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Problems in gravity and cosmology

e So far unexplained cosmological observations:

o Accelerating expansion of the universe
o Homogeneity of cosmic microwave background
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Problems in gravity and cosmology

e So far unexplained cosmological observations:
o Accelerating expansion of the universe
o Homogeneity of cosmic microwave background
e Models for explaining these observations:
o ACDM model / dark energy
o Inflation
e Physical mechanisms are not understood:

Unknown type of matter?

Modification of the laws of gravity?

Scalar field in addition to metric mediating gravity?
Quantum gravity effects?
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Problems in gravity and cosmology

e So far unexplained cosmological observations:
o Accelerating expansion of the universe
o Homogeneity of cosmic microwave background
e Models for explaining these observations:
o ACDM model / dark energy
o Inflation
e Physical mechanisms are not understood:

Unknown type of matter?

Modification of the laws of gravity?

Scalar field in addition to metric mediating gravity?
Quantum gravity effects?

@]

O O O

e Idea here: modification of the geometrical structure of spacetime!

o Replace metric spacetime geometry by Finsler geometry.
o Similarly: replacing flat spacetime by curved spacetime led to GR.
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Fluids are everywhere

o Perfect fluid:

o No shear stress, no friction.
o Characterized by density p and pressure p.
@ Dust, dark matter: p = 0.
o Radiation: p = }p.
@ Dark energy: p < —%p.
o Used in cosmology, parameterized post-Newtonian formalism. ..
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Fluids are everywhere

o Perfect fluid:

o No shear stress, no friction.
o Characterized by density p and pressure p.

@ Dust, dark matter: p = 0.
o Radiation: p = }p.
@ Dark energy: p < —%p.
o Used in cosmology, parameterized post-Newtonian formalism. . .
e Collisionless fluid:
o Model for dark matter.
o Used in structure formation. . .
e Maxwell-Boltzmann gas:
o Collisions described by Boltzmann equation.
o Used in structure formation, atmosphere dynamics. . .
e Charged, multi-component gas:

o Plasma, interacting gas including recombination / ionization.
o Used in stellar dynamics, pre-CMB era models. . .
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Finsler spacetimes

e Finsler geometry of space widely used in physics:
o Approaches to quantum gravity
o Electrodynamics in anisotropic media
o Modeling of astronomical data
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Finsler spacetimes

e Finsler geometry of space widely used in physics:
o Approaches to quantum gravity
o Electrodynamics in anisotropic media
o Modeling of astronomical data
e Finsler geometry generalizes Riemannian geometry:
o Geometry described by Finsler function on the tangent bundle.
o Finsler function measures length of tangent vectors.
o Well-defined notions of connections, curvature, parallel transport. ..
e Finsler spacetimes are suitable backgrounds for:
o Gravity
o Electrodynamics
o Other matter field theories
e Possible explanations of yet unexplained phenomena:
Fly-by anomaly
Galaxy rotation curves
Accelerating expansion of the universe
Inflation

o

o O O
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e Introduction to Finsler spacetimes
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The clock postulate

e Proper time along a curve in Lorentzian spacetime:

b
r= [ gt
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The clock postulate

e Proper time along a curve in Lorentzian spacetime:

b
r= [ gt

e Finsler geometry: use a more general length functional:
b
T= F(x(t), x(t))dt.
]
e Finsler function F : TM — R,
e Parametrization invariance requires homogeneity:

F(x,\y) =AF(x,y) VYA>0.
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Finsler spacetime geometry

e Finsler geometries suitable for spacetimes exist. (c. preiter, M. wontfartn 1]
= Finsler metric with Lorentz signature:

10 0

F _ Y Y 2
gab(xay) - 2ayaabe (X’y)‘

= Notion of timelike, lightlike, spacelike tangent vectors.

Manuel Hohmann (University of Tartu) Kinetic fluids vs. Finsler 22. August 2019 - 24. Lepage School 9/:



Finsler spacetime geometry

e Finsler geometries suitable for spacetimes exist. (c. preiter, M. wontfartn 1]
= Finsler metric with Lorentz signature:

10 0

F _ Y Y 2
gab(xay) - 2ayaabe (X’y)‘

= Notion of timelike, lightlike, spacelike tangent vectors.
e Unit vectors y € TxyM defined by

F2(x,y) = gby(x,¥)y2y? =1.

= Set Qy C TyM of unit timelike vectors at x € M.
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Finsler spacetime geometry

e Finsler geometries suitable for spacetimes exist. (c. preiter, M. wontfartn 1]
= Finsler metric with Lorentz signature:

10 0

F _ Y Y 2
gab(xay) - 2ayaabe (X’y)‘

= Notion of timelike, lightlike, spacelike tangent vectors.
e Unit vectors y € TxyM defined by

F2(x,y) = ghp(x,¥)y2y? =1.

= Set Qy C TxM of unit timelike vectors at x € M.
e Q, contains a closed connected component Sy C Q.
~ Causality: Sy corresponds to physical observers.
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Geometry on the tangent bundle

e Cartan non-linear connection:

1 _
Nab — Zab [gFaC(ydadacFZ - aCFZ)}
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Geometry on the tangent bundle

e Cartan non-linear connection:

1- -
N = 235 |9 (v 000oF? — 96F?)|

= Split of the tangent and cotangent bundles:
o Tangent bundle: TTM = HTM & VTM

0a = 0a — Nb35b7 53
o Cotangent bundle: T*TM = H*TM & V*TM
dx?, oy? = dy? + N%,adxP
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Geometry on the tangent bundle

e Cartan non-linear connection:

1 _
Nab — Zab [gFaC(ydadacFZ - aCFZ)}

= Split of the tangent and cotangent bundles:
o Tangent bundle: TTM = HTM & VTM

6a = aa - Nba5b7 53
o Cotangent bundle: T*TM = H*TM & V*TM
dx?, oy? = dy? + N3adx?

e Sasaki metric:
F
Yab

2 0y? @ oy°

G=—gh dx¥®xdx’ -
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Geometry on the tangent bundle

e Cartan non-linear connection:

1 _
Nab — Zab [gFaC(ydadacFZ - aCFZ)}

= Split of the tangent and cotangent bundles:
o Tangent bundle: TTM = HTM & VTM

0a = aa - Nba5b7 5«3
o Cotangent bundle: T*TM = H*TM & V*TM
dx?, oy? = dy? + N3,adxP

e Sasaki metric:
F
Yab

=5 0y? @ oy®

G=—ghdx®xdxP -

e Geodesic spray:
S — yaéa
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Geometry on observer space

¢ Recall from the definition of Finsler spacetimes:

o Set Qy C T,M of unit timelike vectors at x € M.
o Physical observers correspond to Sy C Q.

e Definition of observer space:

O=|]JScmm.

xeM
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Geometry on observer space

Recall from the definition of Finsler spacetimes:

o Set Qy C T,M of unit timelike vectors at x € M.
o Physical observers correspond to Sy C Q.

Definition of observer space:

O=|]JS&cm.

xeM

Sasaki metric G on O given by pullback of G to O.
Volume form ¥ of Sasaki metric G.

Geodesic spray S restricts to Reeb vector field r on O.
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Geometry on observer space

Recall from the definition of Finsler spacetimes:

o Set Qy C T,M of unit timelike vectors at x € M.
o Physical observers correspond to Sy C Q.

Definition of observer space:

O=|]JS&cm.

xeM

Sasaki metric G on O given by pullback of G to O.
Volume form ¥ of Sasaki metric G.

Geodesic spray S restricts to Reeb vector field r on O.
Geodesic hypersurface measure w = ¢ X.

Note that £,X = 0 and dw = 0.
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From metric to Finsler geometry

Tangent bundle geometry:
e o Finsler function:

F(x,y) = \/19ab(x)y2y®|
o Finsler metric:

—0gan(x) y timelike

F _
Jap(X. ¥) = { gan(X)  y spacelike

o Cartan non-linear connection:

Nb(x,y) = The(X)y*
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From metric to Finsler geometry

Tangent bundle geometry:
e o Finsler function:

F(x,y) = \/19ab(x)y2y®|
o Finsler metric:

—0gan(x) y timelike

F _
Ian(X.¥) = { gan(X)  y spacelike

o Cartan non-linear connection:

Np(x,y) = Mpe(x)y°

e Observer space:
o Space Q, of unit timelike vectors at x € M.
o Space Sy of future unit timelike vectors at x € M.
o Observer space O: union of shells S.

Manuel Hohmann (University of Tartu) Kinetic fluids vs. Finsler 22. August 2019 - 24. Lepage School 12



e Finslerian description of fluids
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Definition of fluids

e Single-component fluid:

Constituted by classical, relativistic particles.

Particles have equal properties (mass, charge, ...).
Particles follow piecewise geodesic curves.

Endpoints of geodesics are interactions with other particles.

[¢]
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Definition of fluids

e Single-component fluid:

o Constituted by classical, relativistic particles.

o Particles have equal properties (mass, charge, ...).

o Particles follow piecewise geodesic curves.

o Endpoints of geodesics are interactions with other particles.
e Collisionless fluid:

o Particles do not interact with other particles.

= Particles follow geodesics.
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Definition of fluids

e Single-component fluid:

o Constituted by classical, relativistic particles.

o Particles have equal properties (mass, charge, ...).

o Particles follow piecewise geodesic curves.

o Endpoints of geodesics are interactions with other particles.
e Collisionless fluid:

o Particles do not interact with other particles.

= Particles follow geodesics.

e Multi-component fluid: multiple types of particles.

L O
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Geodesics on observer space

e Dynamics of fluids depends on geodesic equation.
e Geodesic equation for curve x(7) on spacetime M:

X3+ N3y (x, X)x> = 0.
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Geodesics on observer space

e Dynamics of fluids depends on geodesic equation.
e Geodesic equation for curve x(7) on spacetime M:

X2+ Ney(x,x)xP = 0.
e Canonical lift of curve to tangent bundle TM:
X, y=Xx.
o Lift of geodesic equation:

)-(a:yaa ya:_Nab(X?y)yb'
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Geodesics on observer space

e Dynamics of fluids depends on geodesic equation.
e Geodesic equation for curve x(7) on spacetime M:

X2+ Ney(x,x)xP = 0.
e Canonical lift of curve to tangent bundle TM:
X, y=Xx.
o Lift of geodesic equation:
XE=y%, yr=—N3W(x,y)y".
= Solutions are integral curves of vector field:

Y309 — yPN3pda = y35,=S.
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Geodesics on observer space

e Dynamics of fluids depends on geodesic equation.
e Geodesic equation for curve x(7) on spacetime M:

X + N3y (x, x)x° = 0.
e Canonical lift of curve to tangent bundle TM:
X, y=Xx.
o Lift of geodesic equation:
XE=y%, yr=—N3W(x,y)y".
= Solutions are integral curves of vector field:
Y20a — yPN?da = y?a = S.

e Tangent vectors are future unit timelike: (x, y) € O.
= Particle trajectories are piecewise integral curves of r on O.
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One-particle distribution function

e Recall: w = X € Q8(O) unique 6-form such that:

o w non-degenerate on every hypersurface not tangent to r.
o dw=0.
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One-particle distribution function

e Recall: w = X € Q8(O) unique 6-form such that:

o w non-degenerate on every hypersurface not tangent to r.
o dw=0.

o Define one-particle distribution function ¢ : O — R™ such that:

For every hypersurface o C O,

Nlo] :/Jd)w | l )

# of particle trajectories through o.

(@]

o Counting of particle trajectories respects hypersurface orientation.
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One-particle distribution function

e Recall: w = X € Q%(0) unique 6-form such that:

o w non-degenerate on every hypersurface not tangent to r.
o dw=0.

o Define one-particle distribution function ¢ : O — R™ such that:

For every hypersurface o C O,

Nlo] :/Ud)w | l )

# of particle trajectories through o.

(@]

o Counting of particle trajectories respects hypersurface orientation.
e For multi-component fluids: ¢; for each component /.
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Collisions & the Liouville equation

e Collision in spacetime «~ interruption in observer space.
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Collisions & the Liouville equation

e Collision in spacetime «~ interruption in observer space.

e Forany openset V € O,

| ow= [ dw) = [ cox

# of outbound trajectories - # of inbound trajectories.
= Collision density measured by Ly¢.
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Collisions & the Liouville equation

e Collision in spacetime «~ interruption in observer space.

e Forany openset V € O,

| ow= [ dw) = [ cox

# of outbound trajectories - # of inbound trajectories.
= Collision density measured by Ly¢.
e Collisionless fluid: trajectories have no endpoints, Ly¢ = 0.
= Simple, first order equation of motion for collisionless fluid.
= ¢ is constant along integral curves of r.
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e Examples of fluids
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Some (very) pictorial examples

Geodesic dust fluid:
B(x,y) ~é(y—u(x)).
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Some (very) pictorial examples

Geodesic dust fluid:
B(x,y) ~é(y—u(x)).
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Some (very) pictorial examples

Geodesic dust fluid: Collisionless fluid:
o(x,y) ~ d(y—u(x)). Lrp=0.
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Some (very) pictorial examples

Geodesic dust fluid: Collisionless fluid:
o(x,y) ~ d(y—u(x)). Lrp=0.

AN
“Jenkka” “Polkka”
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Some (very) pictorial examples

Geodesic dust fluid: Collisionless fluid: Interacting fluid:
B(x,y) ~é(y—u(x)). Lrp=0. Lrp #0.

ERRRENIe”
RERES AR AR %6
x x

A
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AN
“Jenkka” “Polkka”
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Some (very) pictorial examples

Geodesic dust fluid:

P(x,y) ~ 6(y—u(x)).

AN
“Jenkka”

Collisionless fluid:
£r¢ - 0 .

“Polkka”

Interacting fluid:

Lrg #0.
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Example: collisionless dust fluid

o Variables describing a classical dust fluid:
o Mass density p: M — R™.
o Velocity u: M — O.
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Example: collisionless dust fluid

o Variables describing a classical dust fluid:
o Mass density p: M — R™.
o Velocity u: M — O.

o Particle density function:

¢(x,¥) ~ p(x)ds, (¥, u(x)).
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Example: collisionless dust fluid

o Variables describing a classical dust fluid:
o Mass density p: M — R™.
o Velocity u: M — O.

o Particle density function:
¢(X,y) ~ p(X)ds, (¥, u(x)) .
e Apply Liouville equation:

0 = Vu? = uPo,u? + uPN3,

1 —
0 = Vs, (pu?) = 9a(pu®) + EPUangc (aagt,):c - Nda(‘)dg[)'_c) -
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Example: collisionless dust fluid

o Variables describing a classical dust fluid:
o Mass density p: M — R™.
o Velocity u: M — O.

e Particle density function:
¢(X,y) ~ p(X)ds, (¥, u(x)) .
e Apply Liouville equation:
0= Vu? = ubPopu? + uPN?,,
1 _
0= Vi, (pu?) = dalpu®) + 5pu°g"* (9aghs — N¥aBagfy) -

= Generalized (pressureless) Euler equations to Finsler geometry.
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Example: collisionless dust fluid

o Variables describing a classical dust fluid:
o Mass density p: M — R™.
o Velocity u: M — O.

e Particle density function:
¢(X,y) ~ p(X)ds, (¥, u(x)) .
e Apply Liouville equation:
0= Vu? = ubPopu? + uPN?,,
1 _
0= Vi, (pu?) = dalpu®) + 5pu°g"* (9aghs — N¥aBagfy) -

= Generalized (pressureless) Euler equations to Finsler geometry.
o Metric limit F2(x, y) = |gan(x)y2y?| yields Euler equations:

WPVpud =0, Va(pu?)=0.
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Cosmological symmetry

e Introduce suitable coordinates on TM:

tr0,0,yy" ¥l y?.
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Cosmological symmetry

¢ Introduce suitable coordinates on TM:

tr0,0,yy" ¥l y?.

e Most general Finsler function obeying cosmological symmetry:

_ t 2 _ (y)? 2 02 | <2 nfy 02
F=F(ty',w), Wo= et ((y)+sm e(y)).

» Homogeneity of Finsler function F(t, y!, w) = y!F(t, w/y?).

Manuel Hohmann (University of Tartu) Kinetic fluids vs. Finsler 22. August 2019 - 24. Lepage School 21



Cosmological symmetry

¢ Introduce suitable coordinates on TM:

tr0,0,yy" ¥l y?.

e Most general Finsler function obeying cosmological symmetry:

_ t 2 _ (y)? 2 02 | <2 nfy 02
F=F(ty,w), w = 3 —kr2+r ((y) +sin 6(y¥) ) :
» Homogeneity of Finsler function F(t, y!, w) = y!F(t, w/y?).
o Introduce new coordinates: y = y!F(t, w/y!), w = w/y".
= Coordinates on observer space O with y = 1.
— Geometry function F(t, W) on O.
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Cosmological fluid dynamics

e Most general fluid obeying cosmological symmetry:

¢ = ot W).
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Cosmological fluid dynamics

e Most general fluid obeying cosmological symmetry:

¢ = ot W).

¢ Collisionless fluid satisfies Liouville equation:

1 105 F
o=£r¢=7:<at¢— 02 F 8w¢> :
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Cosmological fluid dynamics

e Most general fluid obeying cosmological symmetry:

¢ =o(t,W).
e Collisionless fluid satisfies Liouville equation:
1 105 F
e Example: collisionless dust fluid ¢(x, y) ~ p(x)ds, (¥, u(x)):

1
)= gt (p<t) gF(t,O))zo.
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Outline

e Conclusion
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Conclusion

e Summary:
o Finsler spacetimes:

@ Define geometry by length functional.
@ Observer space O of physical four-velocities.
@ Geodesics are integral curves of vector field on O.
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Conclusion

e Summary:
o Finsler spacetimes:
@ Define geometry by length functional.
@ Observer space O of physical four-velocities.
@ Geodesics are integral curves of vector field on O.
o Fluid dynamics:
@ Model fluids by point mass trajectories.
@ Define fluid density on observer space.
@ Collisionless fluid satisfies Liouville equation.
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Conclusion

e Summary:
o Finsler spacetimes:
@ Define geometry by length functional.
@ Observer space O of physical four-velocities.
@ Geodesics are integral curves of vector field on O.
o Fluid dynamics:
@ Model fluids by point mass trajectories.
@ Define fluid density on observer space.
@ Collisionless fluid satisfies Liouville equation.
o Cosmology:
@ All quantities depend on only two coordinates ¢, w.
@ Simple equation of motion for cosmological fluid matter.

Manuel Hohmann (University of Tartu) Kinetic fluids vs. Finsler 22. August 2019 - 24. Lepage School 24



Conclusion

e Summary:
o Finsler spacetimes:
@ Define geometry by length functional.
@ Observer space O of physical four-velocities.
@ Geodesics are integral curves of vector field on O.
o Fluid dynamics:
@ Model fluids by point mass trajectories.
@ Define fluid density on observer space.
@ Collisionless fluid satisfies Liouville equation.
o Cosmology:
@ All quantities depend on only two coordinates ¢, w.
@ Simple equation of motion for cosmological fluid matter.

e Outlook:

o Coupling of fluids to non-metric gravity theories.

o Cosmological solutions with non-metric geometry.
@ Dark energy?
@ Inflation?

o Extension of parameterized post-Newtonian formalism.
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