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e Parametrized post-Newtonian formalism:

Weak-field approximation of metric gravity theories.

Assumes particular coordinate system (“universe rest frame”).
Characterizes gravity theories by 10 (constant) parameters.
Parameters closely related to solar system observations.
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e Parametrized post-Newtonian formalism:

Weak-field approximation of metric gravity theories.

Assumes particular coordinate system (“universe rest frame”).
Characterizes gravity theories by 10 (constant) parameters.
Parameters closely related to solar system observations.

e Properties of the PPN formalism:

v~ Need to solve only linear equations at each perturbation order.
4 Equations may be lengthy, coupled and difficult to disentangle.
7 Numerous relations and transformation rules needed to solve equations.
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e Parametrized post-Newtonian formalism:
Weak-field approximation of metric gravity theories.
Assumes particular coordinate system (“universe rest frame”).
Characterizes gravity theories by 10 (constant) parameters.
Parameters closely related to solar system observations.
e Properties of the PPN formalism:
v~ Need to solve only linear equations at each perturbation order.
4 Equations may be lengthy, coupled and difficult to disentangle.
7 Numerous relations and transformation rules needed to solve equations.

~ Implement generic PPN formalism using computer tensor algebra.
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e Parametrized post-Newtonian formalism:
Weak-field approximation of metric gravity theories.
Assumes particular coordinate system (“universe rest frame”).
Characterizes gravity theories by 10 (constant) parameters.
Parameters closely related to solar system observations.
e Properties of the PPN formalism:
v~ Need to solve only linear equations at each perturbation order.
4 Equations may be lengthy, coupled and difficult to disentangle.
7 Numerous relations and transformation rules needed to solve equations.

~ Implement generic PPN formalism using computer tensor algebra.

e Implementation as package using xAct for Mathematica:

o Mathematica offers powerful routines for symbolic calculations.
o xActimplements numerous functions for tensor algebra.
o xAct can easily be extended with new functionality.
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0 Parametrized post-Newtonian formalism
@ xPPN: an implementation of the PPN formalism
e Example: PPN limit of scalar-tensor gravity

e Conclusion
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0 Parametrized post-Newtonian formalism
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Post-Newtonian matter and velocity orders

e Energy-momentum tensor of a perfect fluid:

" = (p+pl+p) +pg"” .

Rest mass density p.
Specific internal energy I1.
Pressure p.

Four-velocity
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Post-Newtonian matter and velocity orders

e Energy-momentum tensor of a perfect fluid:

" = (p+pl+p) +pg"” .

Rest mass density p.
Specific internal energy I1.
Pressure p.

Four-velocity

e Universe rest frame and slow-moving source matter:

o Velocity of the source matter: v/ = u//u°.
o Assume that source matter is slow-moving: |V| « 1.
o Use € = |v| as perturbation parameter.
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Post-Newtonian matter and velocity orders

e Energy-momentum tensor of a perfect fluid:

" = (p+pl+p) +pg"” .

Rest mass density p ~ O(2).

Specific internal energy N ~ O(2).

Pressure p ~ O(4).

Four-velocity

e Universe rest frame and slow-moving source matter:
o Velocity of the source matter: v/ = u//uC.
o Assume that source matter is slow-moving: |V| « 1.
o Use € = |v| as perturbation parameter.

» Assign velocity orders O(n) ~ € to all quantities based on solar system.
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Post-Newtonian matter and velocity orders

e Energy-momentum tensor of a perfect fluid:

" = (p+pl+p) +pg"” .

Rest mass density p ~ O(2).

Specific internal energy N ~ O(2).

Pressure p ~ O(4).

Four-velocity

e Universe rest frame and slow-moving source matter:
o Velocity of the source matter: v/ = u//uC.
o Assume that source matter is slow-moving: |V| « 1.
o Use € = |v| as perturbation parameter.

» Assign velocity orders O(n) ~ € to all quantities based on solar system.
e Quasi-static: assign additional O(1) to time derivatives 0y.
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Post-Newtonian metric

o Standard post-Newtonian metric expansion:

Quv = &u/ + 1g;u/ + 5,ulf + &w + éuu +0(9).
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Post-Newtonian metric

o Standard post-Newtonian metric expansion:
0 1 2 3 4
G =Gy + Guv + Guv + Guv + Guo + O(5).

e Background metric given by Minkowski metric: &w = M-
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Post-Newtonian metric

o Standard post-Newtonian metric expansion:

0 3
O = Qv + b,w + f}w + Qv + éu,, +0(5).

e Background metric given by Minkowski metric: &w = M-
e Only terms up to fourth velocity order O(4) are considered.
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Post-Newtonian metric

Standard post-Newtonian metric expansion:
0 1 2 3 4
G = Guv + Guv + Guv + Guv + Guv + O(5).

Background metric given by Minkowski metric: &w = N -
Only terms up to fourth velocity order O(4) are considered.
Only certain components are relevant and non-vanishing:

2 2 3 4 4
Goo, Gij, Goi, Yoo, Gi-
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Post-Newtonian metric

Standard post-Newtonian metric expansion:
0 1 2 3 4
G = Guv + Guv + Guv + Guv + Guv + O(5).

Background metric given by Minkowski metric: &w = N -

Only terms up to fourth velocity order O(4) are considered.

Only certain components are relevant and non-vanishing:

2 2 3 4 4
Goo, Gij, Goi, Yoo, Jij-

5,-/- not used in standard PPN formalism, but may couple to other components.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
e Metric in standard PPN gauge:

Joo = 2U,
9 = 27 Usj,
1 1
50i=—§(3+47+041 —a2+C1—25)\/i—§(1 +ap— (1 +25 W,

Joo=-28U2 +(2+2y +az+(y 2601 +2(1 + 3y~ 28+ (o + )P
+2(1+(3)P3+2(37+ 3¢ —28)Pg — 26Dy — (1 - 26) A,
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
e Metric in standard PPN gauge:

Joo = 2U,
9j = 21 Usj,
1 , 1
50i=—§(3+4“/+a1 —ap + (4 —25)\//—5(1 +op -G +25) W,

Joo = 28U + (2+ 2y +ag + (1 —26)01 +2(1+37 =28 + (o + £)dy
+2(1+(3)P3+2(37+ 304 —2) Py — 26y — (¢ - 26) A,

e Metric contains PPN parameters and PPN potentials.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
e Metric in standard PPN gauge:
2
Joo =2U,
gj = 2vUs;;,
1 1
50i=—§(3+47+041 —a2+ G -20)Vi- s(1+ a2 -G+ 2O W,
500 =282 + 2+2y+a3+ (1 -2)P1+2(1+37 -2+ + &),
+2(1+(3)P3+2(3y + 3¢ —2)Pg - 26Dy — (1 - 20) A,

e Metric contains PPN parameters and PPN potentials.
e Properties of standard PPN metric:
o Second-order spatial part 5,-,' is diagonal.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
e Metric in standard PPN gauge:

Goo = 2U,

gj = 2yUsy,

50i:_%(3+47+041 — g+ ( —25)\//—%(1 +ap = (1 +25) Wi,

Joo = -28UP + (2+ 2y + ag+ (1 ~2£)®1 +2(1+ 87 - 28+ G+ €) b
+2(1+(3)P3+2(3y +3( —20)Pg - 26Py — (G1 - 20) A,

e Metric contains PPN parameters and PPN potentials.
e Properties of standard PPN metric:
o Second-order spatial part 52;,, is diagonal.
o Fourth-order temporal part fyoo does not contain potential B.
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PPN parameters

e PPN parameters are linked to physical properties:
o ~: spatial curvature generated by unit mass.
B: non-linearity in gravity superposition law.
aq, ao, ag: violation of local Lorentz invariance.
as, (1, (2, (3, (4 violation of energy-momentum conservation.
&: violation of local position invariance.
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PPN parameters

e PPN parameters are linked to physical properties:

~: spatial curvature generated by unit mass.

B: non-linearity in gravity superposition law.

aq, ao, ag: violation of local Lorentz invariance.

as, (1, (2, (3, (4 violation of energy-momentum conservation.
&: violation of local position invariance.

e INGRy=pg=1and{=a1=az=0a3=(1=0=C=0=0.
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PPN parameters

e PPN parameters are linked to physical properties:

~: spatial curvature generated by unit mass.

B: non-linearity in gravity superposition law.

a4, ao, o violation of local Lorentz invariance.

as, (1,2, (3, (4: violation of energy-momentum conservation.
&: violation of local position invariance.

e INGRy=p=1and{=ai=a2=0a3=( =C=(3=0=0.
= Fully conservative gravity theory:

o No preferred frame or preferred location effects.
o Total energy-momentum is conserved.
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PPN parameters

e PPN parameters are linked to physical properties:

~: spatial curvature generated by unit mass.

B: non-linearity in gravity superposition law.

aq, ao, ag: violation of local Lorentz invariance.

as, (1, (2, (3, (4 violation of energy-momentum conservation.
&: violation of local position invariance.

e InGRy=pF=1and{=a1=a2=a3=(1=0=(=30G=0.
= Fully conservative gravity theory:

o No preferred frame or preferred location effects.
o Total energy-momentum is conserved.

= Other theories will receive bounds from experiments.
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Experimental bounds

Par. Bound Effects Experiment
v-112.3-107° | Time delay, light deflection Cassini tracking
-1 8-107° Perihelion shift Perihelion shift
3 4.107° Spin precession Millisecond pulsars
o 1074 Orbital polarization Lunar laser ranging
o 4.10°° Orbital polarization PSR J1738+0333
a | 2-107° Spin precession Millisecond pulsars
az | 4-107%0 Self-acceleration Pulsar spin-down statistics
o' | 9-107% Nordtvedt effect Lunar Laser Ranging
(1 0.02 Combined PPN bounds —
(o 4.107° | Binary pulsar acceleration PSR 1913+16
(3 1078 Newton’s 3rd law Lunar acceleration
Ca 0.006 — Kreuzer experiment

Uin=4B-v-3-R6—ar+Ear-5Ci - 16
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PPN potentials

e Newtonian potential:

7
v=- [ @xpx-x1, U= [ d3x'|}’j—;,|, o' =p(t,X').
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PPN potentials

e Newtonian potential:

7
== [ EXpx-%, tJ:/kaﬁﬁﬁq, o' =p(t,X').

e Vector potentials:

I,/ .yl !
x—x]’ T
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PPN potentials

e Newtonian potential:
!
X:_/dSX’p,|y(_y(,|7 U:fd3xl|;(p;(,|7 p,Ep(t7)?,)'

e Vector potentials:
A

T (v, )
xX-x'’ X — X

X - x'[3

e Fourth-order scalar potentials:
/
¢1:fd3 /ﬁPVﬁ 7 d)4=‘/\d3X,_,pﬁ ,
X = X'| X =Xl

/ T (x — ¥\ 12
¢2:fd3 lrpt{ ’ A=[d3X,p [VIﬁ(X’ﬂ XI)] 7

- X' X - X'|3

l dvl
3 ! 3 ! ( i
o= [ dx |X_ . B=- [ &x P TIC Rk

xi—-x (x-x" xi—x!
) de /dSX// /i Hl ﬂl J %l _ %/ %/ ]
w= | _ X/|3 |X _ X”| |X’ _ X”|
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

S =p(1 —500+ v2+l'l)+(9(6),
©oi = —pVvi +O(5),
©j = pvivj + pojj + O(6)
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

S =p(1 —500+ v2+l'l)+(9(6),
©oi = —pVvi +O(5),
©j = pvivj + pojj + O(6)

e Energy-momentum tensor ~ derivatives of PPN potentials.
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

S =p(1 —500+ v2+l'l)+(9(6),
©oi = —pVvi +O(5),
©j = pvivj + pojj + O(6)

e Energy-momentum tensor ~ derivatives of PPN potentials.
= Solve for PPN parameters by PPN expanding field equations.

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020



Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

©00 =p(1 —500+ v2+l'l)+(9(6),
©gi = —pv; + O(5),
©j = pvivj + pojj + O(6)
e Energy-momentum tensor ~ derivatives of PPN potentials.

= Solve for PPN parameters by PPN expanding field equations.
7 Equations may be coupled to each other, lengthy & hard to solve.
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

S =p(1 —500+ v2+l'l)+(9(6),
©oi = —pVvi +O(5),
©j = pvivj + pojj + O(6)

e Energy-momentum tensor ~ derivatives of PPN potentials.
= Solve for PPN parameters by PPN expanding field equations.

7 Equations may be coupled to each other, lengthy & hard to solve.
~ Use tensor computer algebra to simplify and solve equations.
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Post-Newtonian field equations

e Expand energy-momentum tensor in velocity orders:

S =p(1 —500+ v2+l'l)+(9(6),
©oi = —pVvi +O(5),
©j = pvivj + pojj + O(6)

e Energy-momentum tensor ~ derivatives of PPN potentials.
= Solve for PPN parameters by PPN expanding field equations.

7 Equations may be coupled to each other, lengthy & hard to solve.
~ Use tensor computer algebra to simplify and solve equations.

~ Implement generic PPN formalism in xAct/xTensor: xPPN.
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@ xPPN: an implementation of the PPN formalism
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Basic concepts of xPPN

e Consider spacetime as product manifold M, = T; x Ss.
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Basic concepts of xPPN

e Consider spacetime as product manifold M, = T; x Ss.

e Proper 3 + 1 split of tensors on the spacetime manifold:

Defining a vector field A, on M, = scalar field Ay and vector field A; on Ss.
Split tensor fields depend on Sz and time parameter.

Splitting algorithm takes into account symmetries of tensors defined on M;.
Derivatives on M, decompose into derivatives on S; and time derivatives.
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Basic concepts of xPPN

e Consider spacetime as product manifold M, = T; x Ss.
e Proper 3 + 1 split of tensors on the spacetime manifold:

Defining a vector field A, on M, = scalar field Ay and vector field A; on Ss.
Split tensor fields depend on Sz and time parameter.

Splitting algorithm takes into account symmetries of tensors defined on M;.
Derivatives on M, decompose into derivatives on S; and time derivatives.

o Perturbative expansion of tensors in velocity orders:

O O O o

o Perturbative expansion A; = 2\,- + )\,- + ... automatically defined for every tensor field.
o Proper counting of perturbation orders in sums, products, scalar functions. ..
o Time derivatives are taken into account and weighted with additional velocity order.
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Basic concepts of xPPN

Consider spacetime as product manifold My = Ty x S3.
Proper 3 + 1 split of tensors on the spacetime manifold:

Defining a vector field A, on M, = scalar field Ay and vector field A; on Ss.
Split tensor fields depend on Sz and time parameter.

Splitting algorithm takes into account symmetries of tensors defined on M;.
Derivatives on M, decompose into derivatives on S; and time derivatives.

o Perturbative expansion of tensors in velocity orders:

O O O o

o Perturbative expansion A; = 2\,- + )\,- + ... automatically defined for every tensor field.

o Proper counting of perturbation orders in sums, products, scalar functions. ..

o Time derivatives are taken into account and weighted with additional velocity order.
Pre-defined objects ready to use together with standard relations among them:
Background manifolds M,, Sz, T; and time parameter.

Background geometry: metrics 1, on My and §; on Ss.

Dynamical geometry: metric g,.,, tetrad 6", covariant derivatives v, v, V.
PPN potentials: x, U, Uy, V;, W;, ®1, o, 3, d4, Oy, A, B.

PPN parameters: ﬁ, v, 01, 0,03, C1 s Cg, C3, C4, §

Energy-momentum variables: ©,,,, p, v, n, p.

[e]

o

O O O O
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Manifolds, bundles and indices

e Pre-defined manifolds:
1. MfSpacetime: spacetime manifold M;.
2. MfSpace: space manifold Ss.
3. MfTime: time manifold T;.
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Manifolds, bundles and indices

e Pre-defined manifolds:
1. MfSpacetime: spacetime manifold M;.
2. MfSpace: space manifold Ss.
3. MfTime: time manifold T;.
e Every manifold canonically equipped with tangent bundle:
1. TangentMfSpacetime: tangent bundle of spacetime manifold TM,.
2. TangentMfSpace: tangent bundle of space manifold T'Ss.
3. TangentMfTime: tangent bundle of time manifold T T;.
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Manifolds, bundles and indices

e Pre-defined manifolds:
1. MfSpacetime: spacetime manifold M;.
2. MfSpace: space manifold Ss.
3. MfTime: time manifold T;.
e Every manifold canonically equipped with tangent bundle:
1. TangentMfSpacetime: tangent bundle of spacetime manifold TM,.
2. TangentMfSpace: tangent bundle of space manifold T'Ss.
3. TangentMfTime: tangent bundle of time manifold T T;.
e Lorentz bundle defined for all manifolds (used for tetrads):
1. LorentzMfSpacetime: Lorentz bundle of spacetime manifold LM;.
2. LorentzMfSpace: Lorentz bundle of space manifold L. Ss.
3. LorentzMfTime: Lorentz bundle of time manifold L. 7;.
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Manifolds, bundles and indices

e Pre-defined manifolds:

1.

MfSpacetime: spacetime manifold M;.

2. MfSpace: space manifold Ss.
3. MfTime: time manifold T;.
e Every manifold canonically equipped with tangent bundle:

1.
2.
3.

TangentMfSpacetime: tangent bundle of spacetime manifold TM,.
TangentMfSpace: tangent bundle of space manifold T S;.
TangentMfTime: tangent bundle of time manifold T T;.

e Lorentz bundle defined for all manifolds (used for tetrads):

1.
2.
3.

LorentzMfSpacetime: Lorentz bundle of spacetime manifold LLM,.
LorentzMfSpace: Lorentz bundle of space manifold L S;.
LorentzMfTime: Lorentz bundle of time manifold L. 7;.

e Indices defined for all bundles and object types:

1.

Nookowb

LI[0]: time component of the 3 + 1 decomposed forms of tensors.
\ [ScriptT] (printed as t): index on the tangent bundle TT;.
\ [ScriptCapitalT] (printed as 7): index on the Lorentz bundle L T;.

Lowercase Latin letters a, ..., z, input as T3a, ..., T3z: indices on TS;.
Uppercase Latin letters A, ..., Z, input as .34, ..., 1L.3z: indices on LLS;.
Lowercase Greek letters «, ..., w, input as T4«, ..., T4w: indices on TM,.
Uppercase Greek letters A, ...,Q, input as L4A, ..., 1.4Q: indices on LM,.
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Background geometry

e Pre-defined objects representing background geometry:

Symbol Definition Manifold Indices
BkgMetricM4 nap = diag(-1,1,1,1) M, (-TMy,-TMy)
BkgMetricS3 Oab = Nab S (-TS3,-TS;3)
BkgMetricTl Moo = —1 T (-TTy,-TTy)
BkgTetradM4 AT, =diag(1,1,1,1) My (LMy,-TMy)
BkgTetradS3 A, S3 (LS3,-TS;3)
BkgTetradTl AOO T; (LTy,-TTy)
BkgInvTetradMd | Ar® =diag(1,1,1,1) M, (-LMy, TMy)
BkgInvIetradS3 A8 S3 (-LS3,TS3)
BkgInvTetradTl Ag° T; (-LTy,TTy)
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Background geometry

e Pre-defined objects representing background geometry:

Symbol Definition Manifold Indices
BkgMetricM4 nap = diag(-1,1,1,1) M, (-TMy,-TMy)
BkgMetricS3 Oab = Nab S (-TS3,-TS;3)
BkgMetricTl Moo = —1 T (-TTy,-TTy)
BkgTetradM4 AT, =diag(1,1,1,1) My (LMy,-TMy)
BkgTetradS3 A, S3 (LS3,-TS;3)
BkgTetradTl AOO T; (LTy,-TTy)
BkgInvTetradMd | Ar® =diag(1,1,1,1) M, (-LMy, TMy)
BkgInvIetradS3 A8 S3 (-LS3,TS3)
BkgInvTetradTl Ag° T; (-LTy,TTy)
I Note that background objects are used on indices:
n[]:= DefTensor[A[T4«], {MfSpacetime}]
In[]:= ToCanonical [SeparateMetric[] [A[-T4x] A[T4x]]]

Out[]= AaABnaﬂ
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Pre-defined dynamical geometry

e Metric tensor and its inverse:
o Metric g, written as Met [-T4o, -T4B].
o Inverse metric g*? written as InvMet [T4x, T4B].
I Metric and its inverse are different objects, since indices are raised with #:

In[]:= ToCanonical [SeparateMetric[] [Met [T4x, T4f]11]
out 1= 1% gys
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Pre-defined dynamical geometry

e Metric tensor and its inverse:
o Metric g, written as Met [-T4o, -T4B].
o Inverse metric g*? written as InvMet [T4x, T4B].
I Metric and its inverse are different objects, since indices are raised with #:

In[]:= ToCanonical [SeparateMetric[] [Met [T4x, T4f]11]
out (1= 1°"nP°gys

o Levi-Civita covariant derivative v and Christoffel symbols:
o Covariant derivative v, denoted by cD[-T4«].
o Christoffel symbols F%@ denoted by ChristoffelCD[T4x, -T4y, -T4B].
I Note order of indices used by xActin conversion:

In[]:= DefTensor[A[T4x], {MfSpacetime}]
In[]:= CD[-T4y][A[T4x]]

out [1= VA

In[]:= ChangeCovD[%, CD, PD]

Out - O,AY + T 4 AP
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3 + 1 split and perturbative expansion of tensor fields

e Function PPN to extract 3 + 1 decomposition and velocity orders:
o PPN[h] [i] extracts 3 + 1 split of tensor h with indices i:

In[]:= PPN[Met] [-LI[0], -T3al
Out []= Qoa

o PPN[h, n][i] extracts n'th order perturbation of tensor h with indices i:

’In[]:: PPN [Met, 3]1[-LI[0], -T3a] ‘
’Out[]: éOa ‘
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3 + 1 split and perturbative expansion of tensor fields

e Function PPN to extract 3 + 1 decomposition and velocity orders:
o PPN[h] [i] extracts 3 + 1 split of tensor h with indices i:

In[]:= PPN[Met] [-LI[0], -T3al
Out []= Qoa

o PPN[h, n][i] extracts n'th order perturbation of tensor h with indices i:

’In[]:: PPN [Met, 3]1[-LI[0], -T3a] ‘

3
Out [1= Qoa ‘

e Arguments to PPN:
o hcan be any (pre-defined or custom) tensor head.
o nis a non-negative integer perturbation order.
o I is a sequence of indices either on Sz or LT [0] (time component).
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Using symmetries of tensor fields

o Example: define an antisymmetric tensor field A, = Aj,51:

Tn[]:= DefTensor[A[-T4x, -T4p], {MfSpacetime},
Antisymmetric[{1l, 2}]11;
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Using symmetries of tensor fields

o Example: define an antisymmetric tensor field A, = Aj,51:

Tn[]:= DefTensor[A[-T4x, -T4p], {MfSpacetime},
Antisymmetric[{1l, 2}]11;

o Automatically defined 3 + 1 split respects symmetries of original tensor:
o Vanishing component Ay = 0 evaluates to zero:

In[]:= PPN[A][-LI[0], -LI[0]]
out[]= 0

o Independent component Ay, remains unevaluated:
In[]:= PPN[A][-LI[0], -T3a]
out [1= Aoa

[e]

Dependent component A, = —Ag, automatically evaluates to independent component:

In[]:= PPN[A] [-T3a, —-LI[0]]
out [1= —Aoa

[e]

Indices on antisymmetric components Ap, = —Agp can be ordered with ToCanonical:

In[]:= ToCanonical [PPN[A] [-T3b, -T3al]
out [1= —Aap
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3 + 1 split of arbitrary expressions

o Example: consider tensor field A®z with mixed indices:

n[]:= DefTensor[A[T4x, -T4p], MfSpacetime]
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3 + 1 split of arbitrary expressions

o Example: consider tensor field A®z with mixed indices:

n[]:= DefTensor[A[T4x, -T4p], MfSpacetime]

e Using SpaceTimeSplit on single tensor yields tensor components:

Tn[]:= SpaceTimeSplit [A[T4x, -T4f3],
{T4dx — T3a, —T4[5 - —-LI[0]}]
out[]= Aao
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3 + 1 split of arbitrary expressions

o Example: consider tensor field A®z with mixed indices:

n[]:= DefTensor[A[T4x, -T4p], MfSpacetime]

e Using SpaceTimeSplit on single tensor yields tensor components:

Tn[]:= SpaceTimeSplit [A[T4x, -T4f3],
{T4dx — T3a, —T4f) - —-LI[0]}]
out[]= Aao

e On compound expressions, also dummy indices are split:

Tn[]:= SpaceTimeSplit [A[T4x, -T4y] A[T4y, -T4p3],
{T4x — T3a, -T4f - -LI[0]}]
Out[]= AaoAOO +AabAb0
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3 + 1 split of arbitrary expressions

Example: consider tensor field A*z with mixed indices:

n[]:= DefTensor[A[T4x, -T4p], MfSpacetime]

e Using SpaceTimeSplit on single tensor yields tensor components:

Tn[]:= SpaceTimeSplit [A[T4x, -T4f3],
{T4dx — T3a, —T4f) - —-LI[0]}]
out[]= Aao

e On compound expressions, also dummy indices are split:

Tn[]:= SpaceTimeSplit [A[T4x, -T4y] A[T4y, -T4p3],
{T4x — T3a, -T4f - -LI[0]}]
Out[]= AaoAOO +AabAb0

e Use spaceTimeSplits to obtain all combinations of space and time:

out 1= {{A%, A%}, (A%, Ad}}

Tn[]:= SpaceTimeSplits[A[T4x, -T4fB], {T4x - T3a, -T4f3 - -T3b}]
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Perturbative expansion of arbitrary expressions

o Example: consider tensor field A% with mixed indices:

Tn[]:= DefTensor[A[T4x, -T4f3], MfSpacetime]
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Perturbative expansion of arbitrary expressions

o Example: consider tensor field A% with mixed indices:

Tn[]:= DefTensor[A[T4x, -T4f3], MfSpacetime]

e Use velocityOrder on single tensor component to get perturbation:

‘IRH:: VelocityOrder [PPN[A] [T3a, -T3b], 3] ‘
3
out 1= Afp ‘
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Perturbative expansion of arbitrary expressions

o Example: consider tensor field A% with mixed indices:

Tn[]:= DefTensor[A[T4x, -T4f3], MfSpacetime]

e Use velocityOrder on single tensor component to get perturbation:

‘InH:: VelocityOrder [PPN[A] [T3a, -T3b], 3] ‘
3
out 1= Afp ‘

e On compound expressions, the product rule is obeyed:

In[]:= VelocityOrder [PPN[A] [T3a, -T3c] PPN[A][T3c, -T3b]l, 2]
0o_ 2 1 2 0
Out [ } = AacAcb + AacACb + AacACb ‘
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Perturbative expansion of arbitrary expressions

o Example: consider tensor field A% with mixed indices:

Tn[]:= DefTensor[A[T4x, -T4f3], MfSpacetime]

e Use velocityOrder on single tensor component to get perturbation:

‘InH:: VelocityOrder [PPN[A] [T3a, -T3b], 3] ‘
3
out 1= Afp ‘

e On compound expressions, the product rule is obeyed:

In[]:= VelocityOrder [PPN[A] [T3a, -T3c] PPN[A][T3c, -T3b]l, 2]
0o 2 1 2 0
Out [ } = AacACb + AacACb + AacACb ‘

e Partial spatial derivatives are transparent to perturbative expansion:

‘IDH:: VelocityOrder [PD[-T3c] [PPN[A] [T3a, -T3bl]l, 1]
1
Out[]= 80Aab ‘
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Pre-defined rules for metric perturbative expansion

e Zeroth-order metric perturbations automatically evaluate to background:

Tn[]:= SpaceTimeSplits[Met [-T4x, -T4p]1,
{-T4dx - -T3a, -T4p — -T3b}]
out (1= {{Qoo, QGob}, {Q9oar Gab}}

In[]:= Map[VelocityOrder[#, 0] &, %, {2}]
out (1= {{=1, 0}, {0, bap}}
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Pre-defined rules for metric perturbative expansion

e Zeroth-order metric perturbations automatically evaluate to background:

Tn[]:= SpaceTimeSplits[Met [-T4x, -T4p]1,
{-T4dx - -T3a, -T4p — -T3b}]
out (1= {{Qoo, QGob}, {Q9oar Gab}}

In[]:= Map[VelocityOrder[#, 0] &, %, {2}]
out (1= {{=1, 0}, {0, bap}}

¢ All other metric perturbations vanish except:

2 2 3 4 4
goo, Gabs; Goas Goos; Jab;
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Pre-defined rules for metric perturbative expansion

e Zeroth-order metric perturbations automatically evaluate to background:

Tn[]:= SpaceTimeSplits[Met [-T4x, -T4p]1,
{-T4dx - -T3a, -T4p — -T3b}]
out (1= {{QGoo, QGob}, {Qoar Gab}}

In[]:= Map[VelocityOrder[#, 0] &, %, {2}]
out (1= {{=1, 0}, {0, bap}}

¢ All other metric perturbations vanish except:

2 2 3 4 4
goo, Gabs; Goas Goos; Jab;

¢ Inverse metric is expanded automatically:

‘InH:: VelocityOrder [PPN[InvMet] [T3a, T3b], 4]
2ac2b 4 ab
ouri- g%°g°c-g |
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Further pre-defined rules for perturbative expansion

e Christoffel symbols expand to derivatives of the metric:

‘111 VelocityOrder [PPN[ChristoffelCD] [T3a, -T3c, -T3b]l, 2] ‘
1 2 1 2 1 2
out 1= 505062 + 39006% — 30%Geb ‘

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020 22/66



Further pre-defined rules for perturbative expansion

e Christoffel symbols expand to derivatives of the metric:

VelocityOrder [PPN[ChristoffelCD] [T3a, -T3c, -T3b]l, 2]
1 2 1 2 1 2
out 1= 50p9c? + 50c0p% — 50%0ch ‘

—
Il

e Curvature tensors likewise expand into metric derivatives:

‘IRH:: VelocityOrder [PPN[RicciCD] [-LI[0], -LI[O0]], 2] ‘
Out[]= —%836)3500 ‘
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Further pre-defined rules for perturbative expansion

e Christoffel symbols expand to derivatives of the metric:

VelocityOrder [PPN[ChristoffelCD] [T3a, -T3c, -T3b]l, 2]
1 2 1 2 1 2
out 1= 50p9c? + 50c0p% — 50%0ch ‘

—
Il

e Curvature tensors likewise expand into metric derivatives:

‘IRH:: VelocityOrder [PPN[RicciCD] [-LI[0], -LI[O0]], 2] ‘
Out[]= —%836)3500 ‘

e Perturbative expansion can also be performed using ApplyPPNRules:

In[]:= PPN[RicciCD, 2][-LI[O0], -LI[O]]
2
Out[]= Roo
In[]:= ApplyPPNRules[%]
2
Out[]= —%838‘5’900 ‘

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020



Defining additional rules for perturbative expansion

o Newly defined objects have only generic perturbative expansion:

in[]:= DefTensor[A[T4a], {MfSpacetime}]
In[]:= VelocityOrder [PPN[A][LI[O0]], O]
0
out (1= A9 ‘
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Defining additional rules for perturbative expansion

o Newly defined objects have only generic perturbative expansion:

in[]:= DefTensor[A[T4a], {MfSpacetime}]
In[]:= VelocityOrder [PPN[A][LI[O0]], O]
0
out (1= A9 ‘

e Define a rule with 0rderset, which will then be used:

In[]:= OrderSet [PPN[A, O][LI[O0]], -171;
In[]:= VelocityOrder [PPN[A][LI[0]], O]
out[]= -1
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Defining additional rules for perturbative expansion

o Newly defined objects have only generic perturbative expansion:

in[]:= DefTensor[A[T4a], {MfSpacetime}]
In[]:= VelocityOrder [PPN[A][LI[O0]], O]
0
out (1= A9 ‘

e Define a rule with 0rderset, which will then be used:

In[]:= OrderSet [PPN[A, O][LI[O0]], -171;
In[]:= VelocityOrder [PPN[A][LI[0]], O]
out[]= -1

e Automatic expansion of perturbations switched off with UsePPNRules —False:

‘inH:: VelocityOrder [PPN[A][LI[O0]], O, UsePPNRules — False] ‘
0
out [1= A°
In[]:= VelocityOrder [PPN[Met] [-LI[O], -LI[O]], O,
UsePPNRules — False]
0
out [1= Q9oo ‘
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Treatment of time derivatives

e Pre-defined parameter TimePar, printed as 0, to represent time.
e 3+ 1 split tensor components carry dependence on MfSpace and TimePar.
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Treatment of time derivatives

e Pre-defined parameter TimePar, printed as 0, to represent time.
e 3+ 1 split tensor components carry dependence on MfSpace and TimePar.
e Time derivatives are converted automatically in 3 + 1 split:

Tn[]:= SpaceTimeSplit [PD[-T4Yy] [Met [-T4x, -T4B1],
{-T4x - -T3a, -T4p - -T3b, -T4y — -LI[0]}]

Oout[]= aogab
In[]:= % == ParamD[TimePar] [PPN[Met] [-T3a, -T3bl]l]
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Treatment of time derivatives

e Pre-defined parameter TimePar, printed as 0, to represent time.
e 3+ 1 split tensor components carry dependence on MfSpace and TimePar.
e Time derivatives are converted automatically in 3 + 1 split:

Tn[]:= SpaceTimeSplit [PD[-T4Yy] [Met [-T4x, -T4B1],
{-T4x - -T3a, -T4p - -T3b, -T4y — -LI[0]}]

out [1= OJoGab

In[]:= % == ParamD[TimePar] [PPN[Met] [-T3a, -T3bl]l]

out[]= True

e Time derivatives carry additional velocity order:

In[]:= VelocityOrder [ParamD|[TimePar] [PPN[Met] [-T3a, -T3bll, 3]
2
out 1= BoJab |
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Pre-defined energy-momentum variables

e Energy-momentum tensor and its trace-reversed form are defined:

In[]:= EnergyMomentum|[-T4x, -T4f3]

out [1= Oag

Tn[]:= TREnergyMomentum[-T4x, —-T4[3]
1

Out []= eaﬁ_ﬁgaﬂgwse'yzs
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Pre-defined energy-momentum variables

e Energy-momentum tensor and its trace-reversed form are defined:

In[]:= EnergyMomentum|[-T4x, -T4f3]

out [1= Oag

Tn[]:= TREnergyMomentum[-T4x, —-T4[3]
1

Out []= eaﬁ_ﬁgaﬂgwse'yzs

e Furher energy-momentum variables are also pre-defined:
1. Density[] is the rest mass density p ~ O(2).
2. Pressure[] is the pressure p ~ O(4).
3. InternalEnergy[] is the specific internal energy N ~ O(2).
4. vVelocity[T3a] is the velocity v& ~ O(1).
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Pre-defined energy-momentum variables

e Energy-momentum tensor and its trace-reversed form are defined:

In[]:= EnergyMomentum|[-T4x, -T4f3]

out [1= Oag

Tn[]:= TREnergyMomentum[-T4x, —-T4[3]
1

Out []= eaﬁ_ﬁgaﬂgwse'yzs

e Furher energy-momentum variables are also pre-defined:

1. Density[] is the rest mass density p ~ O(2).

2. Pressure[] is the pressure p ~ O(4).

3. InternalEnergy[] is the specific internal energy N ~ O(2).
4. vVelocity[T3a] is the velocity v& ~ O(1).

e Perturbative expansion of energy-momentum is performed automatically:

2 4 5 2 3 4
0o = p, @oo=P(n+V—goo), ©0a=—pVa, ©Oab=pVaVp+Poap-

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020



Euler equations

e Energy-momentum tensor satisfies covariant conservation equation %uew =0.
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Euler equations

e Energy-momentum tensor satisfies covariant conservation equation %Mew =0.
= Matter variables satisfy Euler equations, which are applied as follows:
1. TimeRhoToEuler [X] applies the replacement

po—~>—(pVa).a-
2. TimeVelToEuler [X] applies the replacement

12 P,a
Vao = 5900,a— VoVap— — .
2 p

3. TimePiToEuler [X] applies the replacement

1 1 v, 1
6 6 ) - Paz 2éaa,0«

P.,a
Mn Vol = -Ny- = - =
0~ a( P ,a 2900,a 2be,a

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020



PPN potentials and parameters

Symbol Pot.
PotentialChi [] X
PotentialU[] )
PotentialUU[-T3a, -T3b] | Up
PotentialV[-T3a] Va
PotentialW[-T3a] W,
PotentialPhil[] P,
PotentialPhi2[] (0P}
PotentialPhi3[] P4
PotentialPhi4 [] Py
PotentialPhiW/[] Sy
PotentialA[] A
PotentialB[] B
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PPN potentials and parameters

Symbol Pot.

PotentialChil[] X Symbol Par.
PotentialUJ[] U ParameterBeta I}

PotentialUU[-T3a, -T3b] | Up ParameterGamma y

PotentialV[-T3a] Vs ParameterAlphal | «q

PotentialW[-T3a] W, ParameterAlpha?2 ao
PotentialPhil[] O ParameterAlpha3 | aj
PotentialPhi2[] (0P} ParameterZetal (4

PotentialPhi3[] P4 ParameterZeta?l (o

PotentialPhi4[] Py ParameterZeta3 (3

PotentialPhiW[] Sy ParameterZetad (4

PotentialA[] A ParameterXi £

PotentialB[] B
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Transformation between different PPN potentials

Function Transformation
PotentialChiToU Ay - -2U
PotentialUToChi U- —% Ay
PotentialUToUU U — Uz
PotentialUUToU Uza = U
PotentialUUToChi Uab > X.ab— 3 & XOab
PotentialUToV Uog——Vaa
PotentialUToW Ug—» Waa
PotentialVToU Vaa—-Up
PotentialWToU Waa— Up
PotentialVToW Vaa—-Waa
PotentialWToV Waa— —Vaa
PotentialVToChiW Va— Wa+x0a
PotentialWToChiV Wa— Va-X0a
PotentialChiToPhiAB X,00 > A+B-®4
PotentialUToPhiAB Ugo > -3 & (A+B-d4)
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Transformation of PPN potentials to matter variables

Function PotentialToSource applies:

VANWANS 87Tp,
AANA—> 87T(pVaVb)7ab -4 A (PVZ) )
A AB—8r[ap—(Uap).al,

A®y - —4mpv?

A®y; —» -47mpU,

Adgz - —4mpll,

Ay — —4Anp,

AU - —4np,
AV — —47mpvy,
LDy —AmpU - 4U U 2 +2U gpX ab -

2. September 2020
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Sorting of derivatives

o Different order of derivatives required to recognize terms:
o Matching time derivative requires order 9,0, A°%.
o Matching divergence requires order 9y9,A°%.
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Sorting of derivatives

« Different order of derivatives required to recognize terms:
o Matching time derivative requires order 9,00 A3.
o Matching divergence requires order 9y9,A°%.

e Various functions applied before pattern matching:
o Sort derivatives in canonical order:

In[]:= SortPDs[expr]
Out[]= 80808b6b83A"

Sort derivatives to time derivatives of tensor A:

o

In[]:= SortPDsToTime [expr, A]
Out [1= 0P020:0p00A°

[e]

Sort derivatives to divergence of tensor A:

In[]:= SortPDsToDiv|[expr, A]
Out [ 1= 0P00a0p0cA°

[e]

Sort derivatives to Laplace operator of tensor A:

In[]:= SortPDsToBox[expr, A]
Out [1= 0g02000p0° A°
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Additional variables for teleparallel theories

e Tetrad Tet and inverse InvTet for teleparallel gravity:
o Work in Weitzenbdck gauge w = 0 at all perturbation orders.
o Tetrad perturbations decomposed into symmetric part (metric) and antisymmetric tensor.
o Additional rules for perturbation of antisymmetric components.
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Additional variables for teleparallel theories

e Tetrad Tet and inverse InvTet for teleparallel gravity:

o Work in Weitzenbdck gauge w = 0 at all perturbation orders.
o Tetrad perturbations decomposed into symmetric part (metric) and antisymmetric tensor.
o Additional rules for perturbation of antisymmetric components.

o Teleparallel (flat, metric) connection v implemented as FD:

o Connection coefficients converted into derivatives of the tetrad.
o Perturbative expansion of torsion and contortion tensors.
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Additional variables for teleparallel theories

e Tetrad Tet and inverse InvTet for teleparallel gravity:

o Work in Weitzenbdck gauge w = 0 at all perturbation orders.
o Tetrad perturbations decomposed into symmetric part (metric) and antisymmetric tensor.
o Additional rules for perturbation of antisymmetric components.

o Teleparallel (flat, metric) connection v implemented as FD:
o Connection coefficients converted into derivatives of the tetrad.
o Perturbative expansion of torsion and contortion tensors.
e Symmetric teleparallel (flat, symmetric) connection v implemented as ND:

o Perturbative expansion around background with vanishing connection coefficients.
o Perturbations generated by infinitesimal diffeomorphism / vector fields.
o Perturbative expansion of nonmetricity and disformation tensor fields.
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e Example: PPN limit of scalar-tensor gravity

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020 32/66



Action and field equations

e Action of scalar-tensor gravity with massless scalar field: nordtvedt 70

2 53 [ d4 (LbFl’— %8[)1#601#) + Sm[g,w/a X] :
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Action and field equations

e Action of scalar-tensor gravity with massless scalar field: nordtvedt 70

2 53 [ d4 (LbFl’— %8pwaﬂw) + Sm[g,w/a X] :

e Free function w(v) of the scalar field .
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Action and field equations

e Action of scalar-tensor gravity with massless scalar field: nordtvedt 70

2 53 [ d4 (LbFl’— %8[)1#601#) + Sm[gul/a X] .

e Free function w(v) of the scalar field .
e Jordan frame: no direct coupling between matter and scalar field.
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Action and field equations

e Action of scalar-tensor gravity with massless scalar field: nordtvedt 70

2 53 [ d4 (LbFl’— %8[)1#601#) + Sm[g,w/a X] :

e Free function w(v) of the scalar field .
e Jordan frame: no direct coupling between matter and scalar field.
= Field equations:

g/u/ d_w o _ 2( _ w+ 1 )
1/15’ vu V¢ ¢ u¢8u¢ +6dw8’ﬂ’w Y=k e/u/ 2w+sg/u/e ’

(2w + 3)0p + Z—Za,,zpapw - K20
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Action and field equations

e Action of scalar-tensor gravity with massless scalar field: nordtvedt 70

2 53 [ d4 (LbFl’— %8[)1#601#) + Sm[g,w/a X] :

e Free function w(v) of the scalar field .
e Jordan frame: no direct coupling between matter and scalar field.
= Field equations:

g/u/ d_w o _ 2( _ w+ 1 )
1/15’ vu V¢ ¢ u¢8u¢ +6dw8’ﬂ’w Y=k e/u/ 2w+sg/u/e ’

(2w + 3)0p + Z—Za,,zpapw - K20

0 2 4
e Relevant components of scalar field: ¢ = W, 1, 1.
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Action and field equations

e Action of scalar-tensor gravity with massless scalar field: nordtvedt 70

2 53 [ d4 (LbFl’— %8[)1#601#) + Sm[g,w/a X] :

e Free function w(v) of the scalar field .
e Jordan frame: no direct coupling between matter and scalar field.
= Field equations:

g,w w+ 1
VR = 9,500 - 200, + 7 d o Y 0, p0P = ( mg,we),

(2w + 3)0p + d—¢a,,¢apzp - K20

0 2 4
e Relevant components of scalar field: ¢ = W, 1, 1.
e Cosmological background value ¥ assumed to be constant.
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Getting started: load the package

1. To start, we must load the xPPN package:

In[]:= << xXAct ‘xPPN"
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Getting started: load the package

1. To start, we must load the xPPN package:

In[]:= << xXAct ‘xPPN"

2. Suppress $ symbols in the index notation:

In[]:= SPrePrint = ScreenDollarIndices;
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Getting started: load the package

1. To start, we must load the xPPN package:

In[]:= << xXAct ‘xPPN"

2. Suppress $ symbols in the index notation:

In[]:= SPrePrint = ScreenDollarIndices;

3. Define utility functions to create rules from equations:

In[]:= mkrgleq_Equal] := MakeRule[Evaluate[List @@ eq],
MetricOn — All, ContractMetrics — True]

n[]:= mkr0O[eg_Equal] := MakeRule[Evaluate[List @@ eq],
MetricOn — None, ContractMetrics — False]
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Define geometric objects

1. Scalar field :

n[]:= DefTensor[psi[], {MfSpacetime}, PrintAs — "¢"]
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Define geometric objects

1. Scalar field :

n[]:= DefTensor[psi[], {MfSpacetime}, PrintAs — "¢"]

2. Cosmological background value WV of the scalar field:

In[]:= DefConstantSymbol [psiO, PrintAs — "W"]
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Define geometric objects

1. Scalar field :

n[]:= DefTensor[psi[], {MfSpacetime}, PrintAs — "¢"]

2. Cosmological background value WV of the scalar field:

In[]:= DefConstantSymbol [psiO, PrintAs — "W"]

3. Gravitational constant «:

in[]:= DefConstantSymbol [kappa, PrintAs — "k"]
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Define geometric objects

1. Scalar field :

n[]:= DefTensor[psi[], {MfSpacetime}, PrintAs — "¢"]

2. Cosmological background value WV of the scalar field:

In[]:= DefConstantSymbol [psiO, PrintAs — "W"]

3. Gravitational constant «:

in[]:= DefConstantSymbol [kappa, PrintAs — "k"]

4. Free function w of the scalar field:

In[]:= DefScalarFunction[omega, PrintAs — "w"]
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Define placeholders for later use

1. Metric field equations &,5 = 0:

n[]:= DefTensor [MetEq[-T4x, -T4p], {MfSpacetime},
Symmetric[{1l, 2}], PrintAs — "&"]
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Define placeholders for later use

1. Metric field equations &,5 = 0:

n[]:= DefTensor [MetEq[-T4x, -T4p], {MfSpacetime},
Symmetric[{1l, 2}], PrintAs — "&"]

2. Scalar field equations £ = 0:

n[]:= DefTensor[ScalEq[], {MfSpacetime}, PrintAs — "&"]

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020 36/66



Define placeholders for later use

1. Metric field equations &,5 = 0:

n[]:= DefTensor [MetEq[-T4x, -T4p], {MfSpacetime},
Symmetric[{1l, 2}], PrintAs — "&"]

2. Scalar field equations £ = 0:

n[]:= DefTensor[ScalEq[], {MfSpacetime}, PrintAs — "&"]

3. Constant coefficients to use for solving field equations:

n[]:= aal[i_] := Module[{sym = Symbol["a" <> ToString[i]l},
If[!ConstantSymbolQ[sym],
DefConstantSymbol [sym, PrintAs —
StringJoin["\!\ (a\_", ToString[i], "\)"]1]
1i
Return[sym] ]
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Metric field equations

Define metric field equation and save for later use:

Tn[l:= psi[] » RicciCD[-T4«, -T4P] - CD[-T4x] [CD[-T4R] [psil]]]

PD[-T4a] [psi[]] » PD[-T4P][psil[]] * omegalpsil[]] / psil] +
InvMet [T4y, T48] * PD[-T4y][psi[]] * PD[-T40] [psil[]] =*
Met [-T4x, —-T4Pf]  omega’ [psi[l] / (4 omegalpsi[]] + 6) -
(EnergyMomentum[-T4x, -T4f] - EnergyMomentum[-T4y, -T40] =*
InvMet [T4y, T40] * Met[-T4a, -T4P] * (omegalpsill] + 1) /
(2 omegalpsil]] + 3)) * kappa"2;

meteqgdef = MetEq[-T4x, -T4PR] == %;

4

n[]:= meteqru = mkrO[metegdef];
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Scalar field equation

Define scalar field equation and save for later use:

nil:= (2 omegalpsi[]] + 3) » CD[-T4«x] [CD[-T4R][psil[]l]] =
InvMet [T4x, T4B] + omega’ [psi[]] * InvMet[T4«x, T4fB] =*
PD[-T4«x] [psil[]] * PD[-T4PB][psil]] - kappa™2 =*
InvMet [T4x, T4f] * EnergyMomentum[-T4c«, -T4B];

n[l:= scaleqgdef = ScalEq[] == %;
In[]:= scalegru = mkrO[scaleqgdef];
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Post-Newtonian expansion of the scalar field

1. Define background value z/g =V

In[]:= OrderSet [PPN[psi, O0][], psiO];
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Post-Newtonian expansion of the scalar field

1. Define background value z/g =V

In[]:= OrderSet [PPN[psi, O0][], psiO];

2. Set first order odd part 1; =0:

in[]:= OrderSet [PPN[psi, 1][1, 0];
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Post-Newtonian expansion of the scalar field

1. Define background value z/g =V

In[]:= OrderSet [PPN[psi, O0][], psiO];

2. Set first order odd part 1; =0:

in[]:= OrderSet [PPN[psi, 1][1, 0];

3. Set third order odd part 1Z =0:

in[]:= OrderSet [PPN[psi, 3]1I[1, 0];
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3 + 1 split of metric field equations

Use SpaceTimeSplits to obtain all components of metric field equations:

:= {#, # /. meteqru} &[MetEq[-T4x, -T4PB11;

:= ChangeCovD[%, CD, PDI];

:= Expand[%];

:= SpaceTimeSplits[#, {-T4x —» -T3a, -T4p - -T3b}] & /Q %;

]
In[]
]
]
]:= Expand[%];
]
]
]
]
]

—

n

n

HooH

n

=

:= Map[ToCanonical, %, {3}1;

:= Map[SortPDs, %, {3}];

:= meteg3llist = %;

:= meteq3ldef = Union[Flatten[MapThread[Equal, %, 2]111;
:= meteg3lru = Flatten[mkrg /Q@ %];

In

[
[
[
[
[
[

—

n

=
-

nl
1 [
In[
In|
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3 + 1 split of scalar field equation

Use SpaceTimeSplit to decompose field equation:

in(l:= {#, # /. scalegru} &[ScalEq[]];
In[]:= ChangeCovD[%, CD, PD];

nl]:= Expand[%];

In[]:= SpaceTimeSplit[#, {}] & /@ %;
n[]:= Expand[%];

In[]:= ToCanonical /@ %;

In[]:= SortPDs /Q@ %;

In[]:= scaleg3llist = %;

In[]:= scaleg3ldef = Equal @@ %;

n[]:= scaleg3lru = Flatten[mkrg[%]];
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Velocity order decomposition of metric field equations

Use VelocityOrder on metric field equations:

In[]:= Outer[VelocityOrder, meteg3llist, Range[0, 4]1];

In Map [NoScalar, %, {4}1;

[]

[]
In[]:

[]

= Expand[%];
In[]:= Map[ContractMetric[#, OverDerivatives — True,
AllowUpperDerivatives — Truel] &, %, {4}1;
In[]:= Map[ToCanonical, %, {4}1]1;
In[]:= Map[SortPDs, %, {4}1]1;

:= meteqvdef = Union[Flatten[MapThread[Equal, %, 3]]]

[]
[]
In[]:= meteqgvlist = Simplify[%];
[]
[1:= metegvru = Flatten[mkrg /@ %];
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Velocity order decomposition of scalar field equation

Use VelocityOrder on scalar field equation:

In[]:= Outer[VelocityOrder, scaleqg3llist, Rangel[0, 4]1;

In Map[NoScalar, %, {2}1;

[]

[]
In[]:

[]

= Expand[%];
In[]:= Map[ContractMetric[#, OverDerivatives — True,
AllowUpperDerivatives — Truel] &, %, {2}1;
In[]:= Map[ToCanonical, %, {2}1]1;
In[]:= Map[SortPDs, %, {2}1]1;

:= scaleqvdef = Flatten[MapThread[Equal, %, 1]]

[]
[]
In[]:= scalegvlist = Simplify[%];
[]
[1:= scalegvru = Flatten[mkrg /Q@ %];
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Check zeroth-order (vacuum) field equations

1.MmmmddawMMnWmeammmwm9§m=0

In(]:= PPN[MetEq, 0][-LI[0], -LI[0]] /. metegvru
out[1= 0
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Check zeroth-order (vacuum) field equations

1. Metric field equation (time components) égoo =0:

In(]:= PPN[MetEq, 0][-LI[0], -LI[0]] /. metegvru
Out[]= O

2. Metric field equation (space components) anb =0:

in[]:= PPN[MetEqg, 0][-T3a, -T3b] /. meteqgvru
out[1= 0
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Check zeroth-order (vacuum) field equations

1. Metric field equation (time components) égoo =0:

In(]:= PPN[MetEq, 0][-LI[0], -LI[0]] /. metegvru
Out[]= O

2. Metric field equation (space components) anb =0:

in[]:= PPN[MetEqg, 0][-T3a, -T3b] /. meteqgvru
out[1= 0

3. Scalar field equation E? =0:

In[]:= PPN[ScalEq, 0][] /. scalegvru
out[1= 0
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Extract second-order field equations

1. Extract second-order field equations:

In[]:= egns2 = FullSimplify[{
PPN [MetEqg, 2][-LI[0], -LI[O0]1,
PPN [MetEq, 2][-T3a, -T3b],
PPN[ScalEq, 2]1[]
} /. metegvru /. scalegvrul;
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Extract second-order field equations

1. Extract second-order field equations:

} /. meteqgvru /.

In[]:= egns2 = FullSimplify[{
PPN[MetEqg, 2][-LI[0], -LI[O0]11,
PPN [MetEq, 2][-T3a, -T3b],
PPN[ScalEq, 2]I[]

scalegvru];

2. Equations take the form:

§:ﬁ2p+(2w(\ll)+3)A1/21,

2 2 CL)(W)"FZ \ 2

= — —__A
Eoo = K p2w(\ll)+3 5 4 900
2 _ 2 CL)(W)+1 \
Eab = K05 W) 5

Manuel Hohmann (University of Tartu)
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Ansatz for second-order field variables

n[]:= ans2def = {
PPN [Met, 2][-LI[0], -LI[0]] == aal[l] = PotentialU][],
PPN [Met, 2][- T3a, -T3b] == aal[3] * PotentialUU[-T3a, -T3b] +
aal[2] * PotentialU[] = BkgMetricS3[-T3a, -T3b],
PPN[psi, 2][] == aal[4] % PotentialUJ]
}

2
out []= {5oo=a1U, ab = @8 Ubap + 33 Upp ¥ =asU}

In[]:= ans2ru = Flatten[mkrg /Q@ ans2def];
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Use ansatz in second-order field equations

In[]:= eqns2 /. ans2ru;

In[]:= PotentialUToChi /@ %;

In[]:= PotentialUUToChi /Q %;

In[]:= Expand[%];

In[]:= ToCanonical /@ %;

In[]:= ContractMetric[#, OverDerivatives — True,

AllowUpperDerivatives — True] & /Q@ %;

In[]:= PotentialToSource /Q %;
Inl]l:= Expand[%];

SortPDs /@ %;
egnsa2 = FullSimplify[%];

[]
[]
In[]:= ToCanonical /@ %;
[]
[]
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Derive and solve equations for constant coefficients a;

1. Use gauge condition as = 0 to obtain unique solution.
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Derive and solve equations for constant coefficients a;

1. Use gauge condition as = 0 to obtain unique solution.
2. Extract equations for constant coefficients:

In[]:= egqnsc2 = FullSimplify][{
Coefficient[egnsa2[[1]], Density[]],
Coefficient[eqnsa2[[3]], Densityl]l],
Coefficient[eqnsa2[[2]], Density[] =

BkgMetricS3[-T3a, -T3bl],
aal31}1;
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Derive and solve equations for constant coefficients a;

1. Use gauge condition as = 0 to obtain unique solution.
2. Extract equations for constant coefficients:

In[]:= egqnsc2 = FullSimplify][{
Coefficient[egnsa2[[1]], Density[]],
Coefficient[eqnsa2[[3]], Densityl]l],
Coefficient[eqnsa2[[2]], Density[] =

BkgMetricS3[-T3a, -T3bl],
aal31}1;

3. Solve the equations:

aa /@ Range[l, 41111;

In[]:= sola2 = FullSimplify[First[Solve[# == 0 & /@ eqnsc2,
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Derive and solve equations for constant coefficients a;

1. Use gauge condition as = 0 to obtain unique solution.
2. Extract equations for constant coefficients:

In[]:= egqnsc2 = FullSimplify][{
Coefficient[egnsa2[[1]], Density[]],
Coefficient[eqnsa2[[3]], Densityl]l],
Coefficient[eqnsa2[[2]], Density[] =

BkgMetricS3[-T3a, -T3bl],
aal31}1;

3. Solve the equations:

In[]:= sola2 = FullSimplify[First[Solve[# == 0 & /@ eqnsc2,
aa /@ Rangel[l, 41111;

4. Solution of the component equations:

o w(W)+2 o w(W)+1 K2

S e +3) 2T ey 270 T aowaay

ai
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Check second-order solution

1. Check equations obtained by making ansatz:

Tn[]:= Simplify[egnsa2 /. sola2]
out[]= {0, 0, 0O}
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Check second-order solution

1. Check equations obtained by making ansatz:

Tn[]:= Simplify[egnsa2 /. sola2]
out[]= {0, 0, 0O}

2
2. Insert solution into the perturbations f]oo,fyab,w:

In[]:= sol2def = ans2def /. solaZ2;
In[]:= sol2ru = Flatten[mkrg /@ sol2def];

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020



Check second-order solution

1. Check equations obtained by making ansatz:

Tn[]:= Simplify[egnsa2 /. sola2]
out[]= {0, 0, 0O}

2
2. Insert solution into the perturbations f]oo,fyab,w:

In[]:= sol2def = ans2def /. solaZ2;
In[]:= sol2ru = Flatten[mkrg /@ sol2def];

3. Check that this result solves the second-order field equations:

In[]:= eqns2 /. sol2ru;
In|
[

[

]
]:= Expand[%];

]:= PotentialToSource /@ $%;
]:= ToCanonical /Q %;
]
]

—

n

Ho

:= SortPDs /@ $%;

n
n

=

[
nil:= Simplify[%]
c11= {0, 0, O}

Ju

O
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Equations at the third velocity order

1. Extract third-order field equations:

n[]:= egqns3 = FullSimplify[PPN[MetEq, 3][-LI[0], -T3a]
/. meteqvru];
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Equations at the third velocity order

1. Extract third-order field equations:

n[]:= egqns3 = FullSimplify[PPN[MetEq, 3][-LI[0], -T3a]
/. meteqvru];

2. This equation takes the form

3 2 2 Y /3 3 2 2
Eoa =K pVa—1 g+ 5 ( ob,ab — £90a + 9ab,0b — gbb,Oa) .
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Equations at the third velocity order

1. Extract third-order field equations:

n[]:= egqns3 = FullSimplify[PPN[MetEq, 3][-LI[0], -T3a]
/. meteqvru];

2. This equation takes the form

LY

3 2 2 3 3 2 2
Eoa =K pVa—1 g+ 5 (QOb,ab — AQoat+ Qab,ob — gbb,Oa) .

3. Define ansatz for the third-order metric perturbation 503:

In[]:= ans3def = PPN[Met, 3]1[-LI[0], -T3a] ==
aal[5] « PotentialV[-T3a] + aal[6] * PotentialW[-T3a]
3
Out[]= gOa=a5Va+a6Wa
In[]:= ans3ru = mkrglans3def];
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Insert ansatz into third-order field equations

1. Insert ansatz into field equations:

I

3

eqns3 /. ans3ru /. sol2ru;
PotentialWToChiV [%];

:= Expand[%];

:= ContractMetric[%, OverDerivatives — True,
AllowUpperDerivatives — True];
:= PotentialChiToU[%];

:= PotentialVToU[%];

:= PotentialToSource[%];

:= ToCanonical[%];

:= SortPDs[%];

:= egnsald = FullSimplify[%];

In
I

o)

[]
[]
[]
[]

—

n

In
I

=]

—

n

—

n

[]
[]
[]
[]
In[]
[]

In
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Insert ansatz into third-order field equations

1. Insert ansatz into field equations:

I

3

eqns3 /. ans3ru /. sol2ru;
PotentialWToChiV [%];

:= Expand[%];

:= ContractMetric[%, OverDerivatives — True,
AllowUpperDerivatives — True];
:= PotentialChiToU[%];

:= PotentialVToU[%];

:= PotentialToSource[%];

:= ToCanonical[%];

:= SortPDs[%];

:= egnsald = FullSimplify[%];

In
I

o)

[]
[]
[]
[]

—

n

In
In

—

n

—

n

[]
[]
[]
[]
In[]
[]

In

2. Inspecting this equation shows the following form:

)
éa'()a = [fiz +27V(as + ag)] (pva 40a)
T
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Solve third-order equations

1. Need gauge condition as — ag = ag with ag determined later.
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Solve third-order equations

1. Need gauge condition as — ag = ag with ag determined later.
2. Solve equations for constant parameters in the ansatz:

n[]:= sola3 = FullSimplify[First[Solve[{egnsa3 == 0,
aa[6] - aal5] == aal0]}, {aal5], aal6]}]l]ll];
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Solve third-order equations

1. Need gauge condition as — ag = ag with ag determined later.
2. Solve equations for constant parameters in the ansatz:

n[]:= sola3 = FullSimplify[First[Solve[{egnsa3 == 0,
aa[6] - aal5] == aal0]}, {aal5], aal6]}]l]ll];

3. The solution is given by
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Solve third-order equations

1. Need gauge condition as — ag = ag with ag determined later.
2. Solve equations for constant parameters in the ansatz:

n[]:= sola3 = FullSimplify[First[Solve[{egnsa3 == 0,
aa[6] - aal5] == aal0]}, {aal5], aal6]}]l]ll];

3. The solution is given by

do K2 ao K
— -, 8=—"-"—.
2 Anv

4. We check that this solves the equations:

as = —

In[]:= Simplify[egnsa3 /. sola3]
Out[]= 0
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Solve third-order equations

1. Need gauge condition as — ag = ag with ag determined later.
2. Solve equations for constant parameters in the ansatz:

n[]:= sola3 = FullSimplify[First[Solve[{egnsa3 == 0,
aa[6] - aal5] == aal0]}, {aal5], aal6]}]l]ll];

3. The solution is given by

do K2 ao K
— -, 8=—"-"—.
2 Anv

4. We check that this solves the equations:

as = —

In[]:= Simplify[egnsa3 /. sola3]
Out[]= O

5. Insert solution into the ansatz and save for later use:

In[]:= sol3def = ans3def /. sola3;
In[]:= sol3ru = mkrg[sol3def];
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Check third-order field equations

In[]:= eqns3 /. sol2ru /. sol3ru;

In[]:= PotentialWToChiVI[%];

In[]:= Expand[%];

In[]:= ContractMetric[%, OverDerivatives — True,

AllowUpperDerivatives — Truel;

In[]:= PotentialChiToU[%];
In[]:= PotentialVToU[%];
In[]:= PotentialToSource[%];
In[]:= ToCanonicall[%];

In[]:= SortPDs[%];

nf]:= Simplify[%]

out[1= 0
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Equations at the fourth velocity order

1. Extract fourth-order field equations:

in[]:= eqns4 = PPN[MetEq, 4][-LI[0], -LI[0]] /. meteqgvru;
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Equations at the fourth velocity order

1. Extract fourth-order field equations:

in[]:= eqns4 = PPN[MetEq, 4][-LI[0], -LI[0]] /. meteqgvru;

2. We find that it takes the following form:

o w(W)+2

w(V)+3
20(V)+3

M — 3,2
=3 (W) + 3

4
Eoo = —/‘igpv2 -K

| 4 3 2 2 2 2 2 2 2 2 2
v (2 A Goo — 4G0a,0a + 222,00 + 900,a900,a + 900,a9bb,a — 2900,aJab,b — Qoo,abgab)

W(W) 2 2 RPW'(W) 2 S w(W)+2 2 1

2 5 12 » 2
S W Bt Sl — — A _
40 (W) + 672" (2uw) + 3270 T 2wy 5 37900 5¥.ad00.a= 5% 4 Goo ~ V00
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Equations at the fourth velocity order

1. Extract fourth-order field equations:

eqns4 = PPN[MetEqg, 4][-LI[0], -LI[0]] /. meteqgvru;

2. We find that it takes the following form:

2 W(W) +2 prl —3/-{2 W(\U) +3

4
& 22 wV)+3
00 = R Y (W) + 3 20(W)+3F

4 3 2 2 2 2 2 2 2 2 2
) (2 A Goo — 4G0a,0a + 222,00 + 900,a900,a + 900,a9bb,a — 2900,aJab,b — Qoo,abgab)

W(W) 2 2 o' (W) 2 L, w(W)+2 2 12 , 12 5, 2
R S A 7 _ 7 - —— ——ih A —
4w(w)+6¢,a¢,a+(zw(w)+3)2/) R W) 3790 5¥.a000.a= 5% 2 Goo =¥ 00
3. Ansatz for fourth-order metric component:

In[]:= ans4def = PPN[Met, 4][-LI[O0],
aa[ll] = PotentialU[]"2 +
aal[7] = PotentialPhil[] + aal[8]
aal[9] = PotentialPhi3[] + aa[l0]
In[]:= ansd4ru = mkrglansddef];

-LI[0]] ==

* PotentialPhi2[] +
+ PotentialPhid[];
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Insert ansatz into fourth-order field equations

inf]:= egqnsd4 /. ansd4ru /. sol2ru /. sol3ru;
nl]:= Expand[%];
In[]:= ContractMetric[%, OverDerivatives — True,

AllowUpperDerivatives — True];

In[]:= PotentialVToU[%];

In[]:= PotentialWToU[%];

In[]:= PotentialToSource([%];

In[]:= ToCanonicall[%];

In[]:= SortPDs[%];

Inl]:= Expand[%];

In[]:= egnsad4 = Simplify[ScreenDollarIndices|[%]];
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Extract equations for constant coefficients

In[]:= eql = Simplify[Coefficient [eqgnsa4,
Pressurel[]]]1;

In[]:= eqg2 = Simplify[Coefficient[egnsa4,
Density[] » InternalEnergy[]]];

n[]:= eqgq3 = Simplify[Coefficient[egnsa4,
Density[] = PotentialU[]]];

n[]:= eg4 = Simplify[Coefficient[egnsa4,
ParamD[TimePar, TimePar] [PotentialU[]]1]];

n[]:= egb = Simplify[Coefficient[egnsa4,

Density[] x Velocity[-T3a] * Velocity[T3alll;
n[]:= eg6 = Simplify[Coefficient[egnsa4,
PD[-T3a] [PotentialU[]] * PD[T3a] [PotentialU[]]]11];
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Check and solve decomposed equations

1. Check that fourth-order field equations are fully decomposed:

In[]:=
Density[]
Density[]

Simplify[Pressure|]

* InternalEnergy/[]
* PotentialU/[]

* eql +

* eq2 +

* eqg3 +

ParamD[TimePar,

TimePar] [PotentialU[]]

* eqgd +

Density[] » Velocity[-T3a]
PD[-T3a] [PotentialUJ[]]
eqnsad]

out[1= 0

* Velocity[T3a] x egb +
x* PD[T3a] [PotentialU[]] * eqgb -
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Check and solve decomposed equations

1. Check that fourth-order field equations are fully decomposed:

n(]:= Simplify[Pressure[] * egl +
Density[] % InternalEnergy[] * eg2 +
Density[] = PotentialU[] * eqg3 +
ParamD[TimePar, TimePar][PotentialU[]] *x egd +
Density[] x Velocity[-T3al] * Velocity[T3a] x egb +
PD[-T3a] [PotentialU[]] % PD[T3a] [PotentialU[]] * egb6 -
eqnsad]

out[1= 0

2. Solve equations for constant coefficients:

In[]:= solad4 = Simplify[First[Solve]
# == 0 & /@ {eql, eg2, eqg3, egd, eg5, eg6},
aa /@ Prepend[Range[7, 111, 01111;
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Check and insert solution for constant coefficients

1. Check that solution indeed solved fourth-order field equations:

In[]:= Simplify[egnsad /. sola4]
out[]= 0
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Check and insert solution for constant coefficients

1. Check that solution indeed solved fourth-order field equations:

In[]:=

Out[]=

Simplify[egnsad /. solad]

0

2. Using coefficient ap, obtain complete third order solution with as g:

In[]:=
In[]:=

sol3def
sol3ru

= ans3def /. Simplify[sola3 /. sola4]
= mkrg[sol3def];

’
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Check and insert solution for constant coefficients

1. Check that solution indeed solved fourth-order field equations:

In[]:= Simplify[egnsad /. sola4]
out[]= 0

2. Using coefficient ap, obtain complete third order solution with as g:

In[]:= sol3def = ans3def /. Simplifyl[sola3 /. soladl;
n[]:= sol3ru = mkrg[sol3def];

3. Use remaining coefficients to obtain solution for éoo:

In[]:= solddef = ansddef /. solai4;
In[]:= sold4ru = mkrg[solddef];
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Check fourth-order field equations

Tn[l:= eqns4 /. sol2ru /. sol3ru /. soldru;
n[]:= Expand[%];
In[]:= ContractMetric[%, OverDerivatives — True,

AllowUpperDerivatives — True];

In[]:= PotentialVToU[%];
In[]:= PotentialWToU[%];
In[]:= PotentialToSource[%];
In[]:= ToCanonicall[%];

In[]:= SortPDs[%];

nl]:= Expand[%];

nf]:= Simplify[%]

out[1= 0
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Collect metric components

1. Metric components needed to solve for PPN parameters:

In[]:= metcomp = {PPN[Met, 2][-LI[O0],
-LI[0]], PPN[Met, 2][-T3a, —-T3b],
PPN[Met, 3][-LI[0], -T3al,

PPN [Met, 4][-LI[0], -LI[O0]11}

2 2 3 4
Out []= {Qoo, 9ab, 9oas Qoo}
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Collect metric components

1. Metric components needed to solve for PPN parameters:

In[]:= metcomp = {PPN[Met, 2][-LI[O0],
-LI[0]], PPN[Met, 2][-T3a, —-T3b],
PPN[Met, 3][-LI[0], -T3al,

PPN [Met, 4][-LI[0], -LI[O0]11}

2 2 3 4
Out []= {Qoo, 9ab, 9oas Qoo}

2. Metric components with solution we have determined:

In[
In

In
In

:= metcomp /. sol2ru /. sol3ru /. solédru;
:= ToCanonical[%];
:= Expand[%];

]
[]
(]
[1:= ppnmet = Simplify[%];

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020



Collect metric components

1. Metric components needed to solve for PPN parameters:

In[]:= metcomp = {PPN[Met, 2][-LI[O0],
-LI[0]], PPN[Met, 2][-T3a, —-T3b],
PPN[Met, 3][-LI[0], -T3al,

PPN [Met, 4][-LI[0], -LI[O0]11}

2 2 3 4
Out []= {Qoo, 9ab, 9oas Qoo}

2. Metric components with solution we have determined:

In| metcomp /. sol2ru /. sol3ru /. soldru;
:= ToCanonical[%];
:= Expand[%];

:= ppnmet = Simplify[%];

In
In

]
]
n (]
In[]

[
[
[

3. We will compare this to the standard PPN metric:

n[]:= stamet = Simplify[MetricToStandard /@ metcomp];
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Newtonian gravitational constant

1. Compare second-order component 500 with standard normalization:

n[]:= kappaeq = First[ppnmet] == First[stamet];
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Newtonian gravitational constant

1. Compare second-order component 500 with standard normalization:

n[]:= kappaeq = First[ppnmet] == First[stamet];

2. Equation takes the form:
~ K2 w(W)+2
27V 2w(W)+3

2U
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Newtonian gravitational constant

1. Compare second-order component 500 with standard normalization:

n[]:= kappaeq = First[ppnmet] == First[stamet];

2. Equation takes the form:

o - K2 w(W)+2
27V 2w(W)+3
3. To solve this equation, we take its positive root:
In[]:= First[Sqrt [FullSimplify[k2 /.
Solve [kappaeq /. kappa — Sqgrt[k2], k2]1111;
n[]:= kappadef = kappa == %;
In[]:= kapparu = mkrglkappadef];
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Newtonian gravitational constant

1. Compare second-order component 500 with standard normalization:

n[]:= kappaeq = First[ppnmet] == First[stamet];

2. Equation takes the form:

K2 w(W)+2
2V 2w(W) +3
3. To solve this equation, we take its positive root:

2U =

In[]:= First[Sqrt [FullSimplify[k2 /.
Solve[kappaeq /. kappa — Sqgrt[k2], k21111;

n[]:= kappadef = kappa == %;

In[]:= kapparu = mkrglkappadef];

4. This yields the solution:

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020



PPN potentials and their coefficients

1. Final equations appear as coefficients in front of potentials:

In[]:= pots = {PotentialU[] BkgMetricS3[-T3a, -T3b],
PotentialV[-T3a], PotentialW[-T3a],
PotentialA[], PotentialU[]"2, PotentialPhiW[],
PotentialPhil[], PotentialPhi2]],
PotentialPhi3[], PotentialPhid[]};
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PPN potentials and their coefficients

1. Final equations appear as coefficients in front of potentials:

In[]:= pots = {PotentialU[] BkgMetricS3[-T3a, -T3b],
PotentialV[-T3a], PotentialW[-T3a],
PotentialA[], PotentialU[]"2, PotentialPhiW[],
PotentialPhil[], PotentialPhi2]],
PotentialPhi3[], PotentialPhid[]};

2. Read off equations as coefficients of PPN potentials:

In[]:

eqgqns = DeleteCases[Flatten[Simplify[
Outer[Coefficient, pareqns, pots]]], 0];
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Solve for PPN parameters

1. PPN parameters to be solved form:

In[]:= pars = {ParameterBeta, ParameterGamma, ParameterXi,
ParameterAlphal, ParameterAlpha2, ParameterAlpha3,
ParameterZetal, ParameterZzZeta?2,

ParameterZeta3, ParameterZetad};
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Solve for PPN parameters

1. PPN parameters to be solved form:

In[]:= pars = {ParameterBeta, ParameterGamma, ParameterXi,
ParameterAlphal, ParameterAlpha2, ParameterAlpha3,
ParameterZetal, ParameterZzZeta?2,

ParameterZeta3, ParameterZetad};

2. Solve equations for PPN parameters:

In[]:= parsol = FullSimplify[Solve]
# == 0 & /@ egns, pars][[11]1];
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Solve for PPN parameters

1. PPN parameters to be solved form:

In[]:= pars = {ParameterBeta, ParameterGamma, ParameterXi,
ParameterAlphal, ParameterAlpha2, ParameterAlpha3,
ParameterZetal, ParameterZzZeta?2,

ParameterZeta3, ParameterZetad};

2. Solve equations for PPN parameters:

In[]:= parsol = FullSimplify[Solve]
# == 0 & /@ egns, pars][[11]1];

3. This finally yields the solution:

Cw(W) +1 Vo' (V)
Ty r 2’ 4(20(V) +3)(w(W) +2)2°
ap=ap=a3=(01=0=03=04=£=0.

g=1+
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Solve for PPN parameters

1. PPN parameters to be solved form:

In[]:= pars = {ParameterBeta, ParameterGamma, ParameterXi,
ParameterAlphal, ParameterAlpha2, ParameterAlpha3,
ParameterZetal, ParameterZzZeta?2,

ParameterZeta3, ParameterZetad};

2. Solve equations for PPN parameters:

In[]:= parsol = FullSimplify[Solve]
# == 0 & /@ egns, pars][[11]1];

3. This finally yields the solution:

Cw(W) +1 Vo' (V)
Ty r 2’ 4(20(V) +3)(w(W) +2)2°
ap=ap=a3=(01=0=03=04=£=0.

g=1+

v~ Obtain well-known PPN parameters for massless scalar-tensor gravity moravedt 701.

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020



Outline

e Conclusion
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e Parametrized post-Newtonian formalism:

Weak-field approximation of metric gravity theories.
Characterizes gravity theories by 10 (constant) parameters.
Parameters closely related to solar system observations.
Can also be applied to teleparallel and other gravity theories.
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e xAct for Mathematica:

o Versatile tensor algebra package with numerous helpful functions.
o Built upon powerful computer algebra system.
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o Parametrized post-Newtonian formalism:

Weak-field approximation of metric gravity theories.
Characterizes gravity theories by 10 (constant) parameters.
Parameters closely related to solar system observations.
Can also be applied to teleparallel and other gravity theories.

e xAct for Mathematica:

o Versatile tensor algebra package with numerous helpful functions.
o Built upon powerful computer algebra system.
o Easily extendable with new functions specific to physical applications
e xPPN: post-Newtonian formalism implemented in xAct:
o Automatic rules for 3 + 1 split and perturbative expansion of tensor fields.
o Numerous pre-defined objects to represent fields in PPN formalism.
o Numerous pre-defined rules implementing relations and transformations.
= Greatly simplifies task of solving post-Newtonian field equations.

O O O O
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e Extend package by further functions and fields:

More general connections to study Poincare / metric-affine gravity theories.
Allow for additional metric tensors / tetrads.

Include more general PPN potentials for massive / higher derivative gravity.
Make use of gauge-invariant PPN formalism mH 1]

O O O o

Manuel Hohmann (University of Tartu) XxPPN: PPN formalism in Mathematica 2. September 2020


https://github.com/xenos1984/xPPN

e Extend package by further functions and fields:
o More general connections to study Poincare / metric-affine gravity theories.
o Allow for additional metric tensors / tetrads.
o Include more general PPN potentials for massive / higher derivative gravity.
o Make use of gauge-invariant PPN formalism p+ 19).

e Apply calculations to complicated gravity theories:

Bimetric and multimetric gravity theories.

Multi-scalar Horndeski generalizations.

Theories involving generalized Proca fields.

Extensions based on metric-affine geometry.

Extensions of teleparallel and symmetric teleparallel gravity.
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https://github.com/xenos1984/xPPN

e Extend package by further functions and fields:
o More general connections to study Poincare / metric-affine gravity theories.
o Allow for additional metric tensors / tetrads.
o Include more general PPN potentials for massive / higher derivative gravity.
o Make use of gauge-invariant PPN formalism p+ 19).

e Apply calculations to complicated gravity theories:

Bimetric and multimetric gravity theories.

Multi-scalar Horndeski generalizations.

Theories involving generalized Proca fields.

Extensions based on metric-affine geometry.

Extensions of teleparallel and symmetric teleparallel gravity.

— https://github.com/xenos1984/xPPN
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