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0 Perturbation theory - from geometry to gravity
e Perturbations of metric-affine and teleparallel geometries

e Perturbations in teleparallel gravity theories
@ Post-Newtonian perturbations and PPN formalism
@ Gravitational waves
@ Cosmological perturbations

e Computational tools

e Conclusion
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0 Perturbation theory - from geometry to gravity
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Field equations in gravity theory

o Partial differential equation (PDE) perspective:

o Independent variables x* and dependent variables y*(x).
o Consider partial derivatives y;' = 9,4, y/, = 0,0,y v, = 0,0,0,y%. ..
o General form of the field equations given by PDE system:

EA(XﬂvyA7y;jay;jw"'):0' (1)

Physical fields given as solutions (x*) — y#(x) of PDE system.

o
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Field equations in gravity theory

o Partial differential equation (PDE) perspective:

o Independent variables x* and dependent variables y*(x).
o Consider partial derivatives y;' = 9,4, y/, = 0,0,y v, = 0,0,0,y%. ..
o General form of the field equations given by PDE system:

Ealx, yA vyl yh,...)=0. (1)

o Physical fields given as solutions (x*) — yA(x) of PDE system.

o Differential geometry perspective:

Independent variables x* are (local) coordinates on a base manifold X.
Dependent variables yA are (local) fiber coordinates on a fiber bundle 7 : Y — X.
Variables x*, yA, y2, y/t,. ... are coordinates on a jet bundle J"(r).

Field equations are components of a differential form on J"(7):

O O O O

E=Epdx' AL AdXT AdyA. 2)

]

Physical geometries given as sections o : X — Y whose jet prolongation make £ vanish.
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Field equations in gravity theory

o Partial differential equation (PDE) perspective:
o Independent variables x* and dependent variables y*(x).
o Consider partial derivatives y;' = 9,4, y/, = 0,0,y v, = 0,0,0,y%. ..
o General form of the field equations given by PDE system:

Ealx, yA vyl yh,...)=0. (1)

o Physical fields given as solutions (x*) — yA(x) of PDE system.
= Useful for practical calculations, finding solutions etc.
o Differential geometry perspective:
Independent variables x* are (local) coordinates on a base manifold X.
Dependent variables y* are (local) fiber coordinates on a fiber bundle 7 : Y — X.
Variables x*, yA, y2, y/t,.. .. are coordinates on a jet bundle J"(r).
Field equations are components of a differential form on J"(7):

O O O O

E=Epdx' AL AdXT AdyA. 2)

o Physical geometries given as sections o : X — Y whose jet prolongation make £ vanish.
= Useful for understanding the structure behind the equations.
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Geometries used in the description of gravity

base manifold X

total space

Y field o

metric bundle  LorMet(M) c T)M metric g

frame bundle GL(M) tetrad 0

spacetime M | connection bundle Aff(M) connection r
trivial bundle M x Z scalar fields ~ ¢*

tensor bundle TiM tensor field A

tangent bundle TM | trivial line bundle ™ x R Lagrangian L
cotangent bundle T*M | trivial line bundle T"M xR Hamiltonian H
projective bundle PTM* | associated bundle  TM x pry+ R* | Finsler function F

Manuel Hohmann (University of Tartu)

Perturbative methods in modified gravity theories

740. WE-Heraeus-Seminar, 5. 2. 2021

5/42



Perturbations of geometry and field equations

e Consider family of field equations instead of single equation:

o Additional dependence of £4 on perturbation parameter e.
o Background equations given by limit e — 0.
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Perturbations of geometry and field equations

e Consider family of field equations instead of single equation:
o Additional dependence of £4 on perturbation parameter e.
o Background equations given by limit e — 0.
= Consider family o of fields instead of single field o:

o For every value of ¢, o. solves corresponding field equation.
o @ = og is solution of background equations.
? “Taylor expansion” in e of solution o, around ¢ = 07
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Perturbations of geometry and field equations

e Consider family of field equations instead of single equation:
o Additional dependence of £4 on perturbation parameter e.
o Background equations given by limit e — 0.
= Consider family o of fields instead of single field o:

o For every value of ¢, o. solves corresponding field equation.
o @ = og is solution of background equations.
? “Taylor expansion” in e of solution o, around ¢ = 07

; Difficulties of applying a Taylor expansion to fields o

o Values might not form a linear space (e.g., frame bundle) - no well-defined sum of terms.
o Perturbative expansion defined only locally around background solution.
o Expansion of coordinate expressions x — y#(x, ¢) depends on coordinate choice.
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Perturbations of geometry and field equations

e Consider family of field equations instead of single equation:
o Additional dependence of £4 on perturbation parameter e.
o Background equations given by limit e — 0.
= Consider family o of fields instead of single field o:
o For every value of ¢, o. solves corresponding field equation.
o @ = og is solution of background equations.
? “Taylor expansion” in e of solution o, around ¢ = 07
; Difficulties of applying a Taylor expansion to fields o
o Values might not form a linear space (e.g., frame bundle) - no well-defined sum of terms.
o Perturbative expansion defined only locally around background solution.
o Expansion of coordinate expressions x — y#(x, ¢) depends on coordinate choice.
= Proper geometric treatment of perturbation theory:
o Linear change of solution o, given by vertical vector field on Y.
o Higher order expansion uses theory of jet bundles.
v Well-defined expressions for perturbations at arbitrary perturbation order.
= Perturbations of coordinate expressions derived from well-defined procedure.

Manuel Hohmann (University of Tartu) Perturbative methods in modified gravity theories 740. WE-Heraeus-Seminar, 5. 2. 2021



Dependence of field equations on perturbation parameter ¢

e Approximation of exact field equations around a given solution.
o Example: linearized gravitational waves in vacuum general relativity.
o Assume vacuum Einstein equations G,,, = 0: no parameter dependence.
o Consider metric g,., = 1. + €h,, as perturbation of Minkowski metric.
= Taylor expansion in e yields linear equation for perturbation h,,,,.
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Dependence of field equations on perturbation parameter ¢

e Approximation of exact field equations around a given solution.
o Example: linearized gravitational waves in vacuum general relativity.
o Assume vacuum Einstein equations G,,, = 0: no parameter dependence.
o Consider metric g,., = 1. + €h,, as perturbation of Minkowski metric.
= Taylor expansion in e yields linear equation for perturbation h,,,,.

e Approximation of a physical system around a simpler system.

o Example: weak-field approximations of general relativity.
o Assume Einstein equations G,,, = 87GT,, and expand in ¢ ~ G.
= Background given by vacuum Einstein equations.
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Dependence of field equations on perturbation parameter ¢

e Approximation of exact field equations around a given solution.
o Example: linearized gravitational waves in vacuum general relativity.
o Assume vacuum Einstein equations G,,, = 0: no parameter dependence.
o Consider metric g,., = 7, + €hy,,, as perturbation of Minkowski metric.
= Taylor expansion in e yields linear equation for perturbation h,,,, .
e Approximation of a physical system around a simpler system.
o Example: weak-field approximations of general relativity.
o Assume Einstein equations G,,, = 87GT,, and expand in ¢ ~ G.
= Background given by vacuum Einstein equations.
e Approximation of a modified gravity theory around a well-known theory.
o Example: modification of Einstein-Hilbert action with higher-order terms:

1

S=16:G

/ d*xy/=g (R+aR?+ SRR, +...) . (3)
M

= Background « = 8 = 0 given by Einstein equations.
o Metric as perturbation g, = G + Py + Bl + - - -
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Perturbations around symmetric backgrounds

e Background solution & conventionally assumed invariant under group action.
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Perturbations around symmetric backgrounds

e Background solution & conventionally assumed invariant under group action.
e Common examples in gravity theory:

o Maximal symmetry (in particular Poincaré symmetry) of Riemannian geometry.
o Cosmological symmetry (spatial homogeneity and either full or partial isotropy).
o Spherical or axial symmetry.
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Perturbations around symmetric backgrounds

e Background solution & conventionally assumed invariant under group action.

e Common examples in gravity theory:
o Maximal symmetry (in particular Poincaré symmetry) of Riemannian geometry.

- Propagation of gravitational waves: Newman-Penrose formalism, polarization.
- Weak-field approximation: Newtonian, post-Newtonian.

o Cosmological symmetry (spatial homogeneity and either full or partial isotropy).

- Early universe: inflation, cosmic microwave background.
- Density fluctuations and growth of structure.
- Propagation of gravitational waves from distant sources, primordial waves.

o Spherical or axial symmetry.

- Quasinormal modes of gravitational waves from compact objects.
- Extreme mass ratio inspirals: gravitational waves from small orbiting mass.

o Wide applicability to physical systems.
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Gauge transformations

e Concept of gauge transformations:
o Family of maps ®. : Y — Y on the values of physical fields.
o Maps must be fiber preserving: = o ®. = ¢, o 7 for some . : X — X.
= Transformation of fields o/ = ®-' o 5. 0 ..
o Must preserve background solution: of = oo.
o Must preserve field equations: o/ is solution if and only if o is.
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Gauge transformations

e Concept of gauge transformations:
o Family of maps ®. : Y — Y on the values of physical fields.
o Maps must be fiber preserving: = o ®. = ¢, o 7 for some . : X — X.
= Transformation of fields o/ = ®-' o 5. 0 ..
o Must preserve background solution: of = oo.
o Must preserve field equations: o/ is solution if and only if o is.

= Transformation of perturbative expansion of o.:

o Consider o = ¢ + do and ¢/ = & + do’ as perturbation around same background &.
o Relation between §o and do’ given by vector field = on Y generating .
o Vector field = projects to vector field £ on X generating .
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Gauge transformations

e Concept of gauge transformations:
o Family of maps ®. : Y — Y on the values of physical fields.
o Maps must be fiber preserving: = o ®. = ¢, o 7 for some . : X — X.

= Transformation of fields o/ = ®-" oo, 0 ..
o Must preserve background solution: of = oo.
o Must preserve field equations: o/ is solution if and only if o is.
= Transformation of perturbative expansion of o.:

o Consider o = ¢ + do and ¢/ = & + do’ as perturbation around same background .
o Relation between §o and do’ given by vector field = on Y generating .
o Vector field = projects to vector field £ on X generating .

e Example: diffeomorphism invariance of metric tensor:
o Transformation given by pullback of covariant tensor field:

, ox'™ ox'8 ,
9, (X) = WWQQB(X (x))- (4)
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Gauge transformations

e Concept of gauge transformations:
o Family of maps ®. : Y — Y on the values of physical fields.
o Maps must be fiber preserving: 7o ®. = ¢, o 7 for some ¢, : X — X.

= Transformation of fields o/ = ®-' o 5. 0 ..
o Must preserve background solution: of = oo.
o Must preserve field equations: o/ is solution if and only if o is.
= Transformation of perturbative expansion of o.:

o Consider o = ¢ + do and ¢/ = & + do’ as perturbation around same background .
o Relation between §o and do’ given by vector field = on Y generating .
o Vector field = projects to vector field £ on X generating .

e Example: diffeomorphism invariance of metric tensor:
o Transformation given by pullback of covariant tensor field:

, ox'™ ox'8 ,
9, (X) = WW‘%B(X (x))- (4)

o Transformation ¢ : X — X of base manifold given by coordinate change x — x’(x).
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Gauge transformations

e Concept of gauge transformations:
o Family of maps ®. : Y — Y on the values of physical fields.
o Maps must be fiber preserving: = o ®. = ¢, o 7 for some . : X — X.

= Transformation of fields o/ = ®-' o 5. 0 ..
o Must preserve background solution: of = oo.
o Must preserve field equations: o/ is solution if and only if o is.
= Transformation of perturbative expansion of o.:

o Consider o = ¢ + do and ¢/ = & + do’ as perturbation around same background .
o Relation between §o and do’ given by vector field = on Y generating .
o Vector field = projects to vector field £ on X generating .

e Example: diffeomorphism invariance of metric tensor:
o Transformation given by pullback of covariant tensor field:

, ox'* Ox'B ,
9, (X) = WW‘%B(X (x))- (4)

o Transformation ¢ : X — X of base manifold given by coordinate change x — x’(x).
o Transformation ¢ : Y — Y of total space given by pullback.
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Gauge transformations

e Concept of gauge transformations:
o Family of maps ®. : Y — Y on the values of physical fields.
o Maps must be fiber preserving: = o ®. = ¢, o 7 for some . : X — X.
= Transformation of fields o/ = ®-' o 5. 0 ..
o Must preserve background solution: of = oo.
o Must preserve field equations: o/ is solution if and only if o is.

= Transformation of perturbative expansion of o.:
o Consider o = ¢ + do and ¢/ = & + do’ as perturbation around same background .
o Relation between §o and do’ given by vector field = on Y generating .
o Vector field = projects to vector field £ on X generating .
e Example: diffeomorphism invariance of metric tensor:
o Transformation given by pullback of covariant tensor field:

, ox'™ ox'8 ,
9, (X) = WWQQB(X (x))- (4)

o Transformation ¢ : X — X of base manifold given by coordinate change x — x’(x).
o Transformation ¢ : Y — Y of total space given by pullback.
o Infinitesimal transformation given by Lie derivative 6g,., — 0g,,, = L0y, of background.
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e Perturbations of metric-affine and teleparallel geometries
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Teleparallel geometries

e Fundamental fields in the Palatini / metric-affine formulation:

o Metric tensor g,,,..
o Flat affine connection I'*,,, = 0: vanishing curvature

Rpauy = 8,urpo'1/ - 8urpo'u + rpkur)\au - rp)\l/r)\ow =0. (5)
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Teleparallel geometries

e Fundamental fields in the Palatini / metric-affine formulation:

o Metric tensor g,,,..
o Flat affine connection I'*,,, = 0: vanishing curvature

Rpauy = a,u,rpm/ - aurpo'u + rpA,u,r)\au - rp)\ur)\ow =0. (5)

e The flavors of teleparallel geometries: vanishing curvature
o Metric teleparallel geometry: vanishing nonmetricity

Qp;w =V,9u =0. (6)
o Symmetric teleparallel gravity: vanishing torsion
Tpp,l/ - rpyu - rpuu =0. (7)

o General teleparallel gravity: allow both torsion 77, and nonmetricity Q,,....
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Metric teleparallel geometry: tetrad and spin connection

o Metric teleparallelism conventionally formulated using:

o Tetrad / coframe: 64 = 04 ,dx* with inverse e4 = €4"9,..
o Spin connection: wg = whg, dx*.
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Metric teleparallel geometry: tetrad and spin connection

e Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: 64 = 04 ,dx* with inverse e4 = €4"9,..
o Spin connection: wg = whg, dx*.
e Induced metric-affine geometry:
o Metric:
G = nABaAuQBV . (8)
o Affine connection:
M, = ea (0,04, +wp,0°,) . 9)
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Metric teleparallel geometry: tetrad and spin connection

e Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: 94 = 64, dx* with inverse es = €4"0,,.
o Spin connection: wg = whg, dx*.

¢ Induced metric-affine geometry:

o Metric:
Q;w - nABeAuQBV . (8)
o Affine connection:
M, = ea (9,04, +w'g,0%,) . (9)
e Conditions on the spin connection:
o Flatness R =0:
(’“)HwAB,, — 8,,wABH + wACMwCB,, — wACVwCBM =0. (10)
o Metric compatibility Q = 0:
nacw ey + npcwa, = 0. (11)
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Local Lorentz invariance

e Local Lorentz transformation of the tetrad only:

oA, — 04, = NpgoB,. (12)

v Metric is invariant: g,,, = g,..-
4 Connection is not invariant: I"*,,, # '*,,.
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Local Lorentz invariance

e Local Lorentz transformation of the tetrad only:
oA, — 04, = NpgoB,. (12)

v Metric is invariant: g,,, = g,..-
4 Connection is not invariant: I'*,,, # '*,,.

e Perform also transformation of the spin connection:

WAB,u = w,AB,LL = /\AC(/\_4I )DBWCD,u + /\ACa,u(/\_4I )CB . (13)

v Metric is.inv.ari_ant: g;w = Q-
v~ Connection is invariant: I'*,, =T#,,.
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Local Lorentz invariance

e Local Lorentz transformation of the tetrad only:

oA, — 04, = NpgoB,. (12)

v Metric is invariant: g,,, = g,..-
4 Connection is not invariant: I"*,,, # '*,,.

e Perform also transformation of the spin connection:

WAB,u = w,AB,u = /\AC(/\_4I )DBWCD,u + /\ACa,u(/\_4I )CB . (13)

v Metric is invariant: g, = g..-
v~ Connection is invariant: ['*,, =T#,,,.
= Metric-affine geometry equivalently described by:
o Metric g,,, and affine connection ', ,.
o Equivalence class of tetrad HAH and spin connection WABN-
o Equivalence defined with respect to local Lorentz transformations.
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Local Lorentz invariance

e Local Lorentz transformation of the tetrad only:

oA, — 04, = NpgoB,. (12)

v Metric is invariant: g,,, = g,..-
4 Connection is not invariant: I"*,,, # '*,,.

e Perform also transformation of the spin connection:

WAB,u = w/AB,LL = /\AC(/\_4I )DBWCD,u + /\ACa,u(/\_4I )CB . (13)

v Metric is invariant: g, = g..-
v~ Connection is invariant: ['*,, =T#,,,.
= Metric-affine geometry equivalently described by:
o Metric g,., and affine connection I'*,, ..
o Equivalence class of tetrad 4, and spin connection w”g,,.
o Equivalence defined with respect to local Lorentz transformations.

e Teleparallel geometry admits Weitzenbdck gauge: wAB,,, =0.
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Linear perturbations of affine connections

 General affine connection perturbation: I'*,,, = I'#,, + dI'*,,.
= Curvature perturbation:

SR’ 5 =V 0T 5y — V0T o + T 10T 0 (14)

= Torsion perturbation:
OTH,, =0T+, —dort,,. (15)
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Linear perturbations of affine connections

 General affine connection perturbation: I'#,, = '*,, + 6T*,,.
= Curvature perturbation:

SR’ 5 =V 0T 5y — V0T o + T 10T 0 (14)
= Torsion perturbation:
oTH,, =ort,, —ort,,. (15)

e Restriction to particular geometries:
o Vanishing torsion T#,, = 0:

0=0T", & ", =0I", . (16)
o Vanishing curvature R*,,, = 0:
0=0R, & O*,=V,m",. (17)
o Vanishing torsion T#,, = 0 and curvature R*,,, = O:

0=0T',, AO=0R,,, & OF,, =Y,V (18)
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Linear perturbations of affine connections

o General affine connection perturbation: I'*,,, = I'*,, + 6T'*,,. 64 components
= Curvature perturbation:

SR’ 5 =V 0T 5y — V0T o + T 10T 0 (14)
= Torsion perturbation:
oTH,, =ort,, —ort,,. (15)

e Restriction to particular geometries:
o Vanishing torsion T#,, = 0: 40 components

0=0T", & ", =0I", . (16)
o Vanishing curvature R*,,,, = 0: 16 components
0=0R"5u, & OoMt,= ?pf“l,. (17)
o Vanishing torsion T#,, = 0 and curvature R*,,,, = 0: 4 components

0=0T',, AO=0R,,, & OF,, =Y,V (18)
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Linear perturbations of metric-affine geometry

o General metric perturbation: g,, = g, + 99,-
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Linear perturbations of metric-affine geometry

o General metric perturbation: g,, = g, + 99,-
= Nonmetricity perturbation:

§Quuv = V0G0 — 90T 1p — GuoT 7w - (19)
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Linear perturbations of metric-affine geometry

e General metric perturbation: g, = g + 0Guu-
= Nonmetricity perturbation:

§Quuv = V0G0 — 90T 1p — GuoT 7w - (19)

o Restriction to particular geometries:
o Riemann-Cartan geometry Q,,,, = O:

0=0Quuw < Gou0T7%up+ 3uo0T0p = V00 - (20)
o Riemannian geometry Q,,, =0and T#,, = 0:
1_ - -
0=0T*,,AN0=0Q, & 0", = égp" (Vub9or + VibGuo — Vo) - (21)
o Metric teleparallel geometry Q,,,, = 0 and R*,,, = 0:

0= 5Rpgﬂy AOD = 5Qpﬂy 4 5g;41/ = Tuv + Ty - (22)
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Linear perturbations of metric-affine geometry

e General metric perturbation: g, = g, + 0g,.. 10 additional components
= Nonmetricity perturbation:

§Quuv = V0G0 — 90T 1p — GuoT 7w - (19)

o Restriction to particular geometries:
o Riemann-Cartan geometry Q,,,, = 0: 10 + 24 = 34 components

0=0Quu < Gou0T7%up+ 3uo0T0p = V00, - (20)
o Riemannian geometry Q,,, =0and T#,, = 0: 10 components
1_ - - -
0=0T*,,AN0=0Q, & O°,, = égp" (Vub9or + VibGuo — Vodgu) - (21)
o Metric teleparallel geometry Q,,., = 0 and R*,,, = 0: 16 components

0= 5Rpgﬂy AO = 6Qpl_“/ 4 5g;41/ = Tuv + Ty - (22)
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Metric teleparallel perturbations and gauge transformations

e Spin connection perturbation wg,, = @*g, + dwpg,:
o Vanishing curvature §R%g,,, = 0 requires dwg, = 9,\p.
o Vanishing nonmetricity requires A\ag + Aga = 0.
= Only allowed perturbations are infinitesimal Lorentz transformations.
= Impose Weitzenbdck gauge w”,, = 0 at all perturbation orders.

Manuel Hohmann (University of Tartu) Perturbative methods in modified gravity theories 740. WE-Heraeus-Seminar, 5. 2. 2021



Metric teleparallel perturbations and gauge transformations

e Spin connection perturbation w”g, = ©*g, + sw?p,:
o Vanishing curvature §R%g,,, = 0 requires dwg, = 9,\p.
o Vanishing nonmetricity requires A\ag + Aga = 0.
= Only allowed perturbations are infinitesimal Lorentz transformations.
= Impose Weitzenbdck gauge w”,, = 0 at all perturbation orders.

— Tetrad perturbation #4, = 84, + 664, fully encodes perturbation of geometry:
2 w i

Ty = 148071065, . (23)
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Metric teleparallel perturbations and gauge transformations

e Spin connection perturbation w”g, = ©*g, + sw?p,:
o Vanishing curvature §R%g,,, = 0 requires dwg, = 9,\p.
o Vanishing nonmetricity requires A\ag + Aga = 0.
= Only allowed perturbations are infinitesimal Lorentz transformations.
= Impose Weitzenbdck gauge w”,, = 0 at all perturbation orders.

= Tetrad perturbation 84, = 4, + 664, fully encodes perturbation of geometry:
Tuw = 1ag0" 065, . (23)

o Gauge transformation induced by coordinate transformation x’* = x* + X*(x):
o Tetrad transforms as one-form:

804, — 60", = (Lx0)A, = XY 0,04, + 0,.X" 0%, . (24)
= Transformation of geometry perturbation:

Tpw = Ty = VX, — Tuw’X,. (25)
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Symmetric teleparallel perturbations and gauge transformations

e Independent perturbations of metric and connection:
o General metric perturbation:

guu = g,uu + 5guu . (26)
o Connection perturbation preserving symmetry and flatness:
T, =TH,, +oTH,, =T",, +V, V", (27)
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Symmetric teleparallel perturbations and gauge transformations

e Independent perturbations of metric and connection:
o General metric perturbation:

guu = g,uu + 5guu . (26)
o Connection perturbation preserving symmetry and flatness:
T, =TH,, +oTH,, =T",, +V, V", (27)

e Gauge transformation induced by coordinate transformation x’* = x* + X*(x):
o Transformation of connection coefficients:

STy — 0Ty = X7 0T )y — 0 XMT 0y + 0, X T 0y + 0,X T, + 0,0, X"
(28)
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Symmetric teleparallel perturbations and gauge transformations

¢ Independent perturbations of metric and connection:
o General metric perturbation:

guu = g,uu + 5guu . (26)
o Connection perturbation preserving symmetry and flatness:
T, =TH,, +oTH,, =T",, +V, V", (27)

e Gauge transformation induced by coordinate transformation x’* = x* + X*(x):
o Transformation of connection coefficients:

ST, — 0Ty = XT0pTH, ) — 0o XPTp + 0, XTTH 5, + 0,X7TH 6 + 0,0, X"
=V, V. X!~ XR", e — V(X7 T ) (28)

o Difference of connection coefficients constitutes tensor field.
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Symmetric teleparallel perturbations and gauge transformations

¢ Independent perturbations of metric and connection:
o General metric perturbation:

guu = g,u,u + 5guu . (26)
o Connection perturbation preserving symmetry and flatness:
T, =TH,, +oTH,, =T",, +V, V", (27)

e Gauge transformation induced by coordinate transformation x’* = x* + X*(x):
o Transformation of connection coefficients:

oy, —or't,, = X"@UF"W - 8UX“F"W, + OVX"F“UP + (%X"F"W + 0,0,X"
= ?p?l,X“ — X"I_?“l,pc, - ?p(X" 7"‘,,[,) (28)
= ¥,9,X".

o Difference of connection coefficients constitutes tensor field.
o Expression simplifies in symmetric teleparallel geometry.
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Symmetric teleparallel perturbations and gauge transformations

¢ Independent perturbations of metric and connection:
o General metric perturbation:

guu = gp,u + 5guu . (26)
o Connection perturbation preserving symmetry and flatness:
T, =TH,, +oTH,, =Tr,, +V, V", (27)

e Gauge transformation induced by coordinate transformation x’* = x* + X*(x):
o Transformation of connection coefficients:

6T, — oM, = X70,T+,,, — 0, X'T7,, + 0, X T, , + 0,X°TH,, + 8,0,X"
=V, V. X! — X R, . — V(X T",,) (28)
=,V X"
o Difference of connection coefficients constitutes tensor field.

o Expression simplifies in symmetric teleparallel geometry.
= Transformation of generator ¢ of connection perturbation:

gn— g = Xm. (29)
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e Perturbations in teleparallel gravity theories
@ Post-Newtonian perturbations and PPN formalism
@ Gravitational waves
@ Cosmological perturbations
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0 Perturbation theory - from geometry to gravity
e Perturbations of metric-affine and teleparallel geometries

e Perturbations in teleparallel gravity theories
@ Post-Newtonian perturbations and PPN formalism

e Computational tools

e Conclusion
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PPN for metric teleparallel gravity

e Background tetrad given by diagonal tetrad 64, = AA, = diag(1,1,1,1).
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PPN for metric teleparallel gravity

e Background tetrad given by diagonal tetrad 64, = AA, = diag(1,1,1,1).
k
— Relation between metric and tetrad perturbations 64, = AA,7"*7,,:

n—k

n
&;w = "7/)0 Z 7l£pu7'01/ . (30)
k=0
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PPN for metric teleparallel gravity

« Background tetrad given by diagonal tetrad 64, = A, = diag(1,1,1,1).
k
— Relation between metric and tetrad perturbations 64, = AA,7"*7,,:

n

&;w = "7/)0 7l£p;:7_'§1/ . (30)
k=0
= Solve for symmetric part of highest order tetrad perturbation:
n—1
7,1,uu + 7Qu,u = &,uu - 77p0 é{-p,:%;u . (31)
k=1
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PPN for metric teleparallel gravity

« Background tetrad given by diagonal tetrad 64, = A, = diag(1,1,1,1).
k
— Relation between metric and tetrad perturbations 64, = AA,7"*7,,:

n

&;w = "7/)0 7l£p;:7_'§1/ . (30)
k=0
= Solve for symmetric part of highest order tetrad perturbation:
n—1
7,1,uu + 7Qu,u = &,uu - 77p0 é{-p,:%;u . (31)
k=1

n

« Define antisymmetric part &, = 7., — 7.
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PPN for metric teleparallel gravity

« Background tetrad given by diagonal tetrad 64, = A, = diag(1,1,1,1).
k
— Relation between metric and tetrad perturbations 64, = AA,7"*7,,:

n
n n—k
G =177 TopTow - (30)
k=0

= Solve for symmetric part of highest order tetrad perturbation:

n—1

n n n k n—k

Ty + Top = Quv — 77p0 TouTov - (31)
k=1

n

« Define antisymmetric part &, = 7., — 7.
= Full expansion of tetrad perturbation defined recursively:

N S L
Tuy = E <g;w + au — 77p Z 7k-p,u,7'§1/) (32)
k=1
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PPN for metric teleparallel gravity

« Background tetrad given by diagonal tetrad 64, = A, = diag(1,1,1,1).
k
— Relation between metric and tetrad perturbations 64, = AA,7"*7,,:

n
n n—k
G =177 TopTow - (30)
k=0

= Solve for symmetric part of highest order tetrad perturbation:

n—1

n n n k n—k

Ty + Top = Quv — 77p0 TouTov - (31)
k=1

n

« Define antisymmetric part &, = 7., — 7.
= Full expansion of tetrad perturbation defined recursively:

—1
n 1 n n . n—k
Tuy = E <g;w + au — npa Z 7k-p,u,7'cw) (32)
k=1
¢ Relevant and non-vanishing perturbation components:
2 2 3 4 4 2 3 4
Joo, Gj, Go, Goo, Gj, aj, ao, aj- (33)
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Post-Newtonian limit of teleparallel Horndeski (BDLS) gravity

e Action depends on functions F and Horndeski’'s Go, . . ., G5: [Bahamonde, Dialektopoulos, Levi Said '19]

Sgl6s 0, 6] = Stomdesiild = 1(0.0), 6] + /M FTTa T X, Y, 6.0) 0d*x.  (34)
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Post-Newtonian limit of teleparallel Horndeski (BDLS) gravity

e Action depends on functions F and Horndeski’'s Go, . . ., G5: [Bahamonde, Dialektopoulos, Levi Said '19]
Sol8-:0] = Snomaesald = 1(0.0).1 + | F(TLTeTo X, Y.0.3) 0d'x.  (34)

e Free function F depends on different scalar invariants:
o Terms quadratic in the torsion tensor:

T = THee T,uup, T2 = THee Tpuua 7?3 = Tupp TVVP . (35)
o Terms involving the scalar field ¢:
1

X = —58%8,@, Y=9"T,u0.. (36)

o Higher order torsion / scalar coupling terms J do not contribute to PPN limit.
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Post-Newtonian limit of teleparallel Horndeski (BDLS) gravity

e Action depends on functions F and Horndeski’s Go, . . ., G5: (sahamonde, Dialekiopoulos, Levi Said 19]
Sol8-:0] = Snomaesald = 1(0.0).1 + | F(TLTeTo X, Y.0.3) 0d'x.  (34)
e Free function F depends on different scalar invariants:
o Terms quadratic in the torsion tensor:
T = THee T,uup, T2 = THee Tpuua 7?3 = Tupp TVVP . (35)
o Terms involving the scalar field ¢:
1
X = —58%8,@, Y=9"T,u0.. (36)
o Higher order torsion / scalar coupling terms J do not contribute to PPN limit.

e Taylor expansion of free functions F and Horndeski’s G», . .., Gs:

3
F=F+> FxTa+FxX+FyY+Fsp+.... (37)
pa
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PPN parameters of teleparallel Horndeski (BDLS) gravity

e General formula for PPN parameters: (sanamonde, Dialektopoulos, MH, Levi Said '20]
o Formula for ~ in terms of Taylor coefficients of F,Go, ..., Gs:

(Fy —2Gs4,4)* +2(2F 1 + F2 + F3)(Fx + Go.x — 2Gs 4)

—1— ; 38
" 2(F,y—2647¢.)2+2(2/:71 +F,2+2F73+ G4)(Ex+ Gg7x—263,¢) (38)
o Formula for § is rather lengthy.
o Fully conservative theory - all other parameters vanish:
f=ar=m=m=0G=0=6=0G=0, (39)
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PPN parameters of teleparallel Horndeski (BDLS) gravity

e General formula for PPN parameters: [sahamonde, Dialektopoulos, MH, Levi Said '20]
o Formula for ~ in terms of Taylor coefficients of F,Go, ..., Gs:

(Fy —2Gs4,4)* +2(2F 1 + F2 + F3)(Fx + Go.x — 2Gs 4)

—1— ; 38
K 2(F,y—2647¢)2+2(2/:71 +F,2+2F73+G4)(F7x+Gg7x—263,¢) (38)
o Formula for § is rather lengthy.
o Fully conservative theory - all other parameters vanish:
e Reproduce previously found results for numerous special cases:
o Pure Horndeski gravity: F = 0. H15]
o Scalar-torsion gravity: Go = ... =G5 =0, 4F 1 = 2F » = —F 3. [Emtsova, MH 19] [Flathmann, MH '19]

o Pure torsion gravity: Go = ... =G5 =0, Fx = Fy = F 4 = 0. alikhanova, MH '19]
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PPN parameters of teleparallel Horndeski (BDLS) gravity

e General formula for PPN parameters: [sahamonde, Dialektopoulos, MH, Levi Said '20]
o Formula for ~ in terms of Taylor coefficients of F,Go, ..., Gs:

(Fy —2Gs4,4)* +2(2F 1 + F2 + F3)(Fx + Go.x — 2Gs 4)

=1- ) 38
K 2(F,y—2647¢)2+2(2/:71 +F,2+2F73+G4)(F7x+Gg7x—263,¢) (38)
o Formula for § is rather lengthy.
o Fully conservative theory - all other parameters vanish:
e Reproduce previously found results for numerous special cases:
o Pure Horndeski gravity: F = 0. H15]
o Scalar-torsion gravity: Go = ... =G5 =0, 4F 1 = 2F » = —F 3. [Emtsova, MH 19] [Flathmann, MH '19]

o Pure torsion gravity: Go = ... =G5 =0, Fx = Fy = F 4 = 0. alikhanova, MH '19]
e Two branches with minimally / non-minimally coupled scalar field yield § = v = 1.
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PPN for symmetric teleparallel gravity

e Background satisfies coincident gauge condition FPW =0.
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PPN for symmetric teleparallel gravity

e Background satisfies coincident gauge condition FPW =0.
= Perturbed connection given by infinitesimal coordinate transformation:

_ox"™ ) oxP  oOx"

B=oxF Y 59X OXPOXY

a

= (AN"NYPLa,NY, . (40)
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PPN for symmetric teleparallel gravity

e Background satisfies coincident gauge condition FPW =0.
= Perturbed connection given by infinitesimal coordinate transformation:

ox’" axr  ox" 1
= on T = o gy = V) HON (40)

e Coordinate transformation generated by flow of a vector field £#:

a

1 1
XH = x4 ¢t 4 Eg"aygﬂ +.o. = N =05+ 05" + 5%(578756‘) +... (41)
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PPN for symmetric teleparallel gravity

e Background satisfies coincident gauge condition FPW =0.
= Perturbed connection given by infinitesimal coordinate transformation:

_ox"™ ) oxP  oOx"

B=oxF Y 59X OXPOXY

e Coordinate transformation generated by flow of a vector field £#:

@ = (AN"NYPLa,NY, . (40)
1 1
XH = x4 ¢t 4 Eg"c’)ygﬂ +.o. = N =05+ 05" + Eaﬂ(§787§a) +... (41)
= Perturbative expansion of symmetric teleparallel connection:

1
M = 00,67 + 5 (£70,40,058" 4 20(,670,) 058 — 0,0,67056") + ... (42)
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PPN for symmetric teleparallel gravity

e Background satisfies coincident gauge condition FPW =0.
= Perturbed connection given by infinitesimal coordinate transformation:

_ox"™ ) oxP  oOx"

B=oxF Y 59X OXPOXY

e Coordinate transformation generated by flow of a vector field &#:

a

=(NNY,0,07,. (40)
1 1
XH = x4 ¢t 4 Eg"c’)ygﬂ +.o. = N =05+ 05" + E%(ﬁ”&ﬁ*) +... (41)
= Perturbative expansion of symmetric teleparallel connection:
1
M = 00,67 + 5 (£70,40,058" 4 20(,670,) 058 — 0,0,67056") + ... (42)

e Expansion of generators £* in post-Newtonian velocity orders:

£“=§“+§“+§“+§“+0(5)- (43)
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PPN for symmetric teleparallel gravity

e Background satisfies coincident gauge condition FPW =0.
= Perturbed connection given by infinitesimal coordinate transformation:

_ox"™ ) oxP  oOx"

B=oxF Y 59X OXPOXY

e Coordinate transformation generated by flow of a vector field &#:

a

=(NNY,0,07,. (40)
1 1
XH = x4 ¢t 4 Eg”aygﬂ +.o. = N =05+ 05" + Eaﬂ(ﬁavga) +... (41)
= Perturbative expansion of symmetric teleparallel connection:
1
M = 00,67 + 5 (£70,40,058" 4 20(,670,) 058 — 0,0,67056") + ... (42)
e Expansion of generators £* in post-Newtonian velocity orders:

£“=§“+§“+§“+§“+0(5)- (43)

2, 3 4.
o Only terms &', £9, ¢/ are relevant and non-vanishing.
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Post-Newtonian limit of F(Q1, Q2, O3, Qu4, Os) theories

e Action functional depends on free function F:

Slg.T] = /M F(Q1, s, Q5. Qu, Qs) y—gl'x . (44)
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Post-Newtonian limit of F(Q1, Q2, O3, Qu4, Os) theories

e Action functional depends on free function F:

Slg.T] = /M F(Q1, s, Q5. Qu, Qs) y—gl'x . (44)

e Nonmetricity invariants:

Q1 = QY Qp/w ) QZ = ijpopw/ ) Q3 = Qp“u qulla Q4 = Quupouypa Qs = QNM/EQP)VV
45
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Post-Newtonian limit of F(Q1, Q2, O3, Qu4, Os) theories

e Action functional depends on free function F:

Slg.T] = /M F(Q1, s, Q5. Qu, Qs) y—gl'x . (44)

e Nonmetricity invariants:
Q4 = QPWQPW7 O, = QWPQMW? Q3 = ququyu7 Q4 = QMWJQVWJ7 Qs = QMWquV
(45)
o Taylor expansion up to linear order is sufficient:

5
F=Fo+> FkQx+0(2%). (46)
k=1
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Post-Newtonian limit of F(Q1, Q2, O3, Qu4, Os) theories

e Action functional depends on free function F:

Slg.T] = /M F(Q1, s, Q5. Qu, Qs) y—gl'x . (44)

e Nonmetricity invariants:

Q= QPWQPW7 O, = QWPQMW’ Q3 = quuopyu7 Q4 = QMWJQVWJ7 Qs = Q“WQWV
(45)
o Taylor expansion up to linear order is sufficient:

5
F=Fo+> FkQx+0(2%). (46)
k=1

e Change of parameters:
Fo=Co, F1=3Cs, F3=0C—-Cs5, F5=2(-Co+ Cs+Cs),
1 1
Fo = 5(01 +Co+C3—2C4—4Cs), F4= E(_C1 + Co+ C3—2C4 —4Cs). (47)
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Post-Newtonian landscape of F(Q1, Q2, O3, Q4, Qs) theories

> | Co 20 [no Minkowski background]
2 =0 .
[h undetermined] [Flathmann, MH "20]
£0
Cs | €————|CrC3 — C2|—————>| C2C3 +2C3C5 — C2
- e
C> +2Cs L B=v=1 CgC3—0305—SC4C5—C£

7’501 AA l#o
Ci+ Co+2Cs T)(——O Ci+ Co+ C3 —2C4 + 2C5

0] - [70

[beyond PPN solution]

[147 undetermined]
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0 Perturbation theory - from geometry to gravity
e Perturbations of metric-affine and teleparallel geometries

e Perturbations in teleparallel gravity theories

@ Gravitational waves

e Computational tools

e Conclusion
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Gravitational wave polarization and E(2) formalism

ReW,: “+” ImWy: “x” doo: b7 Re V3: “X” Im Wj3: “y” Wy P
\X7 .y
%
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Gravitational wave polarization and E(2) formalism

m llg: 6 polarizations, all modes are allowed.

m |lls: 5 polarizations, W, = 0, all other modes are allowed.

O Ns: 3 polarizations, ¥, = W3 = 0, tensor and breathing modes are allowed.
B N»: 2 polarizations, ¥, = W3 = ®5, = 0, only tensor modes are allowed.
0 Oq: 1 polarization, ¥V, = W3 = V¥, = 0, only breathing mode is allowed.

m Ogp: no gravitational waves.

Re w4: “+” Im w4: 113 >< ” ¢22: “b” Re \US : HXH Im ws: Hyl! wz: III”
X X
A o . y o ® . S y BAN
’ \ ’ 2 e ’ 2 ’ <
f - X I\ \\ X Re . I\ \\ z I\ \\ z 7 AR
1 ! S L \ \ L 1
\ " w \ | \ V ‘ ,
\\ \ \\ ,’ \\
S 1 S

! I
'
\ 1
\ /
S ’

\
(4
1
1

Manuel Hohmann (University of Tartu)

Perturbative methods in modified gravity theories

740. WE-Heraeus-Seminar, 5. 2. 2021

27/42



Polarizations in metric teleparallel gravity

e Action:

Solt] = /M F(TiToTa) 0d*x.  (48)
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Polarizations in metric teleparallel gravity
e Action:
sg[e]:/Mf(ﬂ,Tz,med“x. (48)
o Polarizations: H, krssak, Preifer, Ualikhanoval

M N, for
2F1+F2+F3=0 A F3#0. (49)

[] N3 for
2F1(Fo+Fa)+F3#0 A 2Fi+Fa+Fs#0.
(50)

W 15 for
2F1(F2+F3)+F3=0 A 2F1+Fo+F3#0.
(51)

M I for

2F1+F2=F3=0. (52
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Polarizations in symmetric teleparallel gravity

e Action:

Sglg, r]:/M]:(Q1,Q2,Qs,Q4,Q5) v—gd*x.
(53)
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Polarizations in symmetric teleparallel gravity

e Action:

Sglg, r]:/M}_(Qqu,Qs,Qsz) v—gd*x.

(53)
e Polarizations: [MH, Levi Said, Pfeifer, Ualikhanova]
B N, for
Fo+F4+Fs=0 A Fs5#0. (54) Xy A
[J N3 for FEF
FatFa#0 A Fao+Fa+Fs5#0. = .
(55)
M 11i5 for
Fo+F4=0 A Fs#0. (56)
W 1 for
Fo+F4=Fs=0. (57) B
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0 Perturbation theory - from geometry to gravity
e Perturbations of metric-affine and teleparallel geometries

e Perturbations in teleparallel gravity theories

@ Cosmological perturbations
e Computational tools

e Conclusion
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Cosmological metric teleparallel background geometry

o Friedmann-Lemaitre-Robertson-Walker metric:
G Ax* @ dx” = —n,n, + h,, = —N?dt © dt + A%y a,dx? @ dxP . (58)

= Scale factor A, lapse function N, conformal Hubble parameter H = 0;A/N.
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Cosmological metric teleparallel background geometry

o Friedmann-Lemaitre-Robertson-Walker metric:
G Ax* @ dx” = —n,n, + h,, = —N?dt © dt + A%y a,dx? @ dxP . (58)

= Scale factor A, lapse function N, conformal Hubble parameter H = 0;A/N.
e Cosmologically symmetric torsion tensor:

} 29 hy N + 2
Tuwp = ——bA T =20 (59)
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Cosmological metric teleparallel background geometry

e Friedmann-Lemaitre-Robertson-Walker metric:
G Ax* @ dx” = —n,n, + h,, = —N?dt © dt + A%y a,dx? @ dxP . (58)

= Scale factor A, lapse function N, conformal Hubble parameter H = 0;A/N.
e Cosmologically symmetric torsion tensor:

_ 29 hy,ny + 2 e,
Tuvp = ul p]A Epvp . (59)

 Two branches of geometries with spatial curvature parameter k = u?: w20
1. “Vector” branch:
Y =H+iu, =0, (60)

2. “Axial” branch:
YU, o —4u. (61)
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Spatial geometry and 3 + 1 decomposition

e Geometric objects defining spatial geometry:
o Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:

Qv = =Ny + hyyy . (62)
o Unit normal (co-)vector field:
n,dx* = —Ndt. (63)
o Induced metric h,,, and constant background metric 5, on spatial hypersurfaces:
B, dx* @ dx” = APyapdx? @ dxP. (64)

o

Totally antisymmetric tensors ¢,,,,, and vape 0N spatial hypersurfaces:

Epvp =M €opvps  EppdX" @ dx” @ dx? = ABuapedx? ® dx? @ dx°. (65)

o

Levi-Civita covariant derivative d, of background metric ~ap.
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Spatial geometry and 3 + 1 decomposition

e Geometric objects defining spatial geometry:
o Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:

Qv = =Ny + hyyy . (62)
o Unit normal (co-)vector field:
n,dx* = —Ndt. (63)
o Induced metric h,,, and constant background metric 5, on spatial hypersurfaces:
B, dx* @ dx” = APyapdx? @ dxP. (64)

o Totally antisymmetric tensors ¢,,,, and vase On spatial hypersurfaces:
Epvp =M €opvps  EppdX" @ dx” @ dx? = ABuapedx? ® dx? @ dx°. (65)

o Levi-Civita covariant derivative d, of background metric ~ap.
e Perturbation decomposition:

T dX" ® dx¥ = fodt ® dt 4 70AdX2 @ dt + FopAdt @ dxP + 72,A% dx? @ dxP. (66)
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Cosmological perturbations in metric teleparallel gravity

o Decomposition of tetrad perturbations 7,,,:
Fo0 =,
Fob = dpj + b ,
Ta0 = day + Va,

. A . ~ I 1.
Tab = VYab + dadpd + dpCa + vapc(d°E + WE) + 5 0ab-

(67a)
(67b)
(67c)

(67d)
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Cosmological perturbations in metric teleparallel gravity

o Decomposition of tetrad perturbations 7,,,:

00 = @, (67a)

#ob = dpj + Do, (67b)

Ta0 = day + Va, (67¢)
N . A 1.

Tab = Vvap + dadpd + dpCa + vapc(d°E + W) + ECIab- (67d)

¢ Conditions on vector and tensor components:

dab? = da0? = da8? = da#? =0, da§® =0, §ay =0, d&°=0.  (68)
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Cosmological perturbations in metric teleparallel gravity

o Decomposition of tetrad perturbations 7,,,:

%00 =0, (67a)

#ob = dpj + Do, (67b)

To0 = day + Va, (67¢)
. . A 1.

Tab = Vvap + dadpd + dpCa + vape(d°E + W) + ECIab- (67d)

e Conditions on vector and tensor components:
dab? = daV? = dat? =daW¥ =0, dag® =0, Gay=0, §°=0. (68)

o Note that the term d,C, is not symmetrized: (coiovnev, koivisto 18]
o Antisymmetric part dj,Cp) = Jvapcv?°daCe can be absorbed into W2,
o Vanishing divergence follows from Bianchi identity

. L1 .
do(v¥dyCe) = v¥°d(cdg)Ce = Evdechechf =0. (69)
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Cosmological perturbations in metric teleparallel gravity

o Decomposition of tetrad perturbations 7,,,:

00 =9, (67a)

#ob = dpj + Do, (67b)

Ta0 = day + Va, (67c)
R . A 1,

Tab = Vvap + dadpd + dpCa + vapc(d°E + W) + ECIab- (67d)

e Conditions on vector and tensor components:
dab? = daV? = dat? =daW¥ =0, dag® =0, Gay=0, §°=0. (68)

o Note that the term d,C; is not symmetrized: (coiovnev, koivisto 18]
o Antisymmetric part dj,Cp) = Jvapcv?°daCe can be absorbed into W2,
o Vanishing divergence follows from Bianchi identity

. L1 .
do(v¥dyCe) = v¥°d(cdg)Ce = Evﬂ’“/ﬂ;fecdc, =0. (69)

= Number of components: 6 +4 x 2+ 1 x 2 = 16.
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Gauge transformation of cosmological perturbations

e Split gauge transformation x’* = x* + X*(x):

)A(O = X0 ) X, = da)A(|| +2Z, (70)
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e Split gauge transformation x’* = x* + X*(x):

)A(O = X0 ) X, = da)A(|| +2Z, (70)

= Transformation of perturbation components:

Adxtop = dpX1 + (doX| + Zp)(V —H)

(71a)
ASxta0 = daX( + Z4 — 7/ (daX] + Za),
(71b)
Adx7o0 = X, (71c)
Adxtap = dp(daX + Za) — HX 1 vab
— A Vapo(d°X| + Z2°). (71d)

Perturbative methods in modified gravity theories

Gauge transformation of cosmological perturbations
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Manuel Hohmann (University of Tartu)

)A(OZ)A(J_, )A(a:da)A(”‘f‘za

e Split gauge transformation x’* = x* + X*(x):

(70)

= Transformation of perturbation components:

Adxtop = dpX1 + (doX| + Zp)(V —H)
(71a)

ASxFa0 = daX| + Z — ¥ (daX] + Za)

Adxtoo = X',
Adxtap = dp(daX) + Za) — HX 1 Vap
— A Vapo(d°X| + Z2°).

(
(

7
7

1b
y

)

c)

(71d)

Perturbative methods in modified gravity theories

Gauge transformation of cosmological perturbations

= Irreducible decomposition: 20

Adxh = —HX |, (72a)
Adxs = X, (72b)
Asxy =X -1 X, (72¢)
Adx] = XL+ (7 - H)X, (72d)
Adxé = —a X, (72€)
Adxd = X, (72f)
AdxCa = Za, (729)
Adx Vg =2 — ¥V Za, (72h)
ASxba = (V —H)Z,, (72i)
ASxWy = — ot 2, (72j)
ASxGap = 0. (72Kk)
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Gauge-invariant perturbations

e Gauge-invariant cosmological tetrad perturbations: 20
o Scalar perturbations - 3 scalars + 1 pseudo-scalar:

E=E+ 5, (73a)
y=y—-6—(H-7)s, (73b)
Y =10+ H[+ (H-7)5], (73c)
d=b—HI+H -]+ [+ (H—-7)s]. (73d)
o Vector perturbations - 2 divergence-free vectors + 1 pseudo-vector:

Vao=Va+ (¥ —H)Ca— Cf, (73e)
by=bs+ (H —¥)ea, (73f)
Wy = Wy + o/Ca, (739)

o Tensor perturbation - 1 symmetric, trace-free, divergence-free tensor:
Qab = Gab - (73h)

35/42
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Gauge-invariant perturbations

e Gauge-invariant cosmological tetrad perturbations: 20
o Scalar perturbations - 3 scalars + 1 pseudo-scalar:

E=E+ 5, (73a)
y=y—-6—(H-7)s, (73b)
Y =10+ H[+ (H-7)5], (73c)
d=b—HI+H -]+ [+ (H—-7)s]. (73d)
o Vector perturbations - 2 divergence-free vectors + 1 pseudo-vector:

Vao=Va+ (¥ —H)Ca— Cf, (73e)
by=bs+ (H —¥)ea, (73f)
Wy = Wy + o/Ca, (739)

o Tensor perturbation - 1 symmetric, trace-free, divergence-free tensor:
Qab = Gab - (73h)

= Number of components: 4 +3x2+1x2=12=16 —4.
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Outline

e Computational tools
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Challenges and solutions in perturbation theory

e Problem statement and definition:
o Perturbations of geometry: field equations and solution.
o Purely analytic approach - no numerical relativity calculations.
4 Often lengthy and cumbersome tensor equations to be solved.
v Successively order-by-order progressing solutions algorithms.
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Challenges and solutions in perturbation theory

e Problem statement and definition:
o Perturbations of geometry: field equations and solution.
o Purely analytic approach - no numerical relativity calculations.
4 Often lengthy and cumbersome tensor equations to be solved.
v Successively order-by-order progressing solutions algorithms.
e Various software suites include libraries for tensor algebra:

o Free: SymPy & SciPy for Python; Maxima tensor packages; Cadabra. . .
o Commercial: DifferentialGeometry for Maple; Ricci, Tensor & xAct for Mathematica. . .
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Challenges and solutions in perturbation theory

e Problem statement and definition:
o Perturbations of geometry: field equations and solution.
o Purely analytic approach - no numerical relativity calculations.
4 Often lengthy and cumbersome tensor equations to be solved.
v Successively order-by-order progressing solutions algorithms.
e Various software suites include libraries for tensor algebra:
o Free: SymPy & SciPy for Python; Maxima tensor packages; Cadabra. . .
o Commercial: DifferentialGeometry for Maple; Ricci, Tensor & xAct for Mathematica. . .
e Example: xAct - free tensor algebra package for Mathematica: vartin-carcia 02]
o Versatile package suite for tensor algebra.
o Build upon powerful Mathematica software, with native binary component.
o Various packages for component calculus, spinors, field theory. ..
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Challenges and solutions in perturbation theory

e Problem statement and definition:
o Perturbations of geometry: field equations and solution.
o Purely analytic approach - no numerical relativity calculations.
4 Often lengthy and cumbersome tensor equations to be solved.
v Successively order-by-order progressing solutions algorithms.
e Various software suites include libraries for tensor algebra:
o Free: SymPy & SciPy for Python; Maxima tensor packages; Cadabra. . .
o Commercial: DifferentialGeometry for Maple; Ricci, Tensor & xAct for Mathematica. . .
e Example: xAct - free tensor algebra package for Mathematica: vartin-carcia 02]
o Versatile package suite for tensor algebra.
o Build upon powerful Mathematica software, with native binary component.
o Various packages for component calculus, spinors, field theory. ..
e Packages in xAct dedicated to perturbation theory:
o xPert: Computer algebra for metric perturbation theory (srizuela, Martin-Garcia, Mena Marugan 0]
o xPand: Computer algebra for cosmological perturbation theory ipirou, Roy, umen '13]
o XPPN: Computer algebra for the PPN formalism mH 20
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xPPN: Computer algebra for the PPN formalism

e Most common geometric objects pre-defined:

Background geometry: Minkowski metric 7,,,,, diagonal background tetrad A*,,. ..
Dynamical geometry: metric g,,,,, tetrad 9"‘,“ different connections. ..

Matter variables: energy-momentum tensor ©,,,,, density p, pressure p. ..
Post-Newtonian approximation: all PPN potentials and PPN parameters

[¢]

o O O
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xPPN: Computer algebra for the PPN formalism

e Most common geometric objects pre-defined:

o Background geometry: Minkowski metric 7,,,, diagonal background tetrad A%,. ..
o Dynamical geometry: metric g, tetrad 9"‘,“ different connections. ..
o Matter variables: energy-momentum tensor ©,,,,, density p, pressure p. ..
o Post-Newtonian approximation: all PPN potentials and PPN parameters
e Algorithms to perform necessary steps for PPN calculation:
3 + 1 split of tensor components and derivatives into space and time.
Perturbative expansion of components into velocity orders.
Automatic cancellation of vanishing terms in PPN expansion.
Application of relations between PPN potentials and matter variables.

[¢]

O O O
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xPPN: Computer algebra for the PPN formalism

e Most common geometric objects pre-defined:

o Background geometry: Minkowski metric 7,,,, diagonal background tetrad AAH. ..

o Dynamical geometry: metric g, tetrad GAM, different connections. ..

o Matter variables: energy-momentum tensor ©,,,,, density p, pressure p. ..

o Post-Newtonian approximation: all PPN potentials and PPN parameters
e Algorithms to perform necessary steps for PPN calculation:
3 + 1 split of tensor components and derivatives into space and time.
Perturbative expansion of components into velocity orders.
Automatic cancellation of vanishing terms in PPN expansion.
Application of relations between PPN potentials and matter variables.
e Applicable to wide range of geometry-based gravity theories:

v~ Riemannian geometry (metric + Levi-Civita connection, curvature only)

v Metric teleparallel geometry (tetrad + flat, metric-compatible connection, torsion only)

v' Symmetric teleparallel geometry (metric + flat, symmetric connection, nonmetricity only)
+ General teleparallel geometry (metric + flat connection, torsion + nonmetricity)
+
+

[¢]

O O O

Riemann-Cartan geometry (metric + metric-compatible connection, curvature + torsion)
Metric-affine geometry (metric + general affine connection)

Manuel Hohmann (University of Tartu) Perturbative methods in modified gravity theories 740. WE-Heraeus-Seminar, 5. 2. 2021 38/42


http://geomgrav.fi.ut.ee/software/xPPN.html

xPPN: Computer algebra for the PPN formalism

e Most common geometric objects pre-defined:

o Background geometry: Minkowski metric 7,,,, diagonal background tetrad AAH. ..
o Dynamical geometry: metric g, tetrad GAM, different connections. ..
o Matter variables: energy-momentum tensor ©,,,,, density p, pressure p. ..
o Post-Newtonian approximation: all PPN potentials and PPN parameters
e Algorithms to perform necessary steps for PPN calculation:
3 + 1 split of tensor components and derivatives into space and time.
Perturbative expansion of components into velocity orders.
Automatic cancellation of vanishing terms in PPN expansion.
Application of relations between PPN potentials and matter variables.
e Applicable to wide range of geometry-based gravity theories:
v~ Riemannian geometry (metric + Levi-Civita connection, curvature only)
v Metric teleparallel geometry (tetrad + flat, metric-compatible connection, torsion only)
v' Symmetric teleparallel geometry (metric + flat, symmetric connection, nonmetricity only)
+
+

[¢]

O O O

General teleparallel geometry (metric + flat connection, torsion + nonmetricity)
Riemann-Cartan geometry (metric + metric-compatible connection, curvature + torsion)
+ Metric-affine geometry (metric + general affine connection)

e Code and examples: http://geomgrav.fi.ut.ee/software/xPPN.html
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Outline

e Conclusion
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e General treatment of perturbations in gravity theory:
o Gravitational field and governing equations described by differential geometry.
o Perturbations and their gauge transformations derived from geometric picture.
o Practical treatment by differential equations derived from coordinate choice.
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e General treatment of perturbations in gravity theory:
o Gravitational field and governing equations described by differential geometry.
o Perturbations and their gauge transformations derived from geometric picture.
o Practical treatment by differential equations derived from coordinate choice.

e Metric-affine and teleparallel geometries and their perturbations:

Suitable class of geometries to describe wide range of gravity theories.

Geometric description using Lorentzian metric and affine connection.

Alternative connection in terms of tetrad and spin connection.
Perturbation can be expressed in terms of tensor fields.

o

O O O
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e General treatment of perturbations in gravity theory:

o Gravitational field and governing equations described by differential geometry.
o Perturbations and their gauge transformations derived from geometric picture.
o Practical treatment by differential equations derived from coordinate choice.

e Metric-affine and teleparallel geometries and their perturbations:

Suitable class of geometries to describe wide range of gravity theories.

Geometric description using Lorentzian metric and affine connection.

Alternative connection in terms of tetrad and spin connection.
o Perturbation can be expressed in terms of tensor fields.

e Perturbations in teleparallel gravity theories:

Gravity theories in which torsion or nonmetricity mediates gravity actively studied.
Post-Newtonian limit of torsion theories largely studied; nonmetricity theories classified.
Polarization and speed of gravitational waves studied for torsion / nonmetricity.

General theory of cosmological perturbations under development.

O O O

o

O O O
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e General treatment of perturbations in gravity theory:
o Gravitational field and governing equations described by differential geometry.
o Perturbations and their gauge transformations derived from geometric picture.
o Practical treatment by differential equations derived from coordinate choice.

e Metric-affine and teleparallel geometries and their perturbations:

Suitable class of geometries to describe wide range of gravity theories.

Geometric description using Lorentzian metric and affine connection.

Alternative connection in terms of tetrad and spin connection.
o Perturbation can be expressed in terms of tensor fields.

e Perturbations in teleparallel gravity theories:
Gravity theories in which torsion or nonmetricity mediates gravity actively studied.
o Post-Newtonian limit of torsion theories largely studied; nonmetricity theories classified.
o Polarization and speed of gravitational waves studied for torsion / nonmetricity.
o General theory of cosmological perturbations under development.
e Computational tools applicable to perturbation theory:
o Geometric nature of gravity theories suggest using tensor algebra.
o Fixed schemes in perturbation theory suitable for algorithmic approach.
o Example: xPPN package for xAct / Mathematica allows calculating PPN parameters.

O O O

o
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e Fundamental questions in perturbation theory:
o Higher order gauge-invariant perturbations beyond tensor fields.
o Perturbations of more general geometries (Finsler, Lagrange, Hamilton).
o Equivalence / inequivalence of perturbations in analogue descriptions of gravity.
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e Fundamental questions in perturbation theory:

o Higher order gauge-invariant perturbations beyond tensor fields.

o Perturbations of more general geometries (Finsler, Lagrange, Hamilton).

o Equivalence / inequivalence of perturbations in analogue descriptions of gravity.
e Study of further physical systems using perturbations of teleparallel geometry:

o Spherical symmetry: quasinormal modes and extreme mass ratio inspirals.

o Higher-order post-Newtonian approximation and binary dynamics.

o Asymptotically flat geometries, gravitational wave memory effect and BMS group.
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e Fundamental questions in perturbation theory:

o Higher order gauge-invariant perturbations beyond tensor fields.

o Perturbations of more general geometries (Finsler, Lagrange, Hamilton).

o Equivalence / inequivalence of perturbations in analogue descriptions of gravity.
e Study of further physical systems using perturbations of teleparallel geometry:

o Spherical symmetry: quasinormal modes and extreme mass ratio inspirals.

o Higher-order post-Newtonian approximation and binary dynamics.

o Asymptotically flat geometries, gravitational wave memory effect and BMS group.
e Development of computational tools:

o Implementation of more general geometries in tensor algebra software.
o Software development to address further perturbative algorithms.
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