ot im— ¢ Al
Zl+,l*,m+,m*,n(0+79 7¢+7¢ 75) = Nl+,l*,m+,m*7nelm ¢ e'” ¢ emﬁ

+
o F (max(m*, n) — I,max(m*,n) 4+ 1+ 1;|m* — n| + 1;sin? 92>

o F; (max(m, n) — I,max(m=,n) 4+ I +1;|m~ — n| + 1;sin? 92_)

o+ . ot N N N
-cos™ N Z_gjplm > cos™ " 5 sinl™ >

Manuel Hohmann (University of Tartu) Harmonic d-tensors DPG MP 8 - 3. March 2016 15/21



Scalar cosmological harmonics on TM

@ Definition of cosmological scalar harmonics:

_ _ e
Z/+,/*,m+,m*,n(9+,9 7¢+7¢ 75):NH?I?7m+7m77ne/m ¢t gim= ¢~ gind

+
o F (max(m*, n) — I,max(m*,n) 4+ 1+ 1;|m* — n| + 1;sin? 92>

-oFy (max(m, n)— I max(m-,n)+/+1,|m —n|+ 1;sin® 62_>

+ — —
t—n| 97 COSm_+n 97 Sin‘mi_m i

ot
. mt+n in|m
Ccos 5 sin 5 5 5

@ Operator relations:
e Eigenvalue relations:
(TERZ=FF+1)2, JfZ=m*z, BZ=nz
e Ladder operators:
T Z0 - mem-n =T FmM)EE£mT + )25 - mist.me s
T2k mem-n =V~ Fm )= £m= + 1) 25 - m w10
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Cosmological d-tensor basis

@ Introduce basis of 79:

€1 .1, €_11, €1 _1, €_1_1
22 22 2 2 2 2
@ Operator relations:
+12 _3 + "
(j ) em+,m* - Zemﬂm* ) jz em+,m* =m em+,m* ;

1 3
jfemtmf = \/(2 F m+> <2 + m+>em+i1,m s
_ 1 3
Ji emtm- = D) +m- ) +=m- m+ m+1-
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Cosmological d-tensor basis

@ Introduce basis of T:

11 11
ez, e 22

@ Operator relations:

(jj:)Qeer,m* _ %emﬂm* ’ jzj:emﬂm* _ mﬂ:emﬂm*

o e G
—amt,m- 1 _ 3 _ mt,m— 41
‘7:|: e = § Fm E +m e .

@ Analogue construction for dual basis.

Manuel Hohmann (University of Tartu)
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Recursive construction of cosmological d-tensors

@ Zeroth order tensors in 70(r):

mt,m~
2 )= 2t

@ Recursive definition in 72():

mt.m~

- 4+ —mt—m— —
% {lg" lo }{/r,/;}..,{/:’/k—}:(—1)k+k me—m \/2/;—{—1\/2/,( +1

o 1 - 1
) < o b2 >< b ha 2 )
o mt —mt it m —m e
mt’ . m='
N U _ _
Z Y iy gy ©

k—1"k—
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Cosmological operator relations

@ Eigenvalue relations:

2™ 4ot -
(;7 ) % {/3’,/J}{,;r,/1—}_,,{,+7,;} — /k (Ik + 1) % {/3’,/J}{,;r7/1—}_,,{,+7,;}7
im*,m* im*,m*
NE % {/o*v/5}{,1+,,1—}.,.{,+,,k—} =m % {/c;rv/5}{/1+,/1—}...{/+,/k—}-
@ Ladder operators:
+m+,m—
j:t % {’(;rvl(;}{/;r’/;}...{/ﬂ/;} =
mt+1,m—

+ + 0
\/(/k FmO)(heEmT 1) 2 G g ey

mt,m~
L I _ =
Je 2 Ak gy
mt,m~+1

\/(/(; Fm)(l =mm+1) 2 A by
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@ Finsler geometry in physics:
o Finsler geometry well established in electrodynamics, astronomy. ..
o Finsler spacetimes generalizes pseudo-Riemannian spacetimes.
o Gravity theory based on Finsler spacetimes.
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@ Finsler geometry in physics:
o Finsler geometry well established in electrodynamics, astronomy. ..
o Finsler spacetimes generalizes pseudo-Riemannian spacetimes.
o Gravity theory based on Finsler spacetimes.
@ D-tensors:
e Defining objects of Finsler geometry.
@ Sections of tensor bundle over pullback bundle TM x; TM.
o Geometric interpretation via double tangent bundle TTM.
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@ Finsler geometry in physics:
o Finsler geometry well established in electrodynamics, astronomy. ..
o Finsler spacetimes generalizes pseudo-Riemannian spacetimes.
o Gravity theory based on Finsler spacetimes.
@ D-tensors:
e Defining objects of Finsler geometry.
@ Sections of tensor bundle over pullback bundle TM x; TM.
o Geometric interpretation via double tangent bundle TTM.
@ Harmonic d-tensors:
e D-tensor representations of SO(3),SO(4), ...
e Simple calculation rules for operators in Finsler geometry.
e Simplify calculation of d-tensors in Finsler gravity.
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@ Construction of harmonic d-tensors:
@ Construct further helpful formulas for harmonic d-tensors.
e Generalize construction to other symmetry groups.
o Write Mathematica package for easy application.
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@ Construction of harmonic d-tensors:
@ Construct further helpful formulas for harmonic d-tensors.
e Generalize construction to other symmetry groups.
o Write Mathematica package for easy application.

@ Applications:

o Finsler gravity - cosmology, spherically symmetric solutions. ..
o Finsler electrodynamics.
o ...
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