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0 Introduction

e Projective Finsler function

e Projective tensor fields

e Projective d-tensors

e Projective non-linear connections

e Conclusion
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e General relativity:
o Describes gravitational interaction as geometric phenomenon.
o Spacetime modeled by smooth manifold M.
o Geometry described by pseudo-Riemannian metric g.
o Dynamics defined by Einstein-Hilbert action:

Senlg] = /M /—detgR(g) d'x.
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e General relativity:
o Describes gravitational interaction as geometric phenomenon.
o Spacetime modeled by smooth manifold M.
o Geometry described by pseudo-Riemannian metric g.
o Dynamics defined by Einstein-Hilbert action:

Senlg] = /M /—detgR(g) d'x.

e Open questions raised by general relativity:
o Origin of dark matter and dark energy?
o Homogeneity of the cosmic microwave background - inflation?
o Quantum theory and unification with other forces?
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e General relativity:
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o Spacetime modeled by smooth manifold M.
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e Open questions raised by general relativity:
o Origin of dark matter and dark energy?
o Homogeneity of the cosmic microwave background - inflation?
o Quantum theory and unification with other forces?

e Consider more general gravity theories and geometries.
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e General relativity:
o Describes gravitational interaction as geometric phenomenon.
o Spacetime modeled by smooth manifold M.
o Geometry described by pseudo-Riemannian metric g.
o Dynamics defined by Einstein-Hilbert action:

Sevlg] = [ V/=deraR(9)d'x.
e Open questions raised by general relativity:
o Origin of dark matter and dark energy?
o Homogeneity of the cosmic microwave background - inflation?
o Quantum theory and unification with other forces?
e Consider more general gravity theories and geometries.
e Why consider Finsler (spacetime) geometry?
o Generalization of (pseudo-)Riemannian geometry.
o Yields suitable causal structure for matter field equations.
o Defines observer clocks via length of their trajectories.
o Describes point-particle dynamics by Finsler geodesics.

Manuel Hohmann (University of Tartu) Projective bundles vs. Finsler 20. August 2019 - 24. Lepage School 4/



e General relativity:
o Describes gravitational interaction as geometric phenomenon.
o Spacetime modeled by smooth manifold M.
o Geometry described by pseudo-Riemannian metric g.
o Dynamics defined by Einstein-Hilbert action:

Senld] = /M /= detgR(g) d*x .

e Open questions raised by general relativity:

o Origin of dark matter and dark energy?

o Homogeneity of the cosmic microwave background - inflation?

o Quantum theory and unification with other forces?
e Consider more general gravity theories and geometries.
e Why consider Finsler (spacetime) geometry?

o Generalization of (pseudo-)Riemannian geometry.

o Yields suitable causal structure for matter field equations.

o Defines observer clocks via length of their trajectories.

o Describes point-particle dynamics by Finsler geodesics.
e Lagrangian formulation of Finsler gravity theories?
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Length measure approach to Finsler geometry

e Spacetime geometry defined by function L : '7'M — R:

Slit tangent bundle TM = TM\ {0, € T,yM, x € M}.
Homogeneity of degree h > 2: L(\v) = AL(v) for A € R*.
Zeros of L related to null cones / causal structure.

Finsler function F = |L|'/" measures length.

O O O O

Manuel Hohmann (University of Tartu) Projective bundles vs. Finsler 20. August 2019 - 24. Lepage School



Length measure approach to Finsler geometry

e Spacetime geometry defined by function L: TM — R:

Slit tangent bundle TM = TM\ {0, € TyM, x € M}.
Homogeneity of degree h > 2: L(\v) = AL(v) for A € R*.
Zeros of L related to null cones / causal structure.

Finsler function F = |L|'/" measures length.

e Determine L dynamically from Finsler gravity action?
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Length measure approach to Finsler geometry

e Spacetime geometry defined by function L : '7'M — R:

o Slittangent bundle TM = TM\ {04 € TxM,x € M}.

o Homogeneity of degree h > 2: L(Av) = ML(v) for X € R*.
o Zeros of L related to null cones / causal structure.

o Finsler function F = |L|'/" measures length.

e Determine L dynamically from Finsler gravity action?

¢ Naive approach via p-th order Lagrangian A € QZ”(JP(%M, R)):

S|L] = /%M(ij)*A.

Manuel Hohmann (University of Tartu) Projective bundles vs. Finsler 20. August 2019 - 24. Lepage School Bt



Length measure approach to Finsler geometry

e Spacetime geometry defined by function L : '7'M — R:

Slit tangent bundle TM = TM\ {0, € T,yM, x € M}.
Homogeneity of degree h > 2: L(\v) = A'L(v) for A € R*.
Zeros of L related to null cones / causal structure.

Finsler function F = |L|'/" measures length.

O O O O

e Determine L dynamically from Finsler gravity action?

e Naive approach via p-th order Lagrangian A € QZ”(JP(%M, R)):

S|L] = /%M(ij)*A.

e Problems:
o Variations oL must preserve homogeneity of degree h of L.

o Domain of 4L is composed of rays [v] = {\v,A\ e Rt} forv e ™.
= No variations with compact support.
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0-homogeneous approach to Finsler geometry

e Consider 0-homogeneous objects: Hilbert form, Finsler metric. ..
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0-homogeneous approach to Finsler geometry

e Consider 0-homogeneous objects: Hilbert form, Finsler metric. ..

= Pullback along section ¢ : PM — oTM is independent of o.
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0-homogeneous approach to Finsler geometry

e Consider 0-homogeneous objects: Hilbert form, Finsler metric. ..

= Pullback along section o : PM — TM is independent of o.
= Possible to consider integration on compact subsets of PM.
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0-homogeneous approach to Finsler geometry

e Consider 0-homogeneous objects: Hilbert form, Finsler metric. ..

= Pullback along section o : PM — TM is independent of o.
= Possible to consider integration on compact subsets of PM.
e Problems:

o Higher order tensor fields instead of scalar Finsler function.
o Variation must be constrained for tensor fields to remain Finslerian.
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e Projective Finsler function

Manuel Hohmann (University of Tartu Projective bundles vs. Finsler 20. August 2019 - 24. Lepage School 71/



Positive projective tangent bundle

« Slit tangent bundle TM carries right action of R*:

TMxRY — TM .
(V,A\) = v-A=)\v
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Positive projective tangent bundle

« Slit tangent bundle TM carries right action of R*:

TMxRY — TM .
(V,A\) = v-A=)\v

e Consider positive projective tangent bundle PM:

PM={[v]ve TM}, [V]={\v,AeR*}cC TM.
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Positive projective tangent bundle

« Slit tangent bundle TM carries right action of R*:

TMxRY — TM .
(V,A\) = v-A=)\v

e Consider positive projective tangent bundle PM:
PM={[vl,ve TM}, [V]={\,\eRt}cC TM.

= Construction defines a principal R*-bundle with right action -:

9 . TM — PM .
v = 9(v)=[v]
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Homogeneous functions on TM

e Consider Finsler Lagrange function L : %M - R.
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Homogeneous functions on TM

e Consider Finsler Lagrange function L : %M - R.
« Homogeneity of degree h > 2: L(Av) = A"L(v) for A € R,
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Homogeneous functions on TM

e Consider Finsler Lagrange function L : %M - R.
« Homogeneity of degree h > 2: L(Av) = A"L(v) for A € R,
e Consider left action of Rt on R:

onh : Rf xR — R
(A 2) = on(A2)=A""z "
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Homogeneous functions on TM

Consider Finsler Lagrange function L : %M - R.
Homogeneity of degree h > 2: L(Av) = AL(v) for A € R*.
Consider left action of R* on R:

onh : Rf xR — R
(A 2) = on(A2)=A""z "

Homogeneity of L is equivariance with respect to group actions:

L(v-\) = on(A"", L(v)).
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Homogeneous functions on TM

Consider Finsler Lagrange function L : %M - R.
Homogeneity of degree h > 2: L(Av) = AL(v) for A € R*.
Consider left action of R* on R:

onh : Rf xR — R
(A 2) = on(A2)=A""z "

Homogeneity of L is equivariance with respect to group actions:
L(v-A) = on(A7T, L(v)).

Finsler geometry models gauge theory of the group R™.
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Associated bundle construction

o Define associated bundle (Y, PM, mp, R):

Total space Yy = TM x,, R.
Base space PM.

Bundle map 7, : Y, — PM.
Typical fiber R.

O O O O
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Associated bundle construction

o Define associated bundle (Y, PM, mp, R):

Total space Yy = TM x,, R.
Base space PM.

Bundle map 7, : Y, — PM.
Typical fiber R.

e Elements of the total space are equivalence classes:

O O O O

v,z = {(v- X\ on(A1, 2)), A e RTY = {(Av, \"2), A e RT}.
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Associated bundle construction

o Define associated bundle (Y, PM, wp, R):

Total space Yy = TM x,, R.
Base space PM.

Bundle map 7, : Y, — PM.
Typical fiber R.

O O O O

e Elements of the total space are equivalence classes:

v,z = {(v- X\ on(A1, 2)), A e RTY = {(Av, \"2), A e RT}.

Equivalence of equivariant maps and bundle sections
There exists a one-to-one correspondence between h-homogeneous
functions L : TM — R and sections L : PM — Yh:

Lv)=z < L) =]v,z].
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Variational principle for projective Finsler function

e Consider L : PM — Y, as fundamental field variable.
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Variational principle for projective Finsler function

e Consider L : PM — Y, as fundamental field variable.
e p-th order Lagrangian A € Q2" (JPrp).
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Variational principle for projective Finsler function

e Consider L : PM — Y, as fundamental field variable.
e p-th order Lagrangian A € Q2" (JPrp).
e Action functional:

S[i] = /P (LA,
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Variational principle for projective Finsler function

e Consider L : PM — Y, as fundamental field variable.
e p-th order Lagrangian A € Q2" (JPrp).
e Action functional:

S[i] = /P (LA,

= Possible to have variation 61 with compact support D ¢ PM.
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Variational principle for projective Finsler function

e Consider L: PM — Yy as fundamental field variable.
e p-th order Lagrangian A € Q2" (JPrp).
e Action functional:

S[i] = /P (LA,

— Possible to have variation 61 with compact support D ¢ PM.
e Possible to construct Lagrangian also using projective approach?
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e Projective tensor fields
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Homogeneous tensor fields on TM

e For \ € Rt, consider homothetic transformation:

©x - %M — %M ‘
V = VA=AV
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Homogeneous tensor fields on TM

e For \ € Rt, consider homothetic transformation:

N %M — %M ‘
V = V- A=)V

e Consider tensor bundle

TITM = (TTM)® @ (T*TM)®S.
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Homogeneous tensor fields on TM

e For A € R*, consider homothetic transformation:

N %M — %M ‘
V = V- A=)V

e Consider tensor bundle
TITM = (TTM)® @ (T* TM)®S.
e h-homogeneous tensor field Q : ™ — TS TM: for all A eRT

(@) 1o Qopy =@ =2"Q.
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Homogeneous tensor fields on TM

e For A € R*, consider homothetic transformation:

©x %M — %M ‘
V = V- A=)V

o Consider tensor bundle
TITM = (TTM)® @ (T* TM)®S.

e h-homogeneous tensor field Q : ™ — TS TM: for all A eRT
(®5°) 0 Qo gy = p5Q = A"Q.

¢ Relation to Liouville vector field ¢ : ;'M — T;’M:

LeQ = hQ.
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Homogeneity and equivariance

o (Left) group action pp, : RT x TSTM — T{TM such that

P3Q =210 & pp(A 1, Q(V)) = Q(v - A) = 9L (A Q(v)).
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Homogeneity and equivariance

o (Left) group action pp, : R x T} ;’M — Ts’(73'M such that
P3Q=2"Q & pp(A71,Q(V)) = Qv - A) = &°(A"Q(v)).

= Explicit form of the action:

pn : REXTITM — TITM .
Aa) = AT(e3°)(q)
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Homogeneity and equivariance

o (Left) group action pp, : R x T} ;’M — Ts’(73'M such that
P3Q=2"Q & pp(A71,Q(V)) = Qv - A) = &°(A"Q(v)).

= Explicit form of the action:

pn : REXTITM — TITM .
Aa) = AT(e3°)(q)

o Consider orbit space Y, := T, TM/pp.
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Homogeneity and equivariance

o (Left) group action pp, : R x T} ;’M — Ts’(73'M such that
P3Q=2"Q & pp(A71,Q(V)) = Qv - A) = &°(A"Q(v)).

= Explicit form of the action:

pn : REXTITM — TITM .
Aa) = AT(e3°)(q)

o Consider orbit space Y;® := TS TM/pp.
o (Y}°, PM,7}° RCY™) is a fiber bundle.
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Homogeneity and equivariance

o (Left) group action pp, : R x T} ;’M — Ts’(73'M such that
P3Q=2"Q & pp(A71,Q(V)) = Qv - A) = &°(A"Q(v)).

= Explicit form of the action:

pn : REXTITM — TITM .
Aa) = AT(e3°)(q)

o Consider orbit space Y;® := TS TM/pp.
o (Y}°, PM,7}° RCY™) is a fiber bundle.
= (Yn, PM, 7, R) 2 (Y0, PM, 70 RN,
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Outline

e Projective d-tensors
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Pullback bundle vs. fibered product

o Definition of a pullback bundle:
o Smooth manifolds M, N.

Fiber bundle = : E — M.
Smooth map ¢ : N — M.
Pullback bundle ¢*7 : ¢*E — N, where

@ total space: ¢"E = {(p,e) € N x E, ¢(p) = w(e)},

@ projection: ¢*x(p, €) = p.
o Isomorphisms between fibers F = (¢*E)p = Ey(p)-
o Fiber bundle structure of E induces fiber bundle structure on ¢*E:

o

O O

U)L e UxFE = () (0 (U) e (U < F

- .
l pry ¢ ”l pry

U u

where U trivializes E around ¢(p) and /(p, ) = (p, pro(¢(e))).
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Pullback bundle vs. fibered product

o Definition of a pullback bundle:
o Smooth manifolds M, N.

Fiber bundle = : E — M.
Smooth map ¢ : N — M.
Pullback bundle ¢*7 : ¢*E — N, where

@ total space: ¢"E = {(p,e) € N x E, ¢(p) = w(e)},

@ projection: ¢*x(p, €) = p.
o Isomorphisms between fibers F = (¢*E)p = Ey(p)-
o Fiber bundle structure of E induces fiber bundle structure on ¢*E:

o

O O

U)L e UxFE = () (0 (U) e (U < F

- .
l pry ¢ ”l pry

U u

where U trivializes E around ¢(p) and /(p, ) = (p, pro(¢(e))).
e ForN=Eand ¢ =m: ¢o*E = E x E.
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D-tensors

o Definition of d-tensors:
o (©)
o (Slit) tangent bundle: ?: TM — M.
o Pullback bundle: @ = 7*7: TM xy TM — TM.

o Tensor bundles: 75 (w) = (%M xm TM)®" @ (%M Xy T*M)®S,
o (r, s)-d-tensor field: section of 77 (w).
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D-tensors

e Definition of d-tensors:
» (Slit) tangent bundle: & 1 - .
o Pullback bundle: @ = £*7 : TM xy TM — TM.
o Tensor bundles: ¢ (w) = (TM xy TM)®" & (TM xp T*M)®S.
o (r,s)-d-tensor field: section of 7{ (w).

¢ Relation to the double tangent bundle ¢ : TTM — TM:
o Canonical injective strong bundle map:

i TMxyTM — TTM
(viw) — G(v+tw)|_,

o Canonical surjective strong bundle map:

i TTM = TMxy TM
€ = (V). 7.(9)
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Homogeneous d-tensors

e Maps form exact sequence:

0= TM sy TM S TTM L TM <, TM = 0
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Homogeneous d-tensors

o Maps form exact sequence:
0= TM sy TM S TTM L TM <, TM = 0
 Dual exact sequence:

0 TM sy T"ME T*TM & TM sy T*M < 0
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Homogeneous d-tensors

e Maps form exact sequence:

0= TM sy TM S TTM L TM <, TM = 0

o Dual exact sequence:
0 TM sy T"ME T*TM & TM sy T*M < 0

e Use maps i and j* to map d-tensors to T{ TM.
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Homogeneous d-tensors

Maps form exact sequence:

0= TM sy TM S TTM L TM <, TM = 0

Dual exact sequence:
0 TM sy T"ME T*TM & TM sy T*M < 0

Use maps i and j* to map d-tensors to TS TM.

Define homogeneity via the image tensor fields e I'(T¢ %M).
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Homogeneous d-tensors

o Maps form exact sequence:
0= TM sy TM S TTM L TM <, TM = 0
o Dual exact sequence:
0 TM sy T"ME T*TM & TM sy T*M < 0

e Use maps i and j* to map d-tensors to T{ TM.

e Define homogeneity via the image tensor fields e I'(T¢ %M).
= Apply construction for homogeneous tensor fields.
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e Projective non-linear connections
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Non-linear connections

e Non-linear connection: splitting of exact sequence

o i (e} i o
O——=TMxy TM TTM TM xpy TM——0
v T
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Non-linear connections

e Non-linear connection: splitting of exact sequence

o i (e} i o
O——=TMxy TM TTM TM xpy TM——0
v T

e Horizontal map H and vertical map V.
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Non-linear connections

e Non-linear connection: splitting of exact sequence
o i (e} i o
0——=TMxyT™M CTTM TM xpy TM ——0
v H

e Horizontal map H and vertical map V.
e Define projection mapsh =Hojandv=io).
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Non-linear connections

Non-linear connection: splitting of exact sequence

o i . i
0—>TMxyTM >TTM—  TMxy TM ——>0
% H

Horizontal map # and vertical map V.
Define projection mapsh =Hojandv =io V.
Bundle spliting TTM = VTM & HTM:

o V(7]'M = imi=imv = kerj = ker h: canonically defined.

o H;’M =imh =im?H = kerv = ker V: defined only by connection.
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Non-linear connections as tensor fields

e Mapsv: TTM— TTMand h: TTM — TTM are bundle maps.
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Non-linear connections as tensor fields

e Mapsv: TTM— TTMand h: TTM — TTM are bundle maps.
= Interpretation as tensor fields: v, h ¢ F(T%M@ T %M) =T ™.
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Non-linear connections as tensor fields

e Mapsv: TTM— TTMand h: TTM — TTM are bundle maps.

= Interpretation as tensor fields: v,h e [(TTM ® T*TM) = T} TM.
e Homogeneous connection: v, h are homogeneous tensor fields.
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Non-linear connections as tensor fields

e Mapsv: TTM — TTMand h: TTM — TTM are bundle maps.

= Interpretation as tensor fields: v,h e [(TTM ® T*TM) = T} TM.
e Homogeneous connection: v, h are homogeneous tensor fields.
= Apply construction for homogeneous tensor fields.
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Non-linear connections as tensor fields

e Mapsv: TTM — TTMand h: TTM — TTM are bundle maps.

= Interpretation as tensor fields: v, h ¢ F(T%M@ T %M) =T ™.
e Homogeneous connection: v, h are homogeneous tensor fields.
= Apply construction for homogeneous tensor fields.
e Notethatv+ h = idT%M is 0-homogeneous!
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Non-linear connections as tensor fields

e Mapsv: TTM — TTMand h: TTM — TTM are bundle maps.

= Interpretation as tensor fields: v, h ¢ F(T%M@ T %M) =T ™.
e Homogeneous connection: v, h are homogeneous tensor fields.
= Apply construction for homogeneous tensor fields.
e Notethatv+ h = idT%M is 0-homogeneous!

= Tensor fields v, h are also 0-homogeneous.
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Non-linear connections as tensor fields

e Mapsv: TTM — TTMand h: TTM — TTM are bundle maps.

= Interpretation as tensor fields: v, h € F(T%M@ T %M) =T %M.
e Homogeneous connection: v, h are homogeneous tensor fields.
= Apply construction for homogeneous tensor fields.
e Notethatv+h = idT%M is 0-homogeneous!

= Tensor fields v, h are also 0-homogeneous.
e Compare with other structures:
o Tangent structure J : TTM — TTM with im J = kerJ = VT M is
-1-homogeneous.

o Adjoint structure © : TTM — TTM with imJ = kerJ = HTM is
1-homogeneous.
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Outline

e Conclusion
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Conclusion

e Summary:
o Homogeneity = equivariance under group action of R™.
o Define orbit space PM = TM/R™.
o Homogeneous functions « sections of =y, : Yy, — PM.
o Describe Finsler geometry in terms of section L:PM— Yh.
= Well-defined domains for action integrals.
o Possible generalization to tensors, d-tensors, connections.
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Conclusion

e Summary:

o Homogeneity = equivariance under group action of R™.

o Define orbit space PM = TM/R™.

o Homogeneous functions < sections of 7 : Y, — PM.

o Describe Finsler geometry in terms of section L : PM — Y.

= Well-defined domains for action integrals.

o Possible generalization to tensors, d-tensors, connections.

e Outlook:

o Express formulas in Finsler geometry by projective formalism.
o Study structure of jet bundles JPr.
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Conclusion

e Summary:
o Homogeneity = equivariance under group action of R™.
o Define orbit space PM = TM/R™.
o Homogeneous functions « sections of =y, : Yy, — PM.
o Describe Finsler geometry in terms of section L:PM =Y.
= Well-defined domains for action integrals.
o Possible generalization to tensors, d-tensors, connections.
e Outlook:
o Express formulas in Finsler geometry by projective formalism.
o Study structure of jet bundles JPr.
e References:
o M. Hohmann, C. Pfeifer and N. Voicu,
“Finsler gravity action from variational completion”,
arXiv:1812.11161 [gr-qc] (to appear in Phys. Rev. D).
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