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0 Pullback bundle formalism
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Pullback bundle vs. fibered product

@ Definition of a pullback bundle:
@ Smooth manifolds M, N.

Fiber bundle 7 : E — M.
Smooth map ¢ : N — M.
Pullback bundle ¢*7 : ¢*E — N, where

o total space: ¢"E = {(p,e) € N x E, ¢(p) = w(e)},

@ projection: ¢*mw(p,€) =p
Isomorphisms between fibers F = (¢*E)p = Ey(p).
Fiber bundle structure of E induces fiber bundle structure on ¢*E:

AU = UxF = (¢1) (6 (U) L= ¢ (U) x F

where U trivializes E around ¢(p) and ¢)(p, €) = (p, pra(¥(e))).
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Pullback bundle vs. fibered product

@ Definition of a pullback bundle:
@ Smooth manifolds M, N.
o Fiberbundle 7 : E — M.
e Smoothmap ¢ : N — M.
o Pullback bundle ¢*7 : ¢*E — N, where
o total space: ¢"E = {(p,e) € N x E, ¢(p) = w(e)},
@ projection: ¢*mw(p,€) =p
Isomorphisms between fibers F = (¢*E)p = Ey(p).
o Fiber bundle structure of E induces fiber bundle structure on ¢*E:

AU = UxF = (¢1) (6 (U) L= ¢ (U) x F

where U trivializes E around ¢(p) and ¢)(p, €) = (p, pra(¥(e))).
@ ForN=Eand¢=m:¢o"E =E xy E.

Manuel Hohmann (University of Tartu) Harmonic d-tensors 23. August 2018 - 23. Lepage School 4/32



D-tensors

@ Definition of d-tensors:
e Tangent bundle: 7 : TM — M.
e Pullback bundle: 7 = 7*7 : TM xy TM — TM.
e Tensor bundles: 77 (1) = (TM xy TM)®" @ (TM xp T*M)®S.
e (r,s)-d-tensor field: section of 7] ().
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D-tensors

@ Definition of d-tensors:

e Tangent bundle: 7 : TM — M.

o Pullback bundle: 7 = 7*7 : TM xy TM — TM.

e Tensor bundles: 77 (1) = (TM xy TM)®" @ (TM xp T*M)®S.

e (r,s)-d-tensor field: section of 7] ().
@ Relation to the double tangent bundle w : TTM — TM:

o Canonical injective strong bundle map:

i @ TMxyT™M — TTM
(Va W) = dgt(v_}— tw)|t:0

e Canonical surjective strong bundle map:

j 0 TTIM — TMxyTM
§ = (@(£),7(¢))
e Exact sequence:
0 TMxy TM5 TTM 4 TM x4y TM — 0
o Vertical tangent bundle: VTM = imi = kerj.
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Diffeomorphisms acting on d-tensors

@ Lift of diffeomorphisms to d-tensors:
o Diffeomorphism ¢ : M — M.
= Lift to the tangent bundle: ¢, : TM — TM.
= Lift to the pullback bundle: v, Xy . : TM xpy TM — TM xy TM.
= Lift to 74 () via pushforward / pullback.
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Diffeomorphisms acting on d-tensors

@ Lift of diffeomorphisms to d-tensors:
o Diffeomorphism ¢ : M — M.
= Lift to the tangent bundle: ¢, : TM — TM.
= Lift to the pullback bundle: v, Xy . : TM xpy TM — TM xy TM.
= Lift to 74 () via pushforward / pullback.
@ Infinitesimal diffeomorphisms:
e Vector field X = X209, € X(M).
— Complete lift X = X230, + y20,Xdy, € X(TM).
= Action on d-tensor T € 7/ () in coordinate basis of TM:
(LT3 8, = X0 Ta ¥y + y0gX DT ¥ p, .,
— O XB Tcaz---a,b1mbs S Tar”a”’cb‘..‘bs

+ Op, X¢ Ta‘ma’cbz...bs +...+ 6bSXcTa1ma’b1...bs_1c
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Diffeomorphisms acting on d-tensors

@ Lift of diffeomorphisms to d-tensors:
o Diffeomorphism ¢ : M — M.
= Lift to the tangent bundle: ¢, : TM — TM.
= Lift to the pullback bundle: v, Xy . : TM xpy TM — TM xy TM.
= Lift to 74 () via pushforward / pullback.
@ Infinitesimal diffeomorphisms:
e Vector field X = X209, € X(M).
— Complete lift X = X230, + y20,Xdy, € X(TM).
= Action on d-tensor T € 7/ () in coordinate basis of TM:
(LT3 8, = X0 Ta ¥y + y0gX DT ¥ p, .,
— O XB Tcaz---a,b1mbs S Tar”a’qcb‘..‘bs

+ Op, X¢ Ta‘ma’cbz...bs +...+ 8bSXcTa1ma’b1...bs_1c

@ Introduce short notation:
e Vector field X € X(TM).
o Corresponding Lie derivative X = iLx.
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e SO(3) harmonics
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Co-rotated cylindrical coordinates on TR3

@ Coordinates x', x2, x3 on M = R3.
@ Induced coordinates x', x2, x3, y'. y2. y3 on TM.

@ Co-rotated cylindrical coordinates r, p, z, 3,0, ¢ on TM:

x! cos ¢
(Xz) = (sin¢
x® 0
y! cos ¢
(y2) = (sin¢
y® 0

—sing 0
cos¢p O

0 1
—sing O
cos¢p O

0 1

X
)

cos b
0

—sinf

cos @
0
—sind

O -0 O—=0

sind
0

cos

sind
0
cos @

)

0
0
r

pcos f3
psin 3
z
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Generating vector fields of SO(3)

@ Generating vector fields rq, ro, r3 € X(M) of SO(3):

r{ =sin ¢y + COS?(%,
r> = — cos pdy + m(z%,

F3 = —84,.
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Generating vector fields of SO(3)

@ Generating vector fields rq, ro, r3 € X(M) of SO(3):

r{ =sin ¢y + COS?(%,
r> = — cos pdy + '"‘Za¢,
F3 = —84, .
@ Canonical lifts to vector fields R, R, Rz € X(TM):
. cosd) _ cos ¢
R1—sm¢89+ i e X
_ smgf) smgb
R, = cos¢89+ 98¢ Snd 0g,

Rs = —0s.
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Generating vector fields of SO(3)

@ Generating vector fields rq, ro, r3 € X(M) of SO(3):

r{ =sin ¢y + COS?(%,
r> = — cos pdy + '"‘Za¢,
F3 = —84, .
@ Canonical lifts to vector fields R, R, Rz € X(TM):
. cosd) _ cos ¢
R1—sm¢89+ i e X
_ smgi) smgb
R, = cos¢89+ 98¢ Snd 0g,
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Auxiliary vector fields and co-rotations

@ Auxiliary vector fields By, By, B3 € X(TM):

cos 3 cos 3
tanf P sing ?’
sin 8 sin 8
tanf ©  sinf

B1 = sin 580 +

B> = —cos 80y +
B; = —03.
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Auxiliary vector fields and co-rotations

@ Auxiliary vector fields By, By, B3 € X(TM):

. cos f3 cos 3
B, = —
! SlnBa‘g—i_tané? P sing 7
sin 8 sin 8

B> = —cos 80y +
B; = —03.

tand ©  sing ®’

@ Operators By, Bz, Bz € A(C>*(TM)):

Bif = ilg,f.
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Auxiliary vector fields and co-rotations

@ Auxiliary vector fields By, By, B3 € X(TM):

cos 3 cos 3
tanf P sing ?’
sin 8 sin 8
tanf ©  sinf

B1 = sin 589 +

B> = —cos 80y +
B; = —03.

@ Operators By, By, Bz € A(C*(TM)):
Bkf =iLlg,f.

@ Important remarks:

e Vector fields By, B2, B3 € X(TM) are not canonical lifts.
= Operators By, By, B; € 2(C>°(TM)) do not act on d-tensors.
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Further operators and algebra relations

@ Rotation algebra:

[Ri,Rj] = iexRi, [Bi,Bj] = iejwBxk, [Bi,Rj] =0.
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Further operators and algebra relations

@ Rotation algebra:
[Ri,Rj] = iexRi, [Bi,Bj] = iejwBxk, [Bi,Rj] =0.
@ Introduce ladder operators and Casimir:

Ri=Ri1+iR2, Rz=TRaz, Bi=DBy*iB2, B;=DBs,
RZ=TR3+R5+R3=DB5+B5+B5 =052
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Further operators and algebra relations

@ Rotation algebra:
[Ri,Rj] = iexRi, [Bi,Bj] = iejwBxk, [Bi,Rj] =0.
@ Introduce ladder operators and Casimir:
Ri=R1+iRz, Ry;=Rsz, BL=B1+iB, B,=DB83,
RZ2=R24R2+R2=0B2+B2+8B2 =15
= Algebra relations:

[Rz,Re] =4+R+, [Ry,R_]=2R;, [R+,R?=[R,R?]=0,
[B,B+] = +B+, [By,B-]1=28B;, [Bx,R?]=[5;,R*=0.
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Further operators and algebra relations

@ Rotation algebra:
[Ri,Rj] = iexRi, [Bi,Bj] = iejwBxk, [Bi,Rj] =0.
@ Introduce ladder operators and Casimir:
Ri=R1+iRz, Ry;=Rsz, BL=B1+iB, B,=DB83,
RZ2=R24R2+R2=0B2+B2+8B2 =15
= Algebra relations:

[Rz,Re] =4+R+, [Ry,R_]=2R;, [R+,R?=[R,R?]=0,
[B,B+] = +B+, [By,B-]1=28B;, [Bx,R?]=[5;,R*=0.

@ Operators constitute algebra of a rigid rotor.
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Further operators and algebra relations

@ Rotation algebra:
[Ri,Rj| = iewRk, [Bi,Bj] = iewBk, [Bi.R;] =0.
@ Introduce ladder operators and Casimir:
Ri=R1+iRz, Ry;=Rsz, BL=B1+iB, B,=DB83,
RZ2=R24R2+R2=0B2+B2+8B2 =15
= Algebra relations:
[Rz,Ri] =4+R+, [Ry,R_]=2R;, [R+,R?]|=[R..R?’]=0,
[B2,B+] = +By, [By,B_]=2B;, [B+,R? =[B,,R?]=0.

@ Operators constitute algebra of a rigid rotor.
= R2 R, B, mutually commute.
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Scalar representations of rotation algebra

@ Find simultaneous eigenfunctions F € C>(TM) of R?, R, B,.
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Scalar representations of rotation algebra

@ Find simultaneous eigenfunctions F € C>°(TM) of R?, R, B;.
@ Separation ansatz:

F(r,p,2,6,0,¢) = f(r,p, 2)0(0)®(¢)B(5) -
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Scalar representations of rotation algebra

@ Find simultaneous eigenfunctions F € C>°(TM) of R?, R, B;.
@ Separation ansatz:

F(r,p,z,B,6,¢) = f(r, p,2)0(0)®(4)B(8) -
@ Azimuthal parts R,F = mF and B;F = nF:

RF = —idsF = &(¢) = €™, meZ,
B.F = —idsF = B(B) = €™, necZ.
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Scalar representations of rotation algebra

@ Find simultaneous eigenfunctions F € C>°(TM) of R?, R, B;.
@ Separation ansatz:

F(r,p,z,B,6,¢) = f(r, p,2)0(0)®(4)B(8) -
@ Azimuthal parts R,F = mF and B;F = nF:

RF = —idsF = &(¢) = €™, meZ,
B.F = —idsF = B(B) = €™, necZ.

@ Zenith part R?F = I(/ + 1)F:

el/(e) +

Q'(0) (2mncosf — m? — n? B
tan9+< 5 +I(I+1))©(0) =0.

sin© 6
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Definition of scalar spherical harmonics

@ General formula:
o 0 0
Vimn(0, ¢, 8) = N/,m,ne’”@elﬂﬁ cos™ N 5 sinlm=nl 0

-2F4 (max(m, n) — I, max(m, n) 4+ 1+ 1;|m — n| 4 1; sin? g)
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Definition of scalar spherical harmonics

@ General formula:
_ imo ~inB m+n 0 . |m—n| 0
Vimn(0, 0, 8) = Njmne"?€e"” cos 5 sin 5
-2F4 (max(m, n) — I, max(m, n) 4+ 1+ 1;|m — n| 4 1; sin? g)

@ Normalization constants:

max(m,m V (21 +1) [ (I = min(m, n))!(/ 4 max(m, n))!
N/,m,n = (_1) ’

Im—n|t \| (I — max(m, n))!(/ + min(m, n))!"’
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Definition of scalar spherical harmonics

@ General formula:
_ imo ~inB m+n 0 . |m—n| 0
Vimn(0, 0, 8) = Njmne"?€e"” cos 5 sin 5
-2F4 (max(m, n) — I, max(m, n) 4+ 1+ 1;|m — n| 4 1; sin? g)

@ Normalization constants:

max(m,m V (21 +1) [ (I = min(m, n))!(/ 4 max(m, n))!
N/,m,n = (_1) ’

Im—n|t \| (I — max(m, n))!(/ + min(m, n))!"’

@ Conditions on parameters:

I=0,1,...; m=—l—I+1,....1 n=—l—1+1,...1I.
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Definition of scalar spherical harmonics

@ General formula:
_ imo ~inB m+n 0 . |m—n| 0
Vimn(0, 0, 8) = Njmne"?€e"” cos 5 sin 5
-2F4 (max(m, n) — I, max(m, n) 4+ 1+ 1;|m — n| 4 1; sin? g)

@ Normalization constants:

max(m,m V (21 +1) [ (I = min(m, n))!(/ 4 max(m, n))!
N/,m,n = (_1) ’

Im—n|t \| (I — max(m, n))!(/ + min(m, n))!"’

@ Conditions on parameters:
I=0,1,...; m=—L—-I+1,...;, n=—l—-1+1,...,/.

@ Related to Wigner D-matrices up to constant factors.
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Properties of scalar spherical harmonics

@ Eigenvalue relations:

7?rzyl,m,n =I(I+ 1)yl,m,na RzVimn=MYimn, BzVimn=NYimn-
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Properties of scalar spherical harmonics

@ Eigenvalue relations:
7?rQ:)JI,m,n = I(/ + 1)yl,m,ny Rzyl,m,n = myl,m,na Bzyl,m,n = nyl,m,n-

@ Ladder operators:

R+Vimn= \/(/ Fm)(I£m+ 1)V mi1n,
BiYimn= \/(/ Fn)(l£n+ 1)37/,,,,,,&1 .
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Properties of scalar spherical harmonics

@ Eigenvalue relations:
Rzy/,m,n =1l +1)Vimn, RzVimn=MVimn, BzVimn=nVimn-

@ Ladder operators:

R+Vimn= \/(/ Fm)(I£m+ 1)V mi1n,
BiYimn= \/(/ Fn)(l£n+ 1)37/,,,,,,&1 .

@ Orthogonality and normalization:

2T 2T T
/ / / Vimn(6s 6, 3V v o0 (6, 6, B)sin 0 d6 db A3 = 8525 Sy Sy -
0 0 0

Manuel Hohmann (University of Tartu) Harmonic d-tensors 23. August 2018 - 23. Lepage School



Definition of spherical harmonic d-tensors

o Basis e_1,eg, e of 7.°(w) such that

RPem =2em, Rem=men, Riem=+/(1Fm)(2+m)en
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Definition of spherical harmonic d-tensors

o Basis e_1,eg, e of 7.°(w) such that

RPem =2em, Rem=men, Riem=+/(1Fm)(2+m)en

@ Zeroth order tensors in 72(r):

m
X/ =Vimn
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Definition of spherical harmonic d-tensors

o Basis e_1,eg, e of 7.°(w) such that

RPem =2em, Rem=men, Riem=+/(1Fm)(2+m)en

@ Zeroth order tensors in 72(r):
m
Y=Y mn
n

@ Recursive definition in 7.0(r):

m _ Ie T 1 m
X/0/1.../k = (_1)Ik m\/ 2l +1 Z ( ,;(7 i(n;/ —u ) X/0/1"'/k—1 ® ey

m,u
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Definition of spherical harmonic d-tensors

o Basise ',e’ e of 7' (w) such that

R%e™ =2e" R,e"=me", Rie™=./(1Fm)2+m)e™'
@ Zeroth order tensors in 72(r):
m
Y= Vimn
n
@ Recursive definition in 7 (r):
o Ik |, 1 m
o _ Yl ko Ik 1 by
X/O1 k - k=m /2] + Z( _“)X/(ﬂ 1 @ et
m,u

@ Analogue construction for dual basis and mixed tensors.
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Properties of spherical harmonic d-tensors

@ Eigenvalue relations:
2m m
R Xloh---lk = lk(lk + 1)!"”1"'//( )

m m
'szloh.../k = mX/o/r..,k .
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Properties of spherical harmonic d-tensors

@ Eigenvalue relations:
2m m
R Xloh"'lk = I(lk + 1)XIOI1'"I" ,
m m
'szloh.../k = mX/o/r..,k .

@ Ladder operators:

m m+1
R Yho..p = VkFm)(lkEm+1) Y oy
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Properties of spherical harmonic d-tensors

@ Eigenvalue relations:
2y v
R Xloh---lk = lk(lk + 1)!/0/1...//( )
m m
'RZXIOH.../R = mX/o/r../k .

@ Ladder operators:

m m+1
R Yho..p = VkFm)(lkEm+1) Y oy

@ Orthogonality and normalization:

k

v L~ 2
xl011...[k, xl(,)1 k - 871' 5mm/5nn/ H 5/,/,’ .
i=0
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Further properties and examples of formulas

@ Transpose of tensors of rank 2:

v f I+ R A R
Yo :Z(_” Val+1y/21 +1 bl Yoo,
/
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Further properties and examples of formulas

@ Transpose of tensors of rank 2:

v f I+ R A R
Yo :Z(_U Val+1y/21 +1 bl Yoo,
/

@ Trace of tensors of rank 2:

2L +1
2/0 + 1 5/0/2yl0,m,n .

m i m | |
tr¥hy, 2 =tr Yo, = (—1)b~h
n n
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Further properties and examples of formulas

@ Transpose of tensors of rank 2:

v f I+h /2] i b h 1 Y
Yo :Z(_U 2/ +1/2l +1 bl Vi,
/

@ Trace of tensors of rank 2:

2L +1
2/0 + 1 5/0/2yl0,m,n .

m i m | |
tr¥hy, 2 =tr Yo, = (—1)b~h
n n

@ Vertical gradient operator for f = f(r, p, Z):

v (Y N (nf e o L (pl ) Yo eyl o ¥
n0/1.4./k = E nlg— 5 11 +E n5+p _11 — 201 ®no/1.../k.
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Application example: Finsler metric

@ Finsler function L(r, 5, 2) = F?(r, p, 2).
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Application example: Finsler metric

@ Finsler function L(r, 5, 2) = F?(r, p, 2).
@ First derivative:
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Application example: Finsler metric

@ Finsler function L(r, 5, 2) = F?(r, p, 2).
@ First derivative:

@ Second derivative:

1 V7V
V"V [
g 2

1 /L, 0 1 /L, 0
= <?p + Lﬁﬁ + Lzz) XO1 o (_p + Lpﬁ — 2L22> !21 0

Fi
T ($10 910\ V[, L\ (9,10, .10
—+ ELﬁz <Y2 — XIQ + Z Lpp — ? !2 + Y2 .
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Application example: Finsler metric

@ Inverse Finsler metric:

o Lp(Lsp+Lzz)—p (ng - LﬁﬁL22> 0
L

-1
g =——= Yoqg
V3 Ly (L,%z - ppLZZ) 0
V2 Lls(@lys — Lzz) +p ( s LppLzz)
- —= Y21 0
V3 L; (L%- Lz ) 0
2Ly 0
— Y — Y
+ L2 "Lyl ( 210 24 o)

Lolzz +7 (L2 — Lyplzz )
_ <Y210+ Y210> .
Ly (L,zsz — Lpplzz
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e SO(4) harmonics
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Adapted coordinates on TR*

@ Coordinates on TM for M =R*: r,w,«, 8,601,607, ¢, ¢~
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Adapted coordinates on TR*

@ Coordinates on TMfor M =R*: r,w,«, 3,07,60—, ¢, ¢~
@ Relation to Cartesian induced coordinates:

x! 0 % 0
2 2
X 0 0
3| =M- C | ys -M. ats |
X rsin % y W cos 5=
x4 r cos y* —Wsin 0‘42'6
sin ‘%_ cos ‘%_ 0 0 cos ¢2+ —sin ¢2+ 0 0
M— —cos% smd’% 0 0 sm% cos% 0 0
0 0 sin % cos % 0 0 cos ¢2 sin ¢+
0 0 —cos‘% sm‘% 0 0 —sinZ" cosL
sin 97_ 0 cos%_ 0 ) cos% 0 sin % 0
0 sin 92 0 — cos 97 . 0 cos 92 0 sin 02
—cos%_ 0 sin %_ 0 —sin % 0 cos% 0
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Generating vector fields of SO(4)

@ Generating vector fields of SO(4) = SO(3) x SO(3)/Z, on M = R3:
r = —X283 + x362, o = —X3(91 + X183, F3 = —X182 + X281 R

ti = —x481 + x! 04 , t = —X482 + X284 , t; = —X433 + X384.
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Generating vector fields of SO(4)

@ Generating vector fields of SO(4) = SO(3) x SO(3)/Z, on M = R3:
r = —X283 + x362, o = —X3(91 + X183, F3 = —X182 + X261 R
ti = —x481 + x! 04 , t = —X482 + X284 , t; = —X483 + X384.

@ Canonical lifts Ji¥ of vector fields ji© = rx + t, in cosmological coordinates:

+ +
+ 4 ww cos ¢
J1 —SIﬂ(ﬁ 89i+ noE bt — Ssinft B s
smgbi smqbi

Jf-_-—cos¢i6@i-+
Jy = 04t .

tan 0T 9 T Singr %
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Generating vector fields of SO(4)

@ Generating vector fields of SO(4) = SO(3) x SO(3)/Z, on M = R3:
r = —X283 + x362, o = —X3(91 + X163, F3 = —X182 + X261 R
ti = —x481 + x! 04 , t = —X482 + X284 , t; = —X483 + X384.

@ Canonical lifts Ji¥ of vector fields ji© = rx + t, in cosmological coordinates:

+ +
+ 4 ww ww
Ji =sing 8m:+ Lozt — Sz 98
smgbi sinqbi

Jf-_-—cos¢i6@i-+
Jy = 04t .
@ Operators J= € (T (7)):

tan 0T 9 T Singr %

:l: o
Ty Y—IEJ?(EY.
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Symmetry algebra for SO(4)

@ Auxiliary vector field B € X(TM) and operator B € A(C>(TM)):

Manuel Hohmann (University of Tartu) Harmonic d-tensors 23. August 2018 - 23. Lepage School 23/32



Symmetry algebra for SO(4)

@ Auxiliary vector field B € X(TM) and operator B € A(C>(TM)):
B=-03, Bf=ilgf.
@ Rotation algebra:
[T, T = iew Ty . 15.771=0. [B.J7]=0.
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Symmetry algebra for SO(4)

@ Auxiliary vector field B € X(TM) and operator B € A(C>(TM)):
B=-03, Bf=ilgf.
@ Rotation algebra:
[T+, jji] = e, (7. 771=0, [B, J*1=0.
@ Introduce ladder operators and Casimirs:
JE=J+igs, JF=J5%,
(T5)? = (‘71:|:)2 I (jz:l:)Z i (jsj:)Z'
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Symmetry algebra for SO(4)

@ Auxiliary vector field B € X(TM) and operator B € A(C>(TM)):
B=-03, Bf=ilgf.
@ Rotation algebra:
[T+, jji] = e, (7. 771=0, [B, J*1=0.

@ Introduce ladder operators and Casimirs:

JE=J+igs, JF=J5%,

(T5)? = (‘71:|:)2+(‘72:|:)2+(‘73j:)2'
= Algebra relations:
(72, Jx] = +J5 . 1T5,T71 =27,
[TE (TP = [T (T%)*] = 0.
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Symmetry algebra for SO(4)

@ Auxiliary vector field B € X(TM) and operator B € A(C>(TM)):
B=-03, Bf=ilgf.
@ Rotation algebra:
(775, T = iewdi . [77.971=0, [B,7;]=0.

@ Introduce ladder operators and Casimirs:

JE=J+igs, JF=J5%,

(T5)? = (‘71:|:)2+(‘72:|:)2+(‘73j:)2'
= Algebra relations:
(72, Jx] = +J5 . 1T5,T71 =27,
[TE (TP = 7. (T7)*] = 0.

= (J%)?, 75, B mutually commute.
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Scalar representations of rotation algebra

@ Find simultaneous eigenfunctions F € C°(TM) of (J+)?, 75, B.
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Scalar representations of rotation algebra

@ Find simultaneous eigenfunctions F € C>°(TM) of (7+)?, 7, B.
@ Separation ansatz:

F(r,w,a, 3,070, ¢%,¢7) = f(r,w, )0 (67)0 (67 )0t (¢T)d (¢7)B(B) .
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Scalar representations of rotation algebra

@ Find simultaneous eigenfunctions F € C>°(TM) of (7+)?, 7, B.
@ Separation ansatz:

F(r,w,o,3,07,07,¢%,¢7) = f(r,w,a)0%(67)07(67)0" (¢7)®~(¢7)B(H) .
o Azimuthal parts J;*F = m*F and BF = nF:

JEF = —idF = o*(¢%) = ™" mtez,
BF = —idgF = B(B) = €™, neZ.
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Scalar representations of rotation algebra

@ Find simultaneous eigenfunctions F € C>°(TM) of (7+)?, 7, B.
@ Separation ansatz:

F(r,w,o,3,07,07,¢%,¢7) = f(r,w,a)0%(67)07(67)0" (¢7)®~(¢7)B(H) .
o Azimuthal parts J;*F = m*F and BF = nF:

JEF = —idF = o*(¢%) = ™" mtez,
BF = —idgF = B(B) = €™, neZ.

@ Zenith part (7%)2F = I*(I* +1)F:

(e:l:)//(e:l:) +

(OF) (%) N <2mincos 6+ — (m*)? — r?

+ 1+ +/pE\
S o + (I +1)>e (0*) =0.
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Definition of scalar cosmological harmonics on TM

@ Definition of cosmological scalar harmonics:

_ _ imtat _im—é— i
Zl+,/—,m+,m—,n(0+7‘9 7¢+a¢ 7/8) = Nl+,/—,m+,m—,nelm ¢ e ¢ emB

+
o F; (max(m*, n) — I, max(m*,n) + 14 1;|m* — n| + 1;sin? %)

- o F (max(m_,n) — l,max(m~,n) + [+ 1;|m~ — n| 4 1;sin? %)

+ + - -
von 0t 0 - EP—
ccos™ N Z_giplm™=nl Z_ cqgm 0 Z_ gipIm™—nl Z_

2 2 2 2

Manuel Hohmann (University of Tartu) Harmonic d-tensors 23. August 2018 - 23. Lepage School 25/32



Definition of scalar cosmological harmonics on TM

@ Definition of cosmological scalar harmonics:

_ _ + bt
Zl+,/‘,m+,m—,n(0+,'9 7¢+,¢ 7/3) Nl+/ ,mt m— nem ¢ /m o emB

+
o F; <max(m+, n) — I, max(m*,n) + 14 1;|m* — n| + 1;sin? %)

-oF4 (max(m_,n) [,max(m—,n)+1+4+1;|m™ —n|+1;sin %)
mein 07 sinl™ o cos™ 1 7 giplm= =1l o

108 2 2 2 2

@ Conditions on parameters:

e It =, m", m, neither all integers or all half-integers.
e |n| < min(/*,/7) and |m*| < I*.
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Properties of scalar cosmological harmonics on TM

@ Eigenvalue relations:

(TEPZz=FF+1)2, Jfz=m 2, BZ=nz
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Properties of scalar cosmological harmonics on TM

@ Eigenvalue relations:
(TEPZz=FF+1)2, Jfz=m 2, BZ=nz

@ Ladder operators:

jIZI+,/—,m+,m—,n = \/(/+ + m+)(/+ +mt+ 1)Zl+,/—,m+j:1,m—,na
ji_Zl+,l—,m+,m—,n = \/(l_ + m_)(/_ +m- + 1)ZlJr,l—,er,m—jﬂ,n-
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Properties of scalar cosmological harmonics on TM

@ Eigenvalue relations:
(TEPZz=FF+1)2, Jfz=m 2, BZ=nz

@ Ladder operators:

jIZI+,/—,m+,m—,n = \/(/+ + m+)(/+ +mt+ 1)Zl+,/—,m+j:1,m—,na
ji_Zl+,l—,m+,m—,n = \/(l_ + m_)(/_ +m- + 1)ZlJr,l—,er,m—jﬂ,n-

@ Orthogonality and normalization:

4 2m 2m
/ / / / / ZI+/ ,mt . m— n(9+ 0 a¢+ QZ) B)Z/‘FI At m (‘9+ 0~ ¢+ ‘75 /6)
sinf7 sind~ dot do~ dot dp~ dﬁ:327r36,+7+6,_7_6m+,~n+6m_,~,,_6,,,~7.
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Cosmological d-tensor basis

@ Introduce basis of T:

=
nl=
=
=

@ Operator relations:

+32 3 + +
(j ) Cm+m- = Zem+,m— ) jz Cm+m— = M €m+ m—,

)

1 3
j;emﬂm— = \/(5 + m+) (5 + m+)em+i1,m- ;
- 1 3
Jiemtm- = >FM )35 M )€mt m—+1-
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Cosmological d-tensor basis

@ Introduce basis of 7'

@ Operator relations:

(jj:)zem+,m— _ 3em+,m— +

+amt,m~
2 s ;e =m-e s

e (i) e
—amt.m~ 1 _ 3 _ mt . m—+1
Jre"w " = >F m > +m- |e" .

@ Analogue construction for dual basis.
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Recursive construction of cosmological d-tensors

@ Zeroth order tensors in 70(r):

mt,m~
2 ) = 21 e

@ Recursive definition in 7.0(r):
mt,m~ M -
e Rk S AR R RC

y4
n
3 Ik /;—1/ 3 le //?—1/ 3

mt —mt -yt m- —-m -y

m+/7m_,’l"+7“_
mt’ m~’

A - _ _
& R i) @ B

28/32
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Cosmological operator relations

@ Eigenvalue relations:
2™ +ot mam
(j ) % {’(Ta/ }{/;r’/;}...{/ﬂ/kf} = lk (/k + 1) % {lg’l }{/jr,/(}-~~{/+,lk’}7
im+,m— - im+,m— -
Iz 2 Wb yrarytpay =™ & Wy iy
@ Ladder operators:
mt,m~

TE T R ) -

mt+1,m—
I \/(//}F FmO) (e EmMT 1) 2 g ey
Ji % {’J’/_}{/;r,/;}...{/ﬂ/;} =

mt,m~+1

VO Fm ) £m= 1) 2 6 ey
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Outline

e Conclusion
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@ D-tensors:
o Defining objects of Finsler geometry.
e Sections of tensor bundle over pullback bundle TM % TM.
o Geometric interpretation via double tangent bundle TTM.
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@ D-tensors:
o Defining objects of Finsler geometry.
e Sections of tensor bundle over pullback bundle TM % TM.
o Geometric interpretation via double tangent bundle TTM.
@ Harmonic d-tensors:
o D-tensor representations of SO(3),SO(4),. ..
e Simple calculation rules for operators in Finsler geometry.
o Simplify calculation of d-tensors in Finsler gravity.
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@ Construction of harmonic d-tensors:

Construct further helpful formulas for harmonic d-tensors.
Generalize construction to other symmetry groups.

Write Mathematica package for easy application.

General tensors on TM and non-linear connections.
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@ Construction of harmonic d-tensors:

Construct further helpful formulas for harmonic d-tensors.
Generalize construction to other symmetry groups.

Write Mathematica package for easy application.

General tensors on TM and non-linear connections.

@ Applications:

o Finsler gravity - cosmology, spherically symmetric solutions. ..
o Finsler electrodynamics.
o ...
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@ Construction of harmonic d-tensors:

o Construct further helpful formulas for harmonic d-tensors.
o Generalize construction to other symmetry groups.
o Write Mathematica package for easy application.
o General tensors on TM and non-linear connections.
@ Applications:
o Finsler gravity - cosmology, spherically symmetric solutions. ..
o Finsler electrodynamics.
o ...
@ Literature:

e J. Szilasi, A setting for spray and Finsler geometry. In: Handbook of Finsler geometry,
Vol. 2, ed. P. L. Antonelli, Kluwer Academic Publishers, Dordrecht, 2003 (1185-1426).

o R. W. James, New tensor spherical harmonics, for application to the partial differential
equations of mathematical physics, Phil. Trans. R. Soc. Lond. A 1976 281 195-221.
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