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e Open questions in gravity theory and cosmology:
o Accelerating expansion of the universe.
o Homogeneity of cosmic microwave background.
o Unification with quantum theory and other fundamental forces.
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e Open questions in gravity theory and cosmology:

o Accelerating expansion of the universe.

o Homogeneity of cosmic microwave background.

o Unification with quantum theory and other fundamental forces.
e Possible solutions addressing these questions:

o Additional matter fields.

o Modification of gravitational dynamics.

o More general geometric structures to model gravity.
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o Unification with quantum theory and other fundamental forces.
e Possible solutions addressing these questions:
o Additional matter fields.
o Modification of gravitational dynamics.
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e Things to (approximately) preserve in a modified theory:
o Notions of observers, clocks, measurement rods.
o Weak equivalence principle - universality of free fall.
o Conservation of total energy-momentum.
o Local position and Lorentz invariance.
o Consistency with solar system observations.
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e Open questions in gravity theory and cosmology:
o Accelerating expansion of the universe.
o Homogeneity of cosmic microwave background.
o Unification with quantum theory and other fundamental forces.
e Possible solutions addressing these questions:
o Additional matter fields.
o Modification of gravitational dynamics.
o More general geometric structures to model gravity.
e Things to (approximately) preserve in a modified theory:
o Notions of observers, clocks, measurement rods.
o Weak equivalence principle - universality of free fall.
o Conservation of total energy-momentum.
o Local position and Lorentz invariance.
o Consistency with solar system observations.
= Conditions arising on viable theories:
o Diffeomorphism invariance / background independence.
o Well-defined causal structure.
o Length of trajectories and geodesic motion.

= Metric theories of gravity.

Manuel Hohmann (University of Tartu) Gauge-invariant and teleparallel PPN 25.9. 2019



o Parametrized post-Newtonian formalism:

Weak-field approximation of metric gravity theories.

Assumes particular coordinate system (“universe rest frame”).
Characterizes gravity theories by 10 (constant) parameters.
Parameters closely related to solar system observations.
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o Parametrized post-Newtonian formalism:

Weak-field approximation of metric gravity theories.

Assumes particular coordinate system (“universe rest frame”).
Characterizes gravity theories by 10 (constant) parameters.

o Parameters closely related to solar system observations.

~ Extensions of the PPN formalism:

o More fundamental fields constituting the metric.
o More than one dynamical metric.
o Diffeomorphism invariant / purely geometric formalism.
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o Parametrized post-Newtonian formalism:
o Weak-field approximation of metric gravity theories.
o Assumes particular coordinate system (“universe rest frame”).
o Characterizes gravity theories by 10 (constant) parameters.
o Parameters closely related to solar system observations.
~ Extensions of the PPN formalism:
o More fundamental fields constituting the metric.
o More than one dynamical metric.
o Diffeomorphism invariant / purely geometric formalism.
~ Improvements presented here:

o Use gauge-invariant higher order perturbation theory.
o Allow for tetrad instead of metric as fundamental field.
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9 Gauge-invariant higher perturbations
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Reference and physical spacetimes

e Reference spacetime:
o Manifold My with metric g(® and coordinates (x*).
o Usually some highly symmetric standard spacetime:

- maximally symmetric spacetime: Minkowski, (anti-)de Sitter
- cosmological (background) solution of a gravity theory
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Reference and physical spacetimes

e Reference spacetime:

o Manifold My with metric g(® and coordinates (x*).
o Usually some highly symmetric standard spacetime:
- maximally symmetric spacetime: Minkowski, (anti-)de Sitter
- cosmological (background) solution of a gravity theory
e Physical spacetime:

o Manifold M with metric g.
o No preferred / canonical choice of coordinates.
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Reference and physical spacetimes

e Reference spacetime:

o Manifold My with metric g(® and coordinates (x*).
o Usually some highly symmetric standard spacetime:

- maximally symmetric spacetime: Minkowski, (anti-)de Sitter
- cosmological (background) solution of a gravity theory

e Physical spacetime:
o Manifold M with metric g.
o No preferred / canonical choice of coordinates.

4 No canonical relation between physical and reference spacetime.
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Reference and physical spacetimes

e Reference spacetime:

o Manifold My with metric g(® and coordinates (x*).
o Usually some highly symmetric standard spacetime:

- maximally symmetric spacetime: Minkowski, (anti-)de Sitter
- cosmological (background) solution of a gravity theory

e Physical spacetime:
o Manifold M with metric g.
o No preferred / canonical choice of coordinates.

7 No canonical relation between physical and reference spacetime.
1. No identification of points on M and My: no coordinates on M.
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Reference and physical spacetimes

e Reference spacetime:

o Manifold My with metric g(® and coordinates (x*).
o Usually some highly symmetric standard spacetime:

- maximally symmetric spacetime: Minkowski, (anti-)de Sitter
- cosmological (background) solution of a gravity theory

e Physical spacetime:
o Manifold M with metric g.
o No preferred / canonical choice of coordinates.
7 No canonical relation between physical and reference spacetime.

1. No identification of points on M and My: no coordinates on M.
2. No possibility to compare g and g(®: different manifolds.
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Concept and use of gauge

Definition of gauge
A gauge is a diffeomorphism X : My — M.
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Concept and use of gauge

Definition of gauge
A gauge is a diffeomorphism X : My — M.

1. Identification of points on M and My:

o Recall that a diffeomorphism is a bijective mapping.
o Coordinates (“point labels”) can be carried from M, to M.
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Concept and use of gauge

Definition of gauge
A gauge is a diffeomorphism X : My — M.

1. Identification of points on M and My:

o Recall that a diffeomorphism is a bijective mapping.

o Coordinates (“point labels”) can be carried from M, to M.
2. Comparison between reference and physical metric:

o Define pullback ¥ g = X*g of the metric g to M.
o ¥gand g(® are tensors on the same manifold M,.
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Gauge and perturbations

o Parameter dependent physical metric:
o Assume physical metric g = g. depends on parameter € € R.
o Assume every g. is defined on its own M..
o Assume go = 9\© is the reference metric on M.
= Family of physical spacetimes (M., g.).
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Gauge and perturbations

o Parameter dependent physical metric:
o Assume physical metric g = g. depends on parameter € € R.
o Assume every g. is defined on its own M..
o Assume go = 9\© is the reference metric on M.
= Family of physical spacetimes (M., g.).

« Aim: perturbative expansion of g, in e around g(©.
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Gauge and perturbations
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o Assume physical metric g = g. depends on parameter € € R.
o Assume every g. is defined on its own M..
o Assume go = 9\© is the reference metric on M.
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Gauge and perturbations

o Parameter dependent physical metric:
o Assume physical metric g = g. depends on parameter € € R.
o Assume every g. is defined on its own M..
o Assume go = 9\© is the reference metric on M.
= Family of physical spacetimes (M., g.).
« Aim: perturbative expansion of g, in e around g(©.

7 Metrics g. are defined on different manifolds for different e.
= Use gauge to relate different manifolds:

o Family of diffeomorphisms X, : My - M..

o Assume &} = idy, on the reference spacetime.
e Perturbative expansion:

o Pullback * g, = X*g. defined on M.

o Introduce series expansion in e:

X = ek ak Xge

N
k=0kl 86k =0 kg%kl
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Gauge and perturbations

o Parameter dependent physical metric:
o Assume physical metric g = g. depends on parameter € € R.
o Assume every g. is defined on its own M..
o Assume go = 9\© is the reference metric on M.
= Family of physical spacetimes (M., g.).
« Aim: perturbative expansion of g, in e around g(©.

7 Metrics g. are defined on different manifolds for different e.
= Use gauge to relate different manifolds:
o Family of diffeomorphisms X, : My - M..
o Assume &} = idy, on the reference spacetime.
e Perturbative expansion:
o Pullback * g, = X*g. defined on M.
o Introduce series expansion in e:
X = ek ak Xge
9e = ,(Z:;) Kl Ok

oo Kk
=y S xglh,
e=0 k=0 k!

o Series coefficients * g(*) depend on gauge choice X.
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Gauge transformations

o Consider two different gauges X, : My > M, and ), : My - M..
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o Consider two different gauges X, : My > M, and ), : My - M..
— One-parameter family ¢, = X' o ). of diffeomorphisms.
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Gauge transformations

o Consider two different gauges X, : My > M, and ), : My - M..
— One-parameter family ¢, = X' o ). of diffeomorphisms.
7 &, : My - M, is not a one-parameter group:

o Ingeneral has ¢, # ®.od. and ¢_ # .
o Not generated by flow (integral curves) of a vector field.
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Gauge transformations

o Consider two different gauges X, : My > M, and ), : My - M..
— One-parameter family ¢, = X' o ). of diffeomorphisms.
7 &, : My - M, is not a one-parameter group:
o Ingeneralhas ¢, +# ®. 0P and d_, + d>;‘.
o Not generated by flow (integral curves) of a vector field.

o But there exists series of one-parameter groups ¢§k) such that:

k
¢)€ = gbf:k/)kl QO+ 0O ¢£22/)2 o ¢£1) .
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Gauge transformations

o Consider two different gauges X, : My > M, and ), : My - M..
— One-parameter family ¢, = X' o ). of diffeomorphisms.
7 &, : My - M, is not a one-parameter group:

o Ingeneral has ¢, # ®.od. and ¢_ # .
o Not generated by flow (integral curves) of a vector field.

o But there exists series of one-parameter groups ¢§k) such that:

k
¢)€ = ¢£k/)kl QO+ 0O ¢£22/)2 o ¢£1) .

— Each one-parameter group ¢*) generated by vector field £(%).
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Gauge transformations

o Consider two different gauges X, : My > M, and ), : My - M..
— One-parameter family ¢, = X' o ). of diffeomorphisms.
7 &, : My - M, is not a one-parameter group:

o Ingeneral has ¢, # ®.od. and ¢_ # .
o Not generated by flow (integral curves) of a vector field.

o But there exists series of one-parameter groups ¢§k) such that:

k
¢)€ = ¢£k/)kl QO+ 0O ¢£22/)2 o ¢£1) .

— Each one-parameter group ¢*) generated by vector field £(%).
— Vector fields ¢X) are “Taylor expansion” coefficients of ..
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Gauge transformation of tensor fields

e Metrics in different gauges are related:

’ ) o gh gk X
ge_/1;)‘../;::0“'(1!)11---(k!)/k--./1!.../k!,.. €y Ty e
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Gauge transformation of tensor fields

e Metrics in different gauges are related:

v ) ) 6/1+-~~+k/k+~-- . i ¥
= e e 1 e k e
ge—lgo IZ:O (1!)/1...(k!)/k.../1!.../kl...£§(1) £€(k> Ge-
= Relation of Taylor coefficients:
yg(k) = Z k! eh ol ...Xg(k—/1—2/2—---) ]
0<h+2h+...<k (k- h —2/2—...)!(1!)/1(2!)12-"/1!/2!“~ SO0
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Gauge invariant perturbations

e Choose a fixed “distinguished” gauge S, : My — M.:
o E.g., impose gauge conditions on the metric.
o Examples: harmonic gauge used for GWs, standard PPN gauge.
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Gauge invariant perturbations

e Choose a fixed “distinguished” gauge S, : My — M.:
o E.g., impose gauge conditions on the metric.
o Examples: harmonic gauge used for GWs, standard PPN gauge.

« Define gauge-invariant metric g. = °g. = S’ g..
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Gauge invariant perturbations

e Choose a fixed “distinguished” gauge S, : My — M.:
o E.g., impose gauge conditions on the metric.
o Examples: harmonic gauge used for GWs, standard PPN gauge.
« Define gauge-invariant metric g. = °g. = S’ g..
e Metric in arbitrary gauge X:
) o el‘+"'+klk+"'

X

/ /
g. = X k

/2)'“//(2::0”'(1 DUBNC I UBNA RN A RS Xy X

e -
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Gauge invariant perturbations

e Choose a fixed “distinguished” gauge S, : My — M.:
o E.g., impose gauge conditions on the metric.
o Examples: harmonic gauge used for GWs, standard PPN gauge.

« Define gauge-invariant metric g. = °g. = S’ g..
e Metric in arbitrary gauge X:

I+ + Kl +--
X, o= € K I Ik
e =

/1Z=%)lkz=:0(‘I !)11"‘(k!)lk"'/1 PN P PR X(1)”' X(k)"'ge .

e Metric components split into two parts:

o Gauge-invariant part g.: physical content.
o Gauge defining vector fields X(,: coordinate choice.
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Gauge invariant perturbations

e Choose a fixed “distinguished” gauge S, : My — M.:
o E.g., impose gauge conditions on the metric.
o Examples: harmonic gauge used for GWs, standard PPN gauge.

Define gauge-invariant metric g. = g, = S’ g..
Metric in arbitrary gauge X':

I+ + Kl +--
X, e € K I I
ge =

lg)mh;)mﬁ DA ee (ke Vel X ™ X0

e P

Metric components split into two parts:

o Gauge-invariant part g.: physical content.
o Gauge defining vector fields X(,: coordinate choice.

Number # of independent components:

#(Xge) = #(ge) + #(X(k)) .
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e Parametrized post-Newtonian formalism
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Post-Newtonian matter and velocity orders

e Energy-momentum tensor of a perfect fluid:

TH = (p+ pll + p)u"u” + pg"” .

Rest mass density p.
Specific internal energy I1.
Pressure p.

Four-velocity u".

O O O O
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Post-Newtonian matter and velocity orders

e Energy-momentum tensor of a perfect fluid:

TH = (p+ pll + p)u"u” + pg"” .

Rest mass density p.

Specific internal energy I1.

Pressure p.

Four-velocity u".

e Universe rest frame and slow-moving source matter:

Consider some gauge X : My -~ M (“universe rest frame”).
Pullback of metric and matter variables along X'.
Velocity of the source matter: ¥ v/ = ¥u// ¥ 0.

. . X -
Assume that source matter is slow-moving: |~ v| « 1.

O O O O

o O

[e]

o
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Post-Newtonian matter and velocity orders

e Energy-momentum tensor of a perfect fluid:

T = (p+ pl +p)u'u” + pg"” .

Rest mass density p.
Specific internal energy I1.
Pressure p.
Four-velocity u".
e Universe rest frame and slow-moving source matter:
o Consider some gauge X : My — M (“universe rest frame”).
o Pullback of metric and matter variables along X.
o Velocity of the source matter: *v/ = ¥u'/ ¥ (0,
o Assume that source matter is slow-moving: |XV| «<1.

o Use e =|*V| as perturbation parameter.
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Post-Newtonian matter and velocity orders

e Energy-momentum tensor of a perfect fluid:

T = (p+ pl +p)u'u” + pg"” .

Rest mass density p ~ O(2).

Specific internal energy N ~ O(2).

Pressure p ~ O(4).

Four-velocity u".

e Universe rest frame and slow-moving source matter:

o Consider some gauge X : My — M (“universe rest frame”).
o Pullback of metric and matter variables along X'.
o Velocity of the source matter: v/ = ¥u//* 0,

o Assume that source matter is slow-moving: |XV| «<1.
o Use e =|*V| as perturbation parameter.
 Assign velocity orders O(n) ~ ¢" to all quantities.
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Post-Newtonian matter and velocity orders

e Energy-momentum tensor of a perfect fluid:

T = (p+ pl +p)u'u” + pg"” .

Rest mass density p ~ O(2).

Specific internal energy I ~ O(2).

Pressure p ~ O(4).

Four-velocity u".

e Universe rest frame and slow-moving source matter:

o Consider some gauge X : My — M (“universe rest frame”).
o Pullback of metric and matter variables along X'.
o Velocity of the source matter: v/ = ¥u//* 0,

o Assume that source matter is slow-moving: |XV| «<1.
o Use e =|*V| as perturbation parameter.
e Assign velocity orders O(n) ~ ¢" to all quantities.
e Quasi-static: assign additional O(1) to time derivatives 0y.

O O O O
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Post-Newtonian metric

o Standard post-Newtonian metric expansion:

0 1
Xgu Xg;w + Xg;w + Xguv + guv + guv +0(5).
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Post-Newtonian metric

o Standard post-Newtonian metric expansion:
0 1
Xgu Xg;w + Xg;w + Xguv + guv + guv +0(5).

« Note difference in notation: ¥g = ¥ g ek k1.
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Post-Newtonian metric

o Standard post-Newtonian metric expansion:

1 2
Xgu g/w + Xg;w + Xg;w + guv + guv +0(5).

« Note difference in notation: ¥g = ¥ g ek k1.

« Background metric given by Minkowski metric: &W = M-
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Post-Newtonian metric

Standard post-Newtonian metric expansion:

0 1
Xgu Xg;w + Xg;w + Xg;w + Xng + guv +0(5).

Note difference in notation: ¥ g = ¥ gk k.

Background metric given by Minkowski metric: * &W = M-
Higher than fourth velocity order O(4) is not considered.
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Post-Newtonian metric

Standard post-Newtonian metric expansion:

0 1
Xgu Xg;w + Xg;w + Xg;w + guv + guv +0(5).

Note difference in notation: ¥ g = ¥ gk k.

Background metric given by Minkowski metric: * &W = M-
Higher than fourth velocity order O(4) is not considered.
Only certain components are relevant and non-vanishing:

X2 X2 X8 x4 x4
Joo glj7 9oi goo glj
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Post-Newtonian metric

Standard post-Newtonian metric expansion:

0 1
Xgu Xg;w + Xg;w + Xg;w + guv + guv +0(5).

Note difference in notation: ¥ g = ¥ gk k.

Background metric given by Minkowski metric: X&W = Nyuw-
Higher than fourth velocity order O(4) is not considered.
Only certain components are relevant and non-vanishing:

X2 X2 X8 x4 x4
Joo glj7 9oi goo g/j

X&,-j not used in standard PPN formalism, but may couple.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge P.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge P.
e Metric in standard PPN gauge:

73500=27)U,
2
"g; =277 U5,
3 1 1
7J90i=—§(3+4’7+041 - ag + (4 —2§)Pvi—§(1 +ag -G +26)7 W,

PG00 = 287 U° + (2427 + ag + (1 = 26)P 1 +2(1+ 8y - 28+ G+ £)7 P,
+2(1+ ) g +2(3y+3¢ —26) 7 dg - 2670y - (¢ - 2674,
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge P.
e Metric in standard PPN gauge:

73500=27)U,
2
Pgj =277 Usy,
3 1 1
7J90i=—§(3+47+041 — a2+ (4 —2§)PVI—§(1 +ap -G +26)7 W,

Pgoo = 267 UP + (2+ 27+ ag + (4 = 26)P®y +2(14 837 =26+ (o + £) Py
+2(1+G) 3 +2(3y+ 3¢ —26) 7 by - 267 by - (¢ - 26)7,

e Metric contains PPN parameters and PPN potentials.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge P.
e Metric in standard PPN gauge:
2
P90 =2"U,
2
g =27"Usy,
3 1 1
7 90i = —§(3+4’Y+041 —ap+(-26)7 V- 5(1 +ap— (g +26)F W,
PG00 = 287 U° + (2427 + ag + (1 = 26)P 1 +2(1+ 8y - 28+ G+ £)7 P,
+2(1+(3)"0g +2(3y +3¢s - 26)7 04 - 267 by - (¢1 - 26)721,

e Metric contains PPN parameters and PPN potentials.
e Properties of standard PPN metric:

o Second-order spatial part 7’5,-,- is diagonal.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge P.
e Metric in standard PPN gauge:
2
P90 =2"U,
2
Pgj=27"Us;,
3 1 1
P goi = —§(3+4’Y+041 —ap+(-26)7 V- 5(1 +ap— (g +26)F W,
P00 = —287UP + (2427 + ag + (1 —26)7 01 +2(1+ 8y - 28+ G+ £)7 P,
+2(1+(3) b3 +2(3y +3¢s — 26)7 Py - 267 Dy - (¢4 - 26)7,

e Metric contains PPN parameters and PPN potentials.
e Properties of standard PPN metric:
o Second-order spatial part 7’5,-,- is diagonal.
o Fourth-order temporal part Péoo does not contain potential B.
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PPN parameters

e PPN parameters are linked to physical properties:

~: spatial curvature genrated by unit mass.

B: non-linearity in gravity superposition law.

aq, o, az: violation of local Lorentz invariance.

as, (1, (2, (3, (4 violation of energy-momentum conservation.
&: violation of local position invariance.

O O O O ©o
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PPN parameters

e PPN parameters are linked to physical properties:

~: spatial curvature genrated by unit mass.

B: non-linearity in gravity superposition law.

aq, o, az: violation of local Lorentz invariance.

as, (1, (2, (3, (4 violation of energy-momentum conservation.
&: violation of local position invariance.

eINGRy=p=1and{=ay=az=a3=(1=(=0=04=0.

O O O O ©o
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PPN parameters

e PPN parameters are linked to physical properties:

~: spatial curvature genrated by unit mass.

B: non-linearity in gravity superposition law.

a4, ap, a3 violation of local Lorentz invariance.

as, (1,2, (3, (4: violation of energy-momentum conservation.
&: violation of local position invariance.

e INGRy=pB=1andé=a1=mp=a3=(1=C=(=0=0.
= Fully conservative gravity theory:

o No preferred frame or preferred location effects.
o Total energy-momentum is conserved.

O O O O ©o
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PPN parameters

e PPN parameters are linked to physical properties:

~: spatial curvature genrated by unit mass.

B: non-linearity in gravity superposition law.

aq, o, az: violation of local Lorentz invariance.

as, (1, (2, (3, (4 violation of energy-momentum conservation.
&: violation of local position invariance.

eInGRy=pB=1and{=a1=a2=a3=(1=(=03=04=0.
= Fully conservative gravity theory:

o No preferred frame or preferred location effects.
o Total energy-momentum is conserved.

= Other theories will receive bounds from experiments.

O O O O ©o
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Experimental bounds

Par. Bound Effects Experiment
v-112.3-107° | Time delay, light deflection Cassini tracking
g-1| 8-10°° Perihelion shift Perihelion shift
£ 4.10°° Spin precession Millisecond pulsars
o 1074 Orbital polarization Lunar laser ranging
o 4.10°° Orbital polarization PSR J1738+0333
Qo 2.107° Spin precession Millisecond pulsars
as | 4-107%0 Self-acceleration Pulsar spin-down statistics
o' | 9-107% Nordtvedt effect Lunar Laser Ranging
(1 0.02 Combined PPN bounds —
(o 4.107% | Binary pulsar acceleration PSR 1913+16
(3 1078 Newton’s 3rd law Lunar acceleration
(4 0.006 — Kreuzer experiment

v =4B-v-3-26—ar+Ear-5C-1G
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PPN potentials

o Newtonian potential: N
!/

XX:_fd3X,Xp,|)?_)?,|7 XU:fd3X,ﬁ7 XpIEXp(t7y(l)'

Manuel Hohmann (University of Tartu) Gauge-invariant and teleparallel PPN 25.9. 2019 19/47



PPN potentials

o Newtonian potential: Yo
XX=—fd3X'XP’|)?—)?’|7 XU:fd3X,ﬁ7 Yo' = p(tX).

o Vector potentials: Yo , ,
XVi:_/d3X/Xp/XV;, XWi:deX' ’ vj(Xi_Xi)(Xj_Xj).

X — X X - X'[°
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PPN potentials

o Newtonian potential: N
XXZ—deX,Xp’|)?—)?,|, XUZ/-dsxlﬁ, XpIEXp(t,;(I).
o Vector potentials:

X/X/ X 1 X
X 3,/ TPV x 3,p Vi (X = x7) (X - X)
Vi- [ & ey Wi- [ & e

o Fourth-order scalar potentials: 2y,
I
X¢1_fd3l ,7 X¢4_[d31

2
chzzfds IA)_>,‘X;U,7 XQ[ fds / V(X’ XI,)] ,
X X - X3

X /

X/X/ X/ atv’
X¢3=/d3’|x ;" Yop - /dS’ 0D g

/ 1
X 3 B3onx rx un Xi=Xp [Xi—X Xi = X;
¢=fdxdx e B S e Iy
w pp ‘X—X'|3(‘X—X"‘ |X'—X”|
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

2
Y Too = XP(1 ~%goo + (*v)? +X”) +0(6),
*Toi=-"p*vi+0(5),
XT,'/' = X/)XV,'XV]'+XP5,'/'+O(6)
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

*Too=" (1— * oo+ (Yv)? + XH)JF@(G)

YToi=-"p*vi+0(5),
YTi=Yp¥vi*v;+*psj+O(6)

e Behavior under gauge transformations:
2 2 2 2 3
X X X
YToo="Too, yTij =XTj, YToi="To,

4 4 4
YToo=" Too+§/5/ 7'oo, YTj=*Tj.
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

YToi=-"p*vi+0(5),
XT,'/' = X/)XV,'XVI'+XP5,'/’+O(6)

e Behavior under gauge transformations:

2 2 2 2 3 3
YToo=%Too, YTj="Tj, YToi="Ty,

4 4 2 2 4 4
YToo="Too+&0i Too, YTj="Tj.

e Energy-momentum tensor ~ derivatives of PPN potentials.
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

2
Y Too = XP(1 ~*go0 + (Fv)? +X|_|) +0(6),
*Toi=-"p*vi+0(5),
XT,'/' = X/)XV,'XVI'+XP5,'/’+O(6)

e Behavior under gauge transformations:

2 2 2 2 3 3
YToo=%Too, YTj="Tj, YToi="Ty,

4 4 2 2 4 4
YToo="Too+&0i Too, YTj="Tj.

e Energy-momentum tensor ~ derivatives of PPN potentials.
= Solve for PPN parameters by PPN expanding field equations.
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

2
*Too = XP(1 ~ %G00+ (Fv)*+ Xﬂ) +0(6),
YToi=-"p%vi+0(5),
XT,'/' = X/)XV,'XV]' + Xp&,-j + 0(6)
e Behavior under gauge transformations:

2 2 2 2 3 3
YToo=%Too, YTj="Tj, YToi="Ty,

4 4 2 2 4 4
YToo="Too+&0i Too, YTj="Tj.

e Energy-momentum tensor ~ derivatives of PPN potentials.
= Solve for PPN parameters by PPN expanding field equations.
7 Equations may be gauge dependent & hard to solve.
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

2
*Too = XP(1 ~ %G00+ (Fv)*+ Xﬂ) +0(6),
YToi=-"p%vi+0(5),
XT,'/' = X/)XV,'XV]' + Xp&,-j + 0(6)
e Behavior under gauge transformations:

2 2 2 2 3 3
YToo=%Too, YTj="Tj, YToi="Ty,

4 4 2 2 4 4
YToo=*Too+£i0i*Too, ~Ty="Tj.
e Energy-momentum tensor ~ derivatives of PPN potentials.
= Solve for PPN parameters by PPN expanding field equations.

7 Equations may be gauge dependent & hard to solve.
~ Use gauge-invariant formalism to decouple equations.
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6 Gauge-invariant PPN formalism
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Gauge transformation of the metric

e Allow only gauge transformations preserving PPN assumptions:

2

&is 20’ gi-
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Gauge transformation of the metric

e Allow only gauge transformations preserving PPN assumptions:

2

3 4
§i, Co. &
e Relation between metrics in gauges X and ):
Y 900 = * oo
Vg = "Gy + 200,
Y Goi = * goi + 3/20 + 302/ )
Y00 = ¥ goo + 25’020 + 2,-8;’“500 :

4 4 4 2 2 2 2 2 2 2 2
Vi =" 9ij + 20y + 2% Gr(i0))Ex + EkOk i + O (kK€ ) + OOy -
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Gauge transformation of the metric

e Allow only gauge transformations preserving PPN assumptions:

2

s 4
§i, Co. &
e Relation between metrics in gauges X and ):
Y 900 = * oo
Vgi= %Gy + 200t
Y Goi = * goi + 3:‘20 + 302/ )
Y00 = ¥ goo + 25’020 + 2/31 %900,
yéij = X&ij + 23(/2’/) +2 Xék(iaj)gk + gkak Xéij + 8(/(2|k6k|2j)) + 8i2kajgk :

e Use gauge transformation to eliminate metric components.
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Gauge-invariant metric

« Definition of gauge-invariant metric components:
9o=9", Goi=9j. 9;j=9";+g].
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Gauge-invariant metric

« Definition of gauge-invariant metric components:
9o=9", Goi=9j. 9;j=9";+g].
o Conditions imposed on components:

0'g7 =0, d'gj=0, gf;=0, g}=0.
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Gauge-invariant metric

« Definition of gauge-invariant metric components:
9o=9", Goi=9j. 9;j=9";+g].
o Conditions imposed on components:

0'g7 =0, d'gj=0, gf;=0, g}=0.

e Relation to arbitrary gauge X':

2 2,
Y900 =9",

2 24 2 2 2 o
* 9 =9"5;+ 9] + 20,9, X* + 20X},

XS 3 3 2 2
go;=g}>+c‘9,-X*+808,-X‘+6oX7,
X4 4. 3* 20 20 2,
Joo = 9" +200X™ + (0;X* + X7)0,9",
4
Ygj=g0;+g} +200X* + 0(2)- 0(2).
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Gauge-invariant metric

« Definition of gauge-invariant metric components:
90=9", 9oi=9f, 9j=9"0;+g}.
 Conditions imposed on components:
o'g; =0, 9'gl=0, gf,;=0, gf=0.

e Relation to arbitrary gauge X':
2

2 *
Xgoo =g,
2 2 2 2 2
* 9 =9"5;+ 9] + 20,9, X* + 20X},
XS 3 3 2 2
Joi = gf + 8/)(* + 808,’)(‘ + 80)(7 ,
x4 4, I 2 N 2o 2,
Joo = 9" +200X™ + (0;X* + X7)0,9",
4
Ygj=g0;+g} +200X* + 0(2)- 0(2).

e Gauge defining vector fields: '
X=Xt + X, Xo=X*, 9X’=0.
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Decomposition of metric components

e Count number of independent components at each order:

total invariant pure gauge
2 2
Ygoo 1| @ 1 - 0
x2 2. 2t 2‘ 20
gj 6 g".9; 1+2 | X4, X7 1+2
3
i 3| @ 2 | X 1
4 4
*goo 1| @ 1 - 0
x4 4, 4t 4. 40
gji 6 g.9; 1+2 | X4 X7 1+2
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Decomposition of metric components

e Count number of independent components at each order:

= Components split into invariant and gauge parts.

Manuel Hohmann (University of Tartu)

total

invariant pure gauge

XZ 2*

9o 1] 9 1 - 0
Yy 6|54 12| Kk

gij gr.g; 1+2 X7 1+2

3

i 3| @ 2 | X 1
x4 4,

9o 1| 9 1 - 0
x4 6 4, 4t 4. 40

gi gr.g; 1+2 | X" X7 1+2

Gauge-invariant and teleparallel PPN

25.9. 2019
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Decomposition of metric components

e Count number of independent components at each order:

total invariant pure gauge
2 2
Ygoo 1| 9@ 1 - 0
x2 2. 2t 2‘ 20

gj 6 g".9; 1+2 | X4, X7 1+2

3

i 3| @ 2 | X 1
X4 4,

9o 1| 9 1 - 0
x4 4, 4t 4. 40

gji 6 g.9; 1+2 | X4 X7 1+2

= Components split into invariant and gauge parts.
= Possible to separate physical information from coordinate choice.

Manuel Hohmann (University of Tartu)
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Relation to standard PPN gauge

e Use relation between expansion coefficients:

1 gh..g!

o K2
k
0<h +2h+...<k Wibl g 7 p

7962
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Relation to standard PPN gauge

e Use relation between expansion coefficients:

1 gh..g!

o K2
k
0<h +2h+...<k Wibl g 7 p

7962

o Split components of 7g,,, into g,,, and P*.
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Relation to standard PPN gauge

e Use relation between expansion coefficients:

k=l =2lp—...

1

P h ol

0Sl1+22l2:+.,.sk hibt-- I13 I[5
o Split components of 7g,,, into g,,, and P*.

= Gauge defining vector fields:

2

2 3
P*=0, P; =0, P*:—%(2+47+a1—2a2+2q1 —4§)x’0.
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Relation to standard PPN gauge

e Use relation between expansion coefficients:

k- /1 2/27

Pk _ 1 b
9= 2 i £ £
0<h+2b+...<k 1:12 p

o Split components of 7g,,, into g,,, and P*.
= Gauge defining vector fields:

2 2 3
P*=0, P; =0, P*:—%(2+47+a1—2a2+2q1—4§)x’0.
= Gauge-invariant metric components:

§'=20, §' =20, §f=0, & =-(1+7+5) (Ve W),

4

g = %(2—041 +200+203)P1+2(1+37-28+(+£)Po+2(1+(3)P3+2(37+3(4-28) Py

—2¢dyy - 28U% + %(2+4’y+a1 ~2a)A + %(2+4’y+0¢1 —2ap + 201 - 4€)B .
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Gauge-invariant field equations

e Perform similar decomposition of energy-momentum tensor:
T =T00 =p(1 —600+V2+n) +O(6),
T7 + 9T =Toi = —pv; + O(5),

T35+ 85 T4 +20GT5 + T} =T = pvjv; + psj + O(6) .
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Gauge-invariant field equations

e Perform similar decomposition of energy-momentum tensor:

T =T00 =p(1 —500+V2+n) +0(6),
T;? + 8,‘T’ = To,‘ =—pV;+ 0(5) s
T35+ 85 T4 +20GT5 + T} =T = pvjv; + psj + O(6) .
o Express components in terms of PPN potentials:

T op-—tau, T-—lou, To-am+w)
=p= 4r ) = 47TO ) I_8ﬂ' i i)»

4* 2 2 . 1
T :p(l‘l+v -9 ):—4—A(¢3+¢1—2¢2),
7

40 1 2 1 4A 1
= — =—— A = — — .
| 3pv +p 2 (P +3dy), T 16 (3A-dy)

Manuel Hohmann (University of Tartu) Gauge-invariant and teleparallel PPN 25.9. 2019



Gauge-invariant field equations

e Perform similar decomposition of energy-momentum tensor:

T =T00 =p(1 —500+V2+n) +0(6),
T;? + 8,‘T’ = To,‘ =—pV;+ 0(5) s
T35+ 85 T4 +20GT5 + T} =T = pvjv; + psj + O(6) .
o Express components in terms of PPN potentials:

T op-—tau, T-—lou, To-am+w)
=p= 4r ) = 4r oY, I_8ﬂ' i i)»
4* 2 2, 1
T :p(l'l+v —g):—4—A(¢3+¢1—2¢2),
T

40 1 2 1 4A 1
= — =—— A = — — .
| 3pv +p 2 (P +3dy), T 16 (3A-dy)

o Decompose also gravity side ~ Ag.
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Gauge-invariant field equations

e Perform similar decomposition of energy-momentum tensor:

T =T00 =p(1 —500+V2+n) +0(6),
T;? + 8,‘T’ = To,‘ =—pV;+ 0(5) s
T35+ 85 T4 +20GT5 + T} =T = pvjv; + psj + O(6) .
o Express components in terms of PPN potentials:

T op-—tau, T-—lou, To-am+w)
=p= 4r ) = 47TO ) I_8ﬂ' i i)»

4* 2 2 . 1
T :p(l'l+v —g):—4—A(¢3+¢1—2¢2),
T

40 1 2 1 4A 1
= — =—— A = — — .
| 3pv +p 2 (P +3dy), T 16 (3A-dy)

o Decompose also gravity side ~ Ag.
= Find PPN parameters by comparing coefficients on both sides.
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e Tetrad and teleparallel PPN formalisms
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Teleparallel geometry

e Fundamental fields:
o Coframe field 64 = 64, dx*.
o Flat spin connection w”g = w”g,dx".
o Arbitrary matter fields .
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Teleparallel geometry

e Fundamental fields:
o Coframe field 64 = 64, dx*.
o Flat spin connection w”g = w”g,dx".
o Arbitrary matter fields .
e Derived quantities:
Frame field e = e4"0,, with 4”68, = 68 and es"04, = o+,
Metric g,.., = 1agf*,.6%,.
Determinant 6 = det(64,,).
Teleparallel connection T'*,,, = €4 (0,04, + wg,058,).

O O O o

o

Levi-Civita connection I'*,,, = 97 (0,Gop + 0p9u0 — 0o Gup)-
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Teleparallel geometry

e Fundamental fields:
o Coframe field 64 = 64, dx*.
o Flat spin connection w”g = w”g,dx".
o Arbitrary matter fields .
e Derived quantities:
Frame field e = e4"0,, with 4”68, = 68 and es"04, = o+,
Metric g,.., = nasf? .60,
Determinant 6 = det(64,,).
Teleparallel connection I'*,,, = es" (9, 04, +wh BpY B.).

O O O o

o Levi-Civita connection F“Vp = Eg“”(a,,gap +0pGve — 050up)-
o Properties of the teleparallel connection:
o Vanishing curvature: R, ,; = 0,[" o = 0o, +TH )T e =TH 7, =0.
o Vanishing nonmetricity: Q,., = V.9, = 0.
o Nonvanishing torsion: T#,,=1",, -T*,, 0.
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Teleparallel geometry

e Fundamental fields:
o Coframe field 64 = 64, dx*.
o Flat spin connection w”g = w”g,,dx".
o Arbitrary matter fields .
e Derived quantities:
Frame field e = e4"0,, with 4”68, = 68 and es"04, = o+,
Metric g,.., = 1agf*,.6%,.
Determinant 6 = det(64,,).
Teleparallel connection T'*,,, = €4 (0,04, + wg,058,).

O O O o

o Levi-Civita connection F“Vp = %g“f’(a,,gap +0pGve — 050up)-
o Properties of the teleparallel connection:
o Vanishing curvature: R*,,; = 0,1 "6 = 0o ", + TH )T e —TH [T, =0.
o Vanishing nonmetricity: Q,., = V.9, = 0.
o Nonvanishing torsion: T#,,=T*,, -T*,, 0.

= Possible to use Weitzenbdck gauge: wABM =0.
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Post-Newtonian tetrad

o Post-Newtonian tetrad expansion:

0 1 2 3 4
oA =T0A, + Y0A, + 0, + 0N, + Y00+ O(5).
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Post-Newtonian tetrad

o Post-Newtonian tetrad expansion:
0 1 2 3 4
oA = T0N, 0RO+ 0N, Y00+ O(5).

0
o Background tetrad is diagonal: *64, = A%, = diag(1,1,1,1).
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Post-Newtonian tetrad

o Post-Newtonian tetrad expansion:
0 1 2 3 4
oA =0A, + Y0A, 0RO+ Y0+ O(5).

0
o Background tetrad is diagonal: *64, = A%, = diag(1,1,1,1).
» Higher than fourth velocity order O(4) is not considered.
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Post-Newtonian tetrad

o Post-Newtonian tetrad expansion:
0 1 2 3 4
oA =T0A, + Y0A, + 0, + 0N, + Y00+ O(5).

0
o Background tetrad is diagonal: *64, = A%, = diag(1,1,1,1).
» Higher than fourth velocity order O(4) is not considered.
o Useful to define tetrad with lower spacetime indices:

k k
X A X pB
H}AV =A uTlAB 0 V-
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Post-Newtonian tetrad

o Post-Newtonian tetrad expansion:

0 1 2 3 4
oA =T0A, + Y0A, + 0, + 0N, + Y00+ O(5).

0
Background tetrad is diagonal: ¥64, = A%, = diag(1,1,1,1).
Higher than fourth velocity order O(4) is not considered.
Useful to define tetrad with lower spacetime indices:

k k
X A X pB
H}AV =A uTlAB 0 V-

Only certain components are relevant and non-vanishing:

2 2 3 4 4
X X X x X
boo, “Oj, “0oi, “boo, “0j.
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Post-Newtonian tetrad

o Post-Newtonian tetrad expansion:

0 1 2 3 4
oA =T0A, + Y0A, + 0, + 0N, + Y00+ O(5).

0
Background tetrad is diagonal: ¥64, = A%, = diag(1,1,1,1).
Higher than fourth velocity order O(4) is not considered.
Useful to define tetrad with lower spacetime indices:

k k
X A X pB
H}AV =A uTlAB 0 V-

Only certain components are relevant and non-vanishing:

2 2 3 4 4
X X X x X
boo, “Oj, “0oi, “boo, “0j.

Relation to metric components:

2 2 2 2 3 3
*goo=2%00, “05=2%0(, “90i=2%00),

4 2 4 4 4 2 2
Y900 =—(T000)? +2%000, “gj=2%0( + 0k T4
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Sketch of gauge-invariant tetrad PPN

1. Split tetrad perturbations in symmetric and antisymmetric:

k k k k k k k
X X X X X X X
O =" S+ auv, Suv ="y ="
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Sketch of gauge-invariant tetrad PPN

1. Split tetrad perturbations in symmetric and antisymmetric:

k k k k k k k
X X X X X X X
O =" S+ auv, Suv ="y ="

2. Define gauge-invariant tetrad using §W in place of 6W.
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Sketch of gauge-invariant tetrad PPN

1. Split tetrad perturbations in symmetric and antisymmetric:

k k k k k k k
X X X X X X X
0w ="Suw+"auw, Suv ="y ="

2. Define gauge-invariant tetrad using §W in place of 6W.

k k
3. Express PPN tetrad PGW through gauge-invariant tetrad 6,,,,.
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Sketch of gauge-invariant tetrad PPN

1. Split tetrad perturbations in symmetric and antisymmetric:

k k Kk k k k k
X _Xx X X _X X _X
0w ="Suw+"auw, Suv ="y ="

2. Define gauge-invariant tetrad using §W in place of 6W.

k k
3. Express PPN tetrad PGW through gauge-invariant tetrad 6,,,,.
4. Write gauge-invariant tetrad components using PPN quantities.
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Sketch of gauge-invariant tetrad PPN

1. Split tetrad perturbations in symmetric and antisymmetric:

k k Kk k k k k
X _Xx X X _X X _X
0w ="Suw+"auw, Suv ="y ="

Define gauge-invariant tetrad using §W in place of 6W.

k k
Express PPN tetrad PGW through gauge-invariant tetrad 6,,,,.
Write gauge-invariant tetrad components using PPN quantities.
Decompose tetrad field equations in analogy to metric case.

A R\
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Sketch of gauge-invariant tetrad PPN

1. Split tetrad perturbations in symmetric and antisymmetric:

k k Kk k k k k
X _Xx X X _X X _X
0w ="Suw+"auw, Suv ="y ="

Define gauge-invariant tetrad using §W in place of 6W.

Express PPN tetrad Pgu,, through gauge-invariant tetrad 5#1,.
Write gauge-invariant tetrad components using PPN quantities.
Decompose tetrad field equations in analogy to metric case.
Find PPN parameters by matching terms on both sides.

o0 pw N
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e PPN limits of teleparallel theories
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F(T1,72,T3) - action and field equations

o Gravitational part of the action:

Solb,)= 5oy [ F(Ti T, T5) 0"
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F(T1,72,T3) - action and field equations

o Gravitational part of the action:

Solb,)= 5oy [ F(T1.T5.75) 0"
e Torsion scalars:

Ty =THP T,uzlp , Tp=TH? Tpl/u y Ta= Tu,up T,
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F(T1,72,T3) - action and field equations

o Gravitational part of the action:

Syl6,w] ff(T,TZ,TS)ed“
e Torsion scalars:
7; = TH” T,uzlp; 7-2 =THP Tpu,Lu 7?3 = Tu,up Tpr .

= Field equations:

1 ° o o
/{2@“1, = Efgw/"'zvp (f.,1 Tu,up + ~7:,2 T[pu]l/ + J,T,S T J[pgu]u)+~7'-,1 T? I (Tupa - 2T[pa]1/)

1~7-.,3 TUO’p ( Tp,uu + 2T(uy)p) )

1
" 5}—2 [Tupa (@Tpov = Tupe) + T, (27-[00]11 - TVPU)] 2
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F(T1,72,T3) - action and field equations

o Gravitational part of the action:

Syl w] [f(T,Tz,Ts)ed‘*
e Torsion scalars:
Ti=T" Ty, To=T""T,,, Ta=T¢,,T,"".
= Field equations:

1 ° o o
Kzepzx = Efgw/"'zvp (f.,1 Tu,up + ~7:,2 T[pu]l/ + J,T,S T J[pgu]u)+~7'-,1 T? I (Tupa - 2T[pa]1/)

1~7-.,3 TUO’p ( Tp,uu + 2T(uy)p) )

1
" 5}—2 [Tupa (@Tpov = Tupe) + T, (27-[00]11 - TVPU)] 2

» Use ©,, instead of T,, to avoid confusion with torsion.
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F(T1,T2,73) - PPN parameters

o PPN parameters:
€ 2F1+F>+F3
-1=-= -1=-2 = 2 2 )
’ K © T 22F +Fo+2Fs)’

E=a1=ap=03=01=0=0=04=0.
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F(T1,72,7T3) - PPN parameters

e PPN parameters:

g 2E1+E2+E3

—1=-= —1=-2 =
b 2 © ST 2@F +Fy+2Fs)

§=ay=ap=0a3=(1=0=0=0=0.
= Fully conservative gravity theory:

o No preferred frame or preferred location effects.
o Total energy-momentum is conserved.
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F(T1,7T2,T3) - PPN parameters

e PPN parameters:

_ 2F1+Fa+Fj3
C2(2F1+Fo+2F3)’

§=ar=a2=0a3=(1=(=0=04=0.
= Fully conservative gravity theory:

o No preferred frame or preferred location effects.
o Total energy-momentum is conserved.

» Nordvedt parameter vanishes identically:

v-1=-2¢, ¢

2 2

10 1
77N=45—’Y—3—?§—061+§042—§C1—§C250-
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F(T1,7T2,T3) - PPN parameters

e PPN parameters:

B-1=-5 f= g, c-_2hitFerhs
T2 T T ST 22+ Far2Fg)

2

§=ar=a2=0a3=(1=(=0=04=0.
= Fully conservative gravity theory:

o No preferred frame or preferred location effects.
o Total energy-momentum is conserved.

» Nordvedt parameter vanishes identically:

2 2
3273
= No Nordvedt effect - lunar laser ranging unaffected.

10 1
IN=4B-y-3-F-ar+ (1-362=0.

Manuel Hohmann (University of Tartu) Gauge-invariant and teleparallel PPN 25.9. 2019



F(T1,7T2,T3) - PPN parameters

e PPN parameters:

g 2E1+E2+E3

—1=-= —1=-2 =
b 2 © ST 2@F +Fy+2Fs)

§=ar=a2=0a3=(1=(=0=04=0.
= Fully conservative gravity theory:

o No preferred frame or preferred location effects.
o Total energy-momentum is conserved.

» Nordvedt parameter vanishes identically:

2 2
3273
= No Nordvedt effect - lunar laser ranging unaffected.

e Bounds on theory parameters from Cassini tracking:

y-1=-2¢=(21+23)-107°.

10 1
IN=4B-y-3-F-ar+ (1-362=0.
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F(T1,7T2,T3) - axial-vector-tensor decomposition

e Irreducible decomposition of torsion components:

1 1
Ta=15(T1-2T2) . Ten=5(T1+T2=Ts), Twec=Ts.
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F(T1,7T2,T3) - axial-vector-tensor decomposition

e Irreducible decomposition of torsion components:
1 1
Tax=§(7?—27’z), Tten=§(T1+7'z—T3), Tec = Ts.-

o Alternative representation of the action:

7:(7;,75’7?5) = g(TaXa Tvec, Tten)-
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F(T1,7T2,T3) - axial-vector-tensor decomposition

e Irreducible decomposition of torsion components:
1 1
Taxzﬁ(,ﬂ—ZTZ): 7-ten:§(7-1+7—2_7?3)7 Tvec = T3
o Alternative representation of the action:

'7'—('71,7’&7?5) = g(TaXa Tvec, Tten)-

» Relation between Taylor expansion coefficients:

1 1 1 1 1
F1=§G’a+§G’t, F’2=—§G,a+§Gyt, F3=G’V—§G7t.

) )

Manuel Hohmann (University of Tartu) Gauge-invariant and teleparallel PPN 25.9. 2019



F(T1,7T2,T3) - axial-vector-tensor decomposition

e Irreducible decomposition of torsion components:
1 1
Taxzﬁ(,ﬂ—ZTZ): 7-ten:§(7-1+7—2_7?3)7 Tvec = T3
o Alternative representation of the action:

'7'—('71,7’&7?5) = g(TaXa Tvec, Tten)-

» Relation between Taylor expansion coefficients:

1 1 1 1 1
F1=§G’a+§G’t, F’2=—§G,a+§Gyt, F3=G’V—§G7t.

) )

e Constant defining PPN parameters:

c= G,V + G,t
- 4G,V + G’t '
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F(T1,7T2,T3) - axial-vector-tensor decomposition

e Irreducible decomposition of torsion components:
1 1
Taxzﬁ(,ﬂ—ZTZ): 7-ten:§(7-1+7—2_7?3)7 Tvec = T3
o Alternative representation of the action:

'7'—('71,7’&7?5) = g(TaXa Tvec, Tten)-

» Relation between Taylor expansion coefficients:

1 1 1 1 1
F1=§Gya+§G’t, F’2=—§G,a+§Gyt, F3=G’V—§G7t.

) )

e Constant defining PPN parameters:

c= G,V + G,t
- 4G,V + G’t '

= Purely axial modifications do not affect PPN parameters.
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F(T1,T2,T3) - particular theories

o New general relativity (Hayasni, sniratuii 79
o Most general action linear in torsion scalars:
f(ﬂ,7-277?5) = t1ﬂ + t27é + t37?3

= Taylor coefficients givenby F;=1f,i=1,....3.
= Constant defining PPN parameters:
c- 2t1 + t2 + t3
22t + b+ 2t)
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F(T1,T2,T3) - particular theories

o New general relativity (Hayasni, snirafuii 79):
o Most general action linear in torsion scalars:

F(T1,72,T3) = 4T + T2 + 1373

= Taylor coefficients givenby F;=1f,i=1,....3.
= Constant defining PPN parameters:

c- 2t1 +t2+t3
22t + b+ 2t)

o f( T) graVity theories [Bengochea, Ferraro '08; Linder '10] -
o Lagrangian defined as function of linear combination:

1 1
F(T. T2 ) =H(T). T=,Ti+ 5T
= Taylor coefficients given by:
Fi=3/(0). Fo=31(0). Fs=/(0)

= Indistinguishable from GR, since ¢ = 0.
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Scalar-torsion - action

e Gravitational part of the action:

sg[e,w,Qs]:# fM [~A(¢) T +2B(¢)X +2C(d) Y - 22V (9)] 0 d*x.

Manuel Hohmann (University of Tartu) Gauge-invariant and teleparallel PPN 25.9. 2019 36/47



Scalar-torsion - action

e Gravitational part of the action:

sg[e,w,Qs]:# fM [~A(¢) T +2B(¢)X +2C(d) Y - 252V (9)] 0 d*x.

e Scalar quantities appearing in the action:

1 v 1 v v
T=5T'wSM", X==5"bubw, Y=0"T poy.
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Scalar-torsion - action

e Gravitational part of the action:

1
T 2K2

e Scalar quantities appearing in the action:

Sql0,w, ] fM [~A(8)T +2B(¢)X +2C() Y - 262V($)] 0d*x

1 1 v v
T = 5 TPMVSpHV 9 X = —EQM ¢,u¢,1/ ) Y = g/" Tpp;u'qs:’/ :

e Superpotential:

1 g g
Spuv = > (Towp + Topw = Tuwp) = Gou T 700 + 9o T o -
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Scalar-torsion - action

e Gravitational part of the action:

1
T 2K2

e Scalar quantities appearing in the action:

Sql0,w, ] fM [~A(6)T +2B(6)X +2C(6) Y - 262V(6)] 0d*x

1 v 1 v v
T = 5 TpIu/Sp'u 9 X = —EQM ¢,u¢,1/ ) Y = g/" Tpp;u'qs:’/ :

e Superpotential:

1 g g
Spuv = > (Topo + Topw = Tuwp) = Gop T 00 + Gov T o -

0
« Taylor expansion of functions around background *¢ = ®:

A:A(q)), A’:A/(q)), AN:AN((D), /4///:~,4/I/(q))7
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Scalar-torsion - field equations

e Field equations:
o Tetrad field equations - symmetric part:

! 2 1 2 4
K20, = (A" +C) Sy’ +A(R,w - 5Rg,w) C(B-CYo b

1 , - o o o
+ (58 -C )Qﬁ,pd),ggp g/,u/ +C (V/_l,vl/(b - D¢guu) + "ingl»”’ .
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Scalar-torsion - field equations

e Field equations:
o Tetrad field equations - symmetric part:

! 2 1 2 4
K20, = (A" +C) Sy’ +A(R,w - 5Rg,w) C(B-CYo b

1 ’ o o o o
+ (EB—C )Qs’pd),g-gp g/,u/ +C(V}LVU¢_D¢QHV) +K}2Vgl»“"
o Tetrad field equations - antisymmetric part:

0=(A"+C)T’ [, -
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Scalar-torsion - field equations

e Field equations:
o Tetrad field equations - symmetric part:

! 2 1 2 4
K20, = (A" +C) Sy’ +A(R,“, - 5Rg,w) C(B-CYo b

1 ’ o o o o
+ (58 -C ) Qﬁ,pd),ggp g/,u/ +C (V/_l,vl/(b - D¢guu) + "ingl»”’ .
o Tetrad field equations - antisymmetric part:
0 = (A, + C)Tp[#u¢7p] .

o Scalar field equation:

1 o 1 0
0= EA’T -Bog¢- EB’g‘“’QHqS,,, +CV, T, + K2V
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Scalar-torsion - field equations

e Field equations:
o Tetrad field equations - symmetric part:

! - 1 2 A
“zew =(A"+C) S’ P+ A(R/w - éRgNV) - (B-C")¢ 9.
1 ’ o o o o
+ (EB—C )Qﬁ,pd),ggp g/,u/ +C(V}LVU¢_D¢QHV) +K}2Vgl»“"
o Tetrad field equations - antisymmetric part:

0= (.A’ +C)Tp[#l,¢7p]

o Scalar field equation:

1 o 1 0
0= EA’T -Bog¢- EB’g‘“’QHqS,,, +CV, T, + K2V

e Helpful steps to decouple / S|mpl|fy

o Trace reversal: R,w -3 Ft’g,w - H;u/
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Scalar-torsion - field equations

e Field equations:
o Tetrad field equations - symmetric part:

! ~ 1 ~ A
“ze/w = (A" +C) Sy’ ¢, + A(le - ERQHV) -(B-C¢ 00
1 ’ o o o o
+ (58—0 )Qﬁ,pd),ggp gy,y +C(V}LVU¢_D¢QHV) +K}2Vgl»“"
o Tetrad field equations - antisymmetric part:

0= (.A’ +C)Tp[#l,¢7p]

o Scalar field equation:
1 ° 1 °
0= EA’T -Bo¢- EB’g‘“’¢>,M¢,D +CV, T, + K2V .

e Helpful steps to decouple / S|mpl|fy

o Trace reversal: R,w -1 Ft’g,“, - H,“,
o Eliminate second- order tetrad derivatives using tetrad equations.
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Scalar-torsion - simplified field equations

o Trace-reversed symmetric tetrad field equations:

- o 1 -
@,uu = (A, + C) (S(;w)p + g;w TXXP) Qb,p + -A'qwf + Eclguu¢,p¢,agp

o o 1 o
~(B=Cpupy +CV,uV,u+ 5c 0 ¢Gu — K2V Gy
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Scalar-torsion - simplified field equations

o Trace-reversed symmetric tetrad field equations:

A ~ 1 / loa
@,uu = (A, + C) (S(;w)p + g;w TXXP) Qb,p + ARMV + EC guu¢,p¢,ogp
o o 1 o
~(B=Cpupy +CV,uV,u+ 5C 060G - K2V G
e “Debraided” scalar field equation:

K2CO = (A'+C) (AT -2CT,""¢,) - (2AB+3C2) 0 ¢
+(BC - AB' -3CCG" ¢ b + 22 (AV' +2CV).
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Scalar-torsion - simplified field equations

o Trace-reversed symmetric tetrad field equations:

~ > 1. o
@;w = (-A, + C) (S(;w)p + g;w TXXP) Qb,p + ARMV + EC guu¢,p¢,ogp
o o 1 o
~(B=C)udy +CVuVuo+ 5C 0 dGuw K2V G
e “Debraided” scalar field equation:
K2CO = (A'+C) (AT -2CT,""¢,) - (2AB+3C2) 0 ¢
+(BC - AB' -3CCG" ¢ b + 22 (AV' +2CV).

e Trace-reversed energy-momentum tensor:

1 o
ep,u = e,uu - ég,u,ugp epo‘ .
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Scalar-torsion - simplified field equations

o Trace-reversed symmetric tetrad field equations:

A C 1 / o
@,uu = (A, + C) (S(;w)p + gw/ TXXP) ¢,p + ARMV + EC guu¢,p¢,ogp
o o 1 o
~(B=C)udy +CVuVuo+ 5C 0 dGuw K2V G
e “Debraided” scalar field equation:
K2CO = (A'+C) (AT -2CT, "¢ ,) - (2AB+3C2) 0 ¢
+(BC - AB' -3CCG" ¢ b + 22 (AV' +2CV).

e Trace-reversed energy-momentum tensor:

1 -
O =0 - Egm,gp O -

= Trace © of energy-momentum becomes source of scalar field.
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Scalar-torsion - simplified field equations

o Trace-reversed symmetric tetrad field equations:

A C 1 / o
@,uu = (A, + C) (S(;w)p + gw/ TXXP) ¢,p + ARMV + EC guu¢,p¢,ogp
o o 1 o
~(B=C)udy +CVuVuo+ 5C 0 dGuw K2V G
e “Debraided” scalar field equation:
K2CO = (A'+C) (AT -2CT, "¢ ,) - (2AB+3C2) 0 ¢
+(BC - AB' -3CCG" ¢ b + 22 (AV' +2CV).

e Trace-reversed energy-momentum tensor:

1 g
O =0 - Egm,gp O -

= Trace © of energy-momentum becomes source of scalar field.
= Scalar source term vanishes for minimal coupling C = 0.
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Scalar-torsion - PPN parameters (massive case)

o Effective gravitational constant:

52 Cze—m¢r
Gett = g (1 " 2AB+ 302)

Manuel Hohmann (University of Tartu) Gauge-invariant and teleparallel PPN 25.9. 2019 39/47



Scalar-torsion - PPN parameters (massive case)

o Effective gravitational constant:

52 Cze—m¢r
Gett = g (1 " 2AB+ 302)

e PPN parameter v:
_ 2AB+3C?% - C2e™™s"
T 2AB+3C% 1 CZe ™
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Scalar-torsion - PPN parameters (massive case)

o Effective gravitational constant:

/62 Cze—m¢r
Gett = g (1 " 2AB+ 302)

e PPN parameter v:
_ 2AB+3C?% - C2e™ ™!
' 2AB+3C% 1 CZe T

e Scalar field mass:
p) 2K2AV”

Mo = 2AB+302"
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Scalar-torsion - PPN parameters (massive case)

o Effective gravitational constant:

K2 C2eMer
Gett = g (1 " 2AB+ 302)

e PPN parameter v:
_ 2AB+3C?% - C2e ™!
' T 2AB+3CZ1 CZe

e Scalar field mass:
P) 2/4?2AV”

ms=————=.
¢~ 2AB+3C2
= Gravitational potential receives Yukawa-type corrections.
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Scalar-torsion - PPN parameters (massive case)

o Effective gravitational constant:

Gett =

/62 Cze—m¢r
8rA (1 " 2AB+ 302)

e PPN parameter v:
_ 2AB+3C?% - C2e™™s"
T 2AB+3C% 1 CZe ™

e Scalar field mass:
P) 2/4?2AV”

ms=————=.
¢ 2AB+3C2
= Gravitational potential receives Yukawa-type corrections.
= Corrections vanish for minimal coupling C = 0.
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Scalar-torsion - PPN parameters (massive case)

o Effective gravitational constant:

/62 C2e—m¢r
Gett = g (1 " 2AB+ 302)

e PPN parameter v:
_ 2AB+3C?% - C2e™ ™!
' 2AB+3C% 1 CZe T

e Scalar field mass:
P) 2/4?2AV”

Mo~ 2AB+3C%
= Gravitational potential receives Yukawa-type corrections.
= Corrections vanish for minimal coupling C = 0.
= Corrections vanish for infinite mass m, — oco.

Manuel Hohmann (University of Tartu) Gauge-invariant and teleparallel PPN
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Scalar-torsion - PPN parameters (massless case)

e PPN parameters:
C2
"=1"ZB.ace
~ C{6C*(C+A’) + ABC?(7C +8A") + A2[2B?>(C + A") + B'C? -2BCC']}
4(AB +2C?)2(2AB +3C?) ’

E=ar=0ap=03=01=0=0=04=0.

g=1
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Scalar-torsion - PPN parameters (massless case)

o PPN parameters:
C2
1=1" 2B ¢
_ C{6C*(C+A) + ABC3(TC + 8A') + A2[2B%(C + A') + B'C? - 2BCC'])
4(AB +2C?)2(2AB +3C?) ’
§=ar=a2=0a3=01=0=0G=0G4=0.

= Fully conservative gravity theory:

o No preferred frame or preferred location effects.
o Total energy-momentum is conserved.

g=1
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Scalar-torsion - PPN parameters (massless case)

e PPN parameters:
C2
1=1" 2B ¢
 C{6CH(C+A') + ABCR(7C +8A') + A2[2B(C + A') + B'C? ~ 2BCC']}
4(AB +2C?)2(2AB +3C?) ’
§=oq=ap=a3=(1=C=(=¢=0.

= Fully conservative gravity theory:

o No preferred frame or preferred location effects.
o Total energy-momentum is conserved.

= |dentical to GR~vy=5=1 for C =0.

g=1

Manuel Hohmann (University of Tartu) Gauge-invariant and teleparallel PPN 25.9. 2019 40/47



Scalar-torsion - equivalent of scalar-curvature gravity

e Choose non-minimal coupling function C = -A".
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Scalar-torsion - equivalent of scalar-curvature gravity

e Choose non-minimal coupling function C = -A".
= Action functional after integration by parts ps:

1

%32

fM [A(gb)fq +2B($)X - 2/€2V(¢):| 6 x
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Scalar-torsion - equivalent of scalar-curvature gravity

e Choose non-minimal coupling function C = -A".
= Action functional after integration by parts ps:

1

%32

fM [A(gb)fq +2B($)X - 2/€2V(¢):| 6 x

= Theory becomes equivalent to scalar-curvature gravity (ranagan 04.
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Scalar-torsion - equivalent of scalar-curvature gravity

e Choose non-minimal coupling function C = -A".
= Action functional after integration by parts ps:

1

%32

fM [A(gb)fq +2B($)X - 2/€2V(¢):| 6 x

= Theory becomes equivalent to scalar-curvature gravity (ranagan 04.
e Re-obtain well-known PPN parameters as consistency check.
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Scalar-torsion - minimally coupled theories

e Numerous minimally coupled (C = 0) theories:
o Teleparallel dark energy (ceng, Lee, Saridakis, Wu 111

A=1+2r%€¢%, B=-K%.
o Interacting dark energy (otaiora 13):
A=1+2:2¢F(¢), B=-k2.
o Brans-Dicke type with a general coupling to torsion (izumi, cu, ong 13:
A=F(¢), B=2kw.
o Brans-Dicke type with a dynamical kinetic term (chen, wu, wei141:

A=¢, B=2rw(9)/¢.
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o Interacting dark energy (otaiora 13):
A=1+2:2¢F(¢), B=-k2.
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A=F(¢), B=2kw.
o Brans-Dicke type with a dynamical kinetic term (chen, wu, wei141:

A=¢, B=2rw(9)/¢.

= PPN parameters take GR values v = 5 = 1.
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Scalar-torsion - minimally coupled theories

e Numerous minimally coupled (C = 0) theories:
o Teleparallel dark energy (ceng, Lee, Saridakis, Wu 111

A=1+2r%€¢%, B=-K%.
o Interacting dark energy (otaiora 13):
A=1+2:2¢F(¢), B=-k2.
o Brans-Dicke type with a general coupling to torsion (izumi, cu, ong 13:
A=F(¢), B=2kw.
o Brans-Dicke type with a dynamical kinetic term (chen, wu, wei141:

A=¢, B=2rw(9)/¢.

= PPN parameters take GR values v = 5 = 1.
= Theories are indistinguishable from GR by PPN parameters.
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Scalar-torsion - non-minimally coupled boundary term

e Action functional [Bahamonde, Wright '15] -

T 1
So= [ -5z * 5 (0" 0wt - 62T - x6B) - v(6) | 0a'x.
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Scalar-torsion - non-minimally coupled boundary term

e Action functional [Bahamonde, Wright '15] -
r 1 v 2 2 4
So= [ -5z * 5 (0" 0utn ~ 62T - x6B) - v(5) | 0a'x.
e Boundary term B ~ Y after integration by parts:

B=R+T=2v,T, ",
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Scalar-torsion - non-minimally coupled boundary term

e Action functional [Bahamonde, Wright '15] -
r 1 v 2 2 4
So= [ -5z * 5 (0" 0wt - 62T - x6B) - V(0) | 0a'x.
e Boundary term B ~ Y after integration by parts:
B=R+T=2v,T,".

e Consider only massless scalar field V = 0.
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Scalar-torsion - non-minimally coupled boundary term

e Action functional (sanamonde, wright '15:
r 1 v 2 2 4
So= [ -5z * 5 (0" 0wt - 62T - x6B) - v(6) | 0a'x.
e Boundary term B ~ Y after integration by parts:
B=R+T=2v,T,".

e Consider only massless scalar field V = 0.
= Parameter functions:

A=1+2r2¢¢%, B=-kr?, C=4r’x¢.
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Scalar-torsion - non-minimally coupled boundary term

e Action functional (sanamonde, wright '15:
r 1 v 2 2 4
So= [ -5z * 5 (0" 0wt - 62T - x6B) - v(6) | 0a'x.
e Boundary term B ~ Y after integration by parts:
B=R+T=2v,T,".

e Consider only massless scalar field V = 0.
= Parameter functions:

A=1+2r2¢¢%, B=-kr?, C=4r’yo.

= Deviations from GR governed by C ~ .
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Scalar-torsion - non-minimally coupled boundary term

e Action functional ganamonde, wright '15]:
r 1 v 2 2 4
So= [ -5z * 5 (0" 0wt - 62T - x6B) - v(6) | 0a'x.
e Boundary term B ~ Y after integration by parts:
B=R+T=2v,T,".
e Consider only massless scalar field V = 0.
= Parameter functions:
A=1+2r2¢¢%, B=-kr?, C=4r’x¢.

= Deviations from GR governed by C ~ .
= PPN parameters:

v=1+128m202 + O(x*), B =1+827ExP? + 821207 + O(x).
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Scalar-torsion - non-minimally coupled boundary term

e Action functional (sanamonde, wright '15:
r 1 v 2 2 4
So= [ -5z * 5 (0" 0wt - 62T - x6B) - v(6) | 0a'x.
e Boundary term B ~ Y after integration by parts:
B=R+T=2v,T,".

e Consider only massless scalar field V = 0.
= Parameter functions:

A=1+2r2¢¢%, B=-kr?, C=4r’x¢.

= Deviations from GR governed by C ~ .
= PPN parameters:

7=1+128mP0% + O(x*), B =1+82rex? + 82mP0% + O(°).

= Depends on background value ¢ (determined from potential V).
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Outline

e Conclusion
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e Gauge-invariant perturbation theory:
o Distinguish between physical and background spacetime.
o Gauge pulls physical metric to background spacetime.
= Gauge dependent comparison between both metrics.
o Decompose perturbations into physical data and gauge data.
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e Gauge-invariant perturbation theory:

o Distinguish between physical and background spacetime.

o Gauge pulls physical metric to background spacetime.

= Gauge dependent comparison between both metrics.

o Decompose perturbations into physical data and gauge data.
e Parametrized post-Newtonian formalism:

o Weak-field approximation of metric gravity theories.

o Characterizes gravity theories by 10 (constant) parameters.

o Parameters closely related to solar system observations.
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e Gauge-invariant perturbation theory:
o Distinguish between physical and background spacetime.
o Gauge pulls physical metric to background spacetime.
= Gauge dependent comparison between both metrics.
o Decompose perturbations into physical data and gauge data.
e Parametrized post-Newtonian formalism:
o Weak-field approximation of metric gravity theories.
o Characterizes gravity theories by 10 (constant) parameters.
o Parameters closely related to solar system observations.
e Gauge-invariant PPN formalism:
o Apply gauge-invariant perturbation theory to PPN formalism.
o Decomposition of metric and field equations.
o Avoids issues arising from necessity to choose a gauge.
= Simpler set of equations to determine PPN parameters.
o Can also be formulated for tetrad instead of metric.
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e Gauge-invariant perturbation theory:
o Distinguish between physical and background spacetime.
o Gauge pulls physical metric to background spacetime.
= Gauge dependent comparison between both metrics.
o Decompose perturbations into physical data and gauge data.
e Parametrized post-Newtonian formalism:
o Weak-field approximation of metric gravity theories.
o Characterizes gravity theories by 10 (constant) parameters.
o Parameters closely related to solar system observations.
e Gauge-invariant PPN formalism:
o Apply gauge-invariant perturbation theory to PPN formalism.
o Decomposition of metric and field equations.
o Avoids issues arising from necessity to choose a gauge.
= Simpler set of equations to determine PPN parameters.
o Can also be formulated for tetrad instead of metric.
o Post-Newtonian limit of teleparallel gravity theories:
o Obtained PPN parameters for different teleparallel theories.
o Considered theories are fully conservative.
o Large, widely used subclasses have same PPN limit as GR.
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o Extend formalism by including higher perturbation orders:
General covariant expansion instead of space-time split.
Allow also for fast-moving source masses.

Consider inspiral phase of black hole merger event.
Devise method for calculating gravitational waves.

O O O o

2See talk by Kai Flathmann after this talk!
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o Extend formalism by including higher perturbation orders:
o General covariant expansion instead of space-time split.
o Allow also for fast-moving source masses.
o Consider inspiral phase of black hole merger event.
o Devise method for calculating gravitational waves.
o Apply formalism to complicated gravity theories:
o Bimetric and multimetric gravity theories.
o Multi-scalar Horndeski generalizations.
o Theories involving generalized Proca fields.
o Extensions based on metric-affine geometry.

2See talk by Kai Flathmann after this talk!
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e Extend formalism by including higher perturbation orders:
o General covariant expansion instead of space-time split.
o Allow also for fast-moving source masses.
o Consider inspiral phase of black hole merger event.
o Devise method for calculating gravitational waves.
o Apply formalism to complicated gravity theories:
o Bimetric and multimetric gravity theories.
o Multi-scalar Horndeski generalizations.
o Theories involving generalized Proca fields.
o Extensions based on metric-affine geometry.

e Consider more general teleparallel gravity theories:

Theories with modified constitutive laws v, sary, krssak, Preiter 117].
Lagrangian as free function L(T, X, Y, ¢)? vk 1s].

Teleparallel extension to Horndeski gravity (sanamonde, Dialekiopoulos, Said "19].
Theories obtained from disformal transformations m+19).

Coupling of scalar fields to 77, 72, 7.

Theories with multiple tetrads.

O O O O O o

2See talk by Kai Flathmann after this talk!

Manuel Hohmann (University of Tartu) Gauge-invariant and teleparallel PPN 25.9. 2019



e MH,
“Gauge invariant approach to the parametrized post-Newtonian formalism”,
to appear.

e U. Ualikhanova and MH,
“Parameterized post-Newtonian limit of general teleparallel gravity theories”,
arXiv:1907.08178 [gr-qc].

e E. D. Emtsova and MH,
“Post-Newtonian limit of scalar-torsion theories of gravity as analogue to

scalar-curvature theories”,
arXiv:1909.09355 [gr-qc].
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