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» Perturbative approach to the study of gravity theories:

Consider approximation of gravitational field around well-known, simple, exact solution.
Background solution assumed to be symmetric (Minkowski, cosmological, spherical...)
Characterizes gravity theories by dynamics of the perturbations.

Dynamics of perturbations related to observations (CMB, gravitational waves...).
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» Perturbative approach to the study of gravity theories:

Consider approximation of gravitational field around well-known, simple, exact solution.
Background solution assumed to be symmetric (Minkowski, cosmological, spherical...)
Characterizes gravity theories by dynamics of the perturbations.
Dynamics of perturbations related to observations (CMB, gravitational waves...).
» Generic properties of perturbative approaches:

v Solve field equations with increasing perturbation order, improve on each step.

v Equations inherit symmetry of the background solution and often simplify.

4 Equations may become coupled and difficult to disentangle at higher orders.
4 Numerous relations and transformation rules needed to solve equations.
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» Perturbative approach to the study of gravity theories:
Consider approximation of gravitational field around well-known, simple, exact solution.
Background solution assumed to be symmetric (Minkowski, cosmological, spherical...)
Characterizes gravity theories by dynamics of the perturbations.
Dynamics of perturbations related to observations (CMB, gravitational waves...).
» Generic properties of perturbative approaches:

v Solve field equations with increasing perturbation order, improve on each step.

v Equations inherit symmetry of the background solution and often simplify.

4 Equations may become coupled and difficult to disentangle at higher orders.

4 Numerous relations and transformation rules needed to solve equations.
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~+ Implement generic perturbative formalisms using computer tensor algebra.
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» Perturbative approach to the study of gravity theories:
Consider approximation of gravitational field around well-known, simple, exact solution.
Background solution assumed to be symmetric (Minkowski, cosmological, spherical...)
Characterizes gravity theories by dynamics of the perturbations.
Dynamics of perturbations related to observations (CMB, gravitational waves...).
» Generic properties of perturbative approaches:

v Solve field equations with increasing perturbation order, improve on each step.

v Equations inherit symmetry of the background solution and often simplify.

4 Equations may become coupled and difficult to disentangle at higher orders.

4 Numerous relations and transformation rules needed to solve equations.
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~ Implement generic perturbative formalisms using computer tensor algebra.
« Approach in this talk: implementation as packages using xAct for Mathematica:

o Mathematica offers powerful routines for symbolic calculations.
o xActimplements numerous functions for tensor algebra.
o XxActcan easily be extended with new functionality.
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» Perturbative approach to the study of gravity theories:
Consider approximation of gravitational field around well-known, simple, exact solution.
Background solution assumed to be symmetric (Minkowski, cosmological, spherical...)
Characterizes gravity theories by dynamics of the perturbations.
Dynamics of perturbations related to observations (CMB, gravitational waves...).
» Generic properties of perturbative approaches:

v Solve field equations with increasing perturbation order, improve on each step.

v Equations inherit symmetry of the background solution and often simplify.

4 Equations may become coupled and difficult to disentangle at higher orders.

4 Numerous relations and transformation rules needed to solve equations.
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~ Implement generic perturbative formalisms using computer tensor algebra.
« Approach in this talk: implementation as packages using xAct for Mathematica:

o Mathematica offers powerful routines for symbolic calculations.
o xActimplements numerous functions for tensor algebra.
o XxActcan easily be extended with new functionality.

« This talk will focus on metric-affine and teleparallel gravity theories.
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e Perturbations of metric-affine and teleparallel geometries
@ Classes of metric-affine geometries
@ Perturbations of fundamental fields
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Definition of metric-affine geometry

o Metric tensor g,,,.:
o Defines length of and angle between tangent vectors.
o Defines length of curves and proper time.
o Defines causality (spacelike and timelike directions).
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Definition of metric-affine geometry

» Metric tensor g,,,.:
o Defines length of and angle between tangent vectors.
o Defines length of curves and proper time.
o Defines causality (spacelike and timelike directions).
o Connection with coefficients I'*,:
o Defines covariant derivative V, of tensor fields.
o Defines parallel transport along arbitrary curves.
o Defines autoparallel curves via parallel transport of tangent vector.
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Definition of metric-affine geometry

» Metric tensor g,,,.:
o Defines length of and angle between tangent vectors.
o Defines length of curves and proper time.
o Defines causality (spacelike and timelike directions).
» Connection with coefficients I'*,:
o Defines covariant derivative V, of tensor fields.
o Defines parallel transport along arbitrary curves.
o Defines autoparallel curves via parallel transport of tangent vector.

I In general the connection is defined independently of the metric.
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Definition of metric-affine geometry

» Metric tensor g,,,.:

o Defines length of and angle between tangent vectors.

o Defines length of curves and proper time.

o Defines causality (spacelike and timelike directions).
» Connection with coefficients I'*,:

o Defines covariant derivative V, of tensor fields.

o Defines parallel transport along arbitrary curves.

o Defines autoparallel curves via parallel transport of tangent vector.
I In general the connection is defined independently of the metric.
e Three characteristic quantities:

o Curvature:

Ruupa = aprlrbya' - aar‘ul/p + r”TprTua - r“ra'rTVp . (1)
o Torsion:
THI/p = rupu - ruup . (2)
o Nonmetricity:
Qw/p = VG = aung - ravugop - rapugw : 3)
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Teleparallel geometries

o Fundamental fields in the Palatini / metric-affine formulation:

o Metric tensor g,,,..
o Flat affine connection I'*,, = 0: vanishing curvature

Rpa,uu = 6/,Ll_pa'u - 8Vrp0'u + r'D}\urAaV - rp)\ur)\a,u =0. (4)
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Teleparallel geometries

o Fundamental fields in the Palatini / metric-affine formulation:

o Metric tensor g,,,..
o Flat affine connection I'*,,, = 0: vanishing curvature

Rpaul/ = a/,trpo'u - 8Vrpo'u + rpkur)\au - rp)\l/r)\au =0. (4)

« The flavors of teleparallel geometries: vanishing curvature
o Metric teleparallel geometry: vanishing nonmetricity

Qp;w =V,9u =0. ®)
o Symmetric teleparallel geometry: vanishing torsion
TP =TPy, —T?,=0. (6)

o General teleparallel geometry: allow both torsion 7% ,,,, and nonmetricity Q,,....
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Metric teleparallel geometry: tetrad and spin connection

« Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: 94 = 64, dx* with inverse es = €4"0,,.
o Spin connection: wg = whg, dx*.
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Metric teleparallel geometry: tetrad and spin connection

« Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: 64 = 04 ,dx* with inverse e4 = €4"0,..
o Spin connection: wg = whg, dx*.
¢ Induced metric-affine geometry:
o Metric:
[ nABeA;LGBu . (7)
o Affine connection:
M, = ea (0,04, +wp,0°,) . (8)
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Metric teleparallel geometry: tetrad and spin connection

« Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: 94 = 64, dx* with inverse es = €4"0,,.
o Spin connection: wg = whg, dx*.

¢ Induced metric-affine geometry:

o Metric:
g;u/ = nABeAp,QBV . (7)
o Affine connection:
M, = ea (9,04, +w'g,0%,) . (8)
« Conditions on the spin connection:
o Flatness R =0:
8HwABy — 8,,wABM + wACuwCB,, — wAC,,wCBM =0. (9)
o Metric compatibility Q = 0:
nacwBy + necwCa, = 0. (10)

Manuel Hohmann (University of Tartu) Perturbative methods in gravity theory AEI - 5. 8. 2021 8/57



Local Lorentz invariance

» Local Lorentz transformation of the tetrad only:

0% 0%, = Ngo°,. (11)

v Metric is invariant: g,,, = g,..-
; Connection is not invariant: ["*,,, # '*,,.
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Local Lorentz invariance

» Local Lorentz transformation of the tetrad only:
0% 0%, = Ngo°,. (11)

v Metric is invariant: g,,, = g,..-
; Connection is not invariant: ["*,,, # '*,,.

« Perform also transformation of the spin connection:

WABp = w,ABu = /\AC(/\_1 )DBWCD;L + AACa/L(A_1 )CB . (12)

v Metric is.invgri.ant: gl’“, = Q-
v Connection is invariant: I'*,, =T#,,.
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Local Lorentz invariance

» Local Lorentz transformation of the tetrad only:

0% 0%, = Ngo°,. (11)

v Metric is invariant: g,,, = g,..-
; Connection is not invariant: ["*,,, # '*,,.

« Perform also transformation of the spin connection:

WABp = w,ABu = /\AC(/\_1 )DBWCDM + /\Acau(/\_1 )CB . (12)

v Metric is invariant: g, = g,..-
v~ Connection is invariant: ['*,, =T#,,,.
= Metric-affine geometry equivalently described by:
o Metric g,., and affine connection I'*,, ..
o Equivalence class of tetrad ¢4, and spin connection WABM-
o Equivalence defined with respect to local Lorentz transformations.
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Local Lorentz invariance

» Local Lorentz transformation of the tetrad only:

0% 0%, = Ngo°,. (11)

v Metric is invariant: g,,, = g,..-
; Connection is not invariant: ["*,,, # '*,,.

« Perform also transformation of the spin connection:

WABp = w,ABu = /\AC(/\_4I )DBWCD;L + /\ACau(/\_4I )CB . (12)

v Metric is invariant: g, = g,..-
v~ Connection is invariant: ['*,, =T#,,,.
= Metric-affine geometry equivalently described by:
o Metric g,., and affine connection ', ..
o Equivalence class of tetrad 4, and spin connection w”g,,.
o Equivalence defined with respect to local Lorentz transformations.

A

o Teleparallel geometry admits Weitzenbock gauge: w”g,, = 0.
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@ Perturbations of fundamental fields
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Linear perturbations of affine connections

» General affine connection perturbation: #,, = *,, + 6T*,,.
= Curvature perturbation:

SR 5 =V 40T 5y — V0T oy + T 10T o (13)

= Torsion perturbation:
5TH,, = 6TH,, — oTH,,. (14)
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Linear perturbations of affine connections

» General affine connection perturbation: #,, = *,, + 6T*,,.
= Curvature perturbation:

SR 5 =V 40T 5y — V0T oy + T 10T o (13)

= Torsion perturbation:
6T, =0ort,, —ort,,. (14)

« Restriction to particular geometries:
o Vanishing torsion T#,, = 0:

0=0T", & ", =0r",, . (15)
o Vanishing curvature R*,,, = 0:
0=0R",,, <& OTF,,=Y,m",. (16)
o Vanishing torsion T#,, = 0 and curvature R*,,,,, = O:
0=0T",,A0=06R",,, & dM*,,=V,V,¢". (17)
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Linear perturbations of affine connections

» General affine connection perturbation: T+, = I'*,, + §I'*,,. 64 components
= Curvature perturbation:

SR 5 =V 40T 5y — V0T oy + T 10T o (13)

= Torsion perturbation:
6T, =0ort,, —ort,,. (14)

« Restriction to particular geometries:
o Vanishing torsion T#,, = 0: 40 components

0=0T", & ", =0r",, . (15)
o Vanishing curvature R*,,,, = 0: 16 components
0=0R,, <« O*,,=V,m,. (16)
o Vanishing torsion T#,, = 0 and curvature R*,,,, = 0: 4 components
0=0T",,A0=06R",,, & dM*,,=V,V,¢". (17)

Manuel Hohmann (University of Tartu) Perturbative methods in gravity theory AEI - 5. 8. 2021 11/57



Linear perturbations of affine connections

» General affine connection perturbation: #,, = *,, + 6T*,,.
= Curvature perturbation:

SR 5 =V 40T 5y — V0T oy + T 10T o (13)

= Torsion perturbation:
6T, =0ort,, —ort,,. (14)

« Restriction to particular geometries:
o Vanishing torsion T#,, = 0:

0=0T", & ", =0r",, . (15)
o Vanishing curvature R”,,, = 0:
0=06Rs, & OMF,,=V,m",. (16)
o Vanishing torsion T#,, = 0 and curvature R*,,,, = 0: 4 components
0=0T",,A0=06R",,, & dM*,,=V,V,¢". (17)

¢ In the following, focus on teleparallel case.
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Linear perturbations of metric-affine geometry

» General metric perturbation: g, = guv + 09,u-
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Linear perturbations of metric-affine geometry

» General metric perturbation: g,,, = guv + 6G.u-
= Nonmetricity perturbation:

Qo =V 500 — GovdT 4p — GuodT% 0y - (18)
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Linear perturbations of metric-affine geometry

» General metric perturbation: g, = guv + 09,u-
= Nonmetricity perturbation:
Qo =V 500 — GovdT 4p — GuodT% 0y - (18)

» Restriction to particular geometries:
o Riemann-Cartan geometry Q,,,, = 0:

0=06Quw © TGovdlup+ Guo0T0p =V 00 - (19)

o Riemannian geometry Q,,, =0and T#,, = 0O:

1_ = - -
0=06T"y N0 =0Qpu < M =397 (VubGor + Vib9uo — Vobguw) - (20)
o Metric teleparallel geometry Q,,,, = 0 and R”,,, = 0:

0=0R 5 ANO=0Qu & 06Qu = Tuw + Tup - (21)
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Linear perturbations of metric-affine geometry

» General metric perturbation: g,,, = g + 6g,.- 10 additional components
= Nonmetricity perturbation:

Qo =V 500 — GovdT 4p — GuodT% 0y - (18)

» Restriction to particular geometries:
o Riemann-Cartan geometry Q,,,, = 0: 10 + 24 = 34 components

0=06Quw © Govdlup + Guo0T0p =V 00 - (19)

o Riemannian geometry Q,,, = 0and T#,, = 0: 10 components

1. - - _
0=0T"py NO=0Qpu < oM =397 (VubGor + Vib9uo — Vobguw) - (20)
o Metric teleparallel geometry Q,,,, = 0 and R”,,,, = 0: 16 components

0=0R 5 NO=0Qu & 06Qu = Tuw + Tup - (21)
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Linear perturbations of metric-affine geometry

» General metric perturbation: g,,, = guv + 6G.u-
= Nonmetricity perturbation:

Qo =V 500 — GovdT 4p — GuodT% 0y - (18)

» Restriction to particular geometries:
o Riemann-Cartan geometry Q,,,, = 0:

0=06Quw © TGovdlup+ Guo0T0p =V 00 - (19)

o Riemannian geometry Q,,, =0and T#,, = 0:

1_ - -
0=0TF,,N0=6Q,., & 0", = Eg"” (Vb9 + VibGuo — Vo) - (20)
o Metric teleparallel geometry Q,,,, = 0 and R”,,, = 0:

0=0R 0 NO=06Quu, < OGu = Tyw + Tup - (21)

¢ In the following, focus on metric teleparallel and Riemannian cases.
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e Parametrized post-Newtonian formalism
@ Overview of the PPN formalism
@ xPPN: implementation of the PPN formalism using xAct
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Post-Newtonian matter and velocity orders

« Energy-momentum tensor of a perfect fluid:

O = (p+ pl+ p)u"u” + pgh”.

Rest mass density p.
Specific internal energy I1.
Pressure p.

Four-velocity u*.

O O O O
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Post-Newtonian matter and velocity orders

« Energy-momentum tensor of a perfect fluid:

O = (p+ pl+ p)u"u” + pgh”.

Rest mass density p.

Specific internal energy I1.

Pressure p.

Four-velocity u*.

« Universe rest frame and slow-moving source matter:
o Velocity of the source matter: v/ = u'/u°.
o Assume that source matter is slow-moving: |V| < 1.
o Use e = |V| as perturbation parameter.
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Post-Newtonian matter and velocity orders

« Energy-momentum tensor of a perfect fluid:

O = (p+ pl+ p)u"u” + pgh”.

Rest mass density p ~ O(2).

Specific internal energy N ~ O(2).

Pressure p ~ O(4).

Four-velocity u*.

¢ Universe rest frame and slow-moving source matter:
o Velocity of the source matter: v/ = u'/u°.
o Assume that source matter is slow-moving: |V| < 1.
o Use e = |V| as perturbation parameter.

» Assign velocity orders O(n) ~ €" to all quantities based on solar system.
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Post-Newtonian matter and velocity orders

« Energy-momentum tensor of a perfect fluid:

O = (p+ pl+ p)u"u” + pgh”.

Rest mass density p ~ O(2).

Specific internal energy M ~ O(2).

Pressure p ~ O(4).

Four-velocity u*.

¢ Universe rest frame and slow-moving source matter:
o Velocity of the source matter: v/ = u'/u°.
o Assume that source matter is slow-moving: |V| < 1.
o Use e = |V| as perturbation parameter.

» Assign velocity orders O(n) ~ €" to all quantities based on solar system.
¢ Quasi-static: assign additional O(1) to time derivatives 9.

O O O O
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Post-Newtonian expansion of gravitational field

« Standard post-Newtonian metric expansion:
o Expand metric up to fourth order of velocity of the source matter:

Guv = .&uu + 1g;w + é/w + &uu + é;w + 0(5) . (22)
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Post-Newtonian expansion of gravitational field

« Standard post-Newtonian metric expansion:
o Expand metric up to fourth order of velocity of the source matter:

Guv = &;w + 1g;w + 5/111 + &uu + é;w + 0(5) . (22)

o Background metric given by Minkowski metric: &W = M-
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Post-Newtonian expansion of gravitational field

« Standard post-Newtonian metric expansion:
o Expand metric up to fourth order of velocity of the source matter:

Guv = &uu + é;w + é}w + &uu + é;w + 0(5) . (22)

o Background metric given by Minkowski metric: &W = M-
o Only terms up to fourth velocity order O(4) are considered.
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Post-Newtonian expansion of gravitational field

« Standard post-Newtonian metric expansion:
o Expand metric up to fourth order of velocity of the source matter:

Guw = &uu + é;w + 5;”/ + é,uu + é;w + 0(5) . (22)
o Background metric given by Minkowski metric: &W = M-

o Only terms up to fourth velocity order O(4) are considered.
o Only certain components are relevant and non-vanishing:

500 ) él] ) 50/ ) &00 ) é’j . (23)
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Post-Newtonian expansion of gravitational field

« Standard post-Newtonian metric expansion:
o Expand metric up to fourth order of velocity of the source matter:

Guv = &uu + é;w + 5;”/ + éiw + é;w + 0(5) . (22)
Background metric given by Minkowski metric: &W = M-

Only terms up to fourth velocity order O(4) are considered.
Only certain components are relevant and non-vanishing:

o

o

o

500 ’ él] ) 50/ ) &00 ) él] . (23)

o

é,-j not used in standard PPN formalism, but may couple to other components.
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Post-Newtonian expansion of gravitational field

« Standard post-Newtonian metric expansion:
o Expand metric up to fourth order of velocity of the source matter:

Guv = &uu + é;w + 5#11 + éiw + é;w + 0(5) . (22)

o Background metric given by Minkowski metric: &W = M-
o Only terms up to fourth velocity order O(4) are considered.
o Only certain components are relevant and non-vanishing:

500 ’ él] ) 50/ ) &00 ) é’j . (23)

o é,, not used in standard PPN formalism, but may couple to other components.
o Expansion of the tetrad in metric teleparallel gravity theories:
o Consider generic perturbation 7, = 140,508, of tetrad.
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Post-Newtonian expansion of gravitational field

« Standard post-Newtonian metric expansion:
o Expand metric up to fourth order of velocity of the source matter:

Guv = &uu + é;w + 5#11 + éiw + é;w + 0(5) . (22)

o Background metric given by Minkowski metric: &W = Nyv-
o Only terms up to fourth velocity order O(4) are considered.
o Only certain components are relevant and non-vanishing:

500 ’ él] ) 50/ ) &00 ) é’j . (23)

o é,, not used in standard PPN formalism, but may couple to other components.
o Expansion of the tetrad in metric teleparallel gravity theories:

o Consider generic perturbation 7,,, = 4”668, of tetrad.
o Background given by diagonal tetrad 4, = AA, = diag(1,1,1,1).
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Post-Newtonian expansion of gravitational field

« Standard post-Newtonian metric expansion:
o Expand metric up to fourth order of velocity of the source matter:

Guv = &uu + é;w + 5#11 + éiw + é;w + 0(5) . (22)

o Background metric given by Minkowski metric: &W = Nyv-
o Only terms up to fourth velocity order O(4) are considered.
o Only certain components are relevant and non-vanishing:

500 ’ él] ) 50/ ) &00 ) é’j . (23)

o é,, not used in standard PPN formalism, but may couple to other components.
o Expansion of the tetrad in metric teleparallel gravity theories:

o Consider generic perturbation 7,,, = 4”668, of tetrad.
o Background given by diagonal tetrad 4, = AA, = diag(1,1,1,1).
o Expansion of tetrad perturbation in velocity orders:

Tow = Ty + Tu + Tuw + T + O(5) . (24)
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
e Metric in standard PPN gauge:

oo = 2U, (25a)
gj = 27 U8y, (25b)
Gor= —a(B+4ytaq— ozt G -20)Vi o(1+0p -G H2OWi, (250
Joo = —28U2 + (24 2y +ag + (i —26)01 +2(1+3y — 26+ G +£)0s

+2(1 4+ (3)P3 + 2(3y + 3¢ — 28)Ps — 26Dy — (¢ — 28) A, (25d)
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
e Metric in standard PPN gauge:

oo = 2U, (25a)
gj = 27 U8y, (25b)
Goi = —p(B+47 +01 024G 2V~ 2(1+ 02— G +2)Wy,  (250)
oo = —268U2 + (2427 + ag + (1 — 26)®1 +2(1 + 37 — 26+ (2 + £)da

+2(1 4+ (3)P3 +2(37 + 30 — 28)Pg — 260y — (1 — 28) A, (25d)

« PPN parameters characteristic for gravity theory and linked to observables.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
e Metric in standard PPN gauge:

oo = 2U, (25a)
gj = 2yUs;, (25b)
Gor= —2(B+4ytaq—apt G -20)Vi o(1 02— G H2OW, (250
Goo = —2BUP + (2+ 2y +ag + (1 — 28)1 +2(1 + 37— 28 + G + ) b

+2(1 4 ¢3)P3 +2(37 + 3(4 — 28)Py — 26Dy — (¢ — 26) A, (25d)

« PPN parameters characteristic for gravity theory and linked to observables.
« PPN potentials are integrals over source matter distribution.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
e Metric in standard PPN gauge:

oo = 2U, (25a)
aj = 2yUs;, (25b)
Gor= —a(B+4ytaq— ozt G -20)Vi o(1+0p -G H2OWi, (250
Joo = —2BU2 + (2+ 2y + ag + (1 — 26)01 +2(1 + 3y — 28 + G2 + )b,

+2(1 4+ (3)P3 + 2(3y + 3¢ — 28)Ps — 26Dy — (¢ — 28) A, (25d)

« PPN parameters characteristic for gravity theory and linked to observables.
« PPN potentials are integrals over source matter distribution.
o Properties of standard PPN metric:

o Second-order spatial part fg,-,- is diagonal.
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Standard post-Newtonian gauge

e PPN formalism assumes fixed standard gauge.
e Metric in standard PPN gauge:

oo = 2U, (25a)
j = 2vUs;, (25b)
Gor= —a(B+4ytaq— ozt G -20)Vi o(1+0p -G H2OWi, (250
Joo = —2BU2 + (2+ 2y + ag + (1 — 26)01 +2(1 43y — 26 + G2 + )b,

+2(1 4+ (3)P3 + 2(3y + 3¢ — 28)Ps — 26Dy — (¢ — 28) A, (25d)

« PPN parameters characteristic for gravity theory and linked to observables.
« PPN potentials are integrals over source matter distribution.
o Properties of standard PPN metric:

o Second-order spatial part 5,, is diagonal.
o Fourth-order temporal part 500 does not contain potential B.
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PPN potentials

« Newtonian potential:

/
X:_/d3x'p'|)?—se'|, U:/d3x'|)?f—m, o = p(t, 7).
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PPN potentials

« Newtonian potential:
/
‘= _/d3x'p'|)? _¥, U= /d3x")?f—m, )= p(t, 7).

» Vector potentials:

=[x s wim [aon )
%]’ X '

_ X/|3
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PPN potentials

« Newtonian potential:
/
‘= _/d3x'p'|)? _¥, U= /d3x”)?f—m, )= p(t, 7).

e Vector potentials:

'vi(xi — x)(x; — x!
v, = /d3’ ’4,, W,-=/d3x’p’('r 05 =%)

X— X3

« Fourth-order scalar potentials:

¢1:/d3/pv s ¢4:/d3X/_,p,_,,
X = X| X = X'|

' 'V (x — x))]?
0= [ox LY as [ wgﬁ'” |

av!
¢3—/d3 ’%, B= /d3’ (x,-—x,f—’,
/

Xi — X: X —X Xi — X:
Oy = d3 ! d3 X// (/AR _'/ _'l _! )
w / | —X’|3 |X X”| |X’—X”|
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Post-Newtonian field equations

o Expand energy-momentum tensor in velocity orders:

G0 = p (1 — oo + V2 + n) +0(8), (26a)
©oi = —pV; + O(5), (26b)
©j = pviv; + psj + O(6) (26¢)
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Post-Newtonian field equations

o Expand energy-momentum tensor in velocity orders:

oo =p (1 — Qoo + V2 + ”) +0(6), (26a)
©gi = —pVi + O(5), (26b)
@,’j =pViVi + p6,-j + O(6) (26¢)

o Energy-momentum tensor ~ derivatives of PPN potentials.
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Post-Newtonian field equations

o Expand energy-momentum tensor in velocity orders:

©o0 =p (1 — oo + V2 + ”) +0(86), (26a)
©oi = —pVvi + O(5), (26b)
@,’j =pViVi + p6,'j + O(6) (26¢)

o Energy-momentum tensor ~ derivatives of PPN potentials.
= Solve for PPN parameters by PPN expanding field equations.
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Post-Newtonian field equations

o Expand energy-momentum tensor in velocity orders:

oo =p (1 — Qoo + V2 + ”) +0(6), (26a)
©gi = —pVi + O(5), (26b)
@,’j =pViVi + p6,'j + O(6) (26¢)

o Energy-momentum tensor ~ derivatives of PPN potentials.
= Solve for PPN parameters by PPN expanding field equations.
4 Equations may be coupled to each other, lengthy & hard to solve.
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Post-Newtonian field equations

o Expand energy-momentum tensor in velocity orders:

@00=p(1 —500+V2+”) +0(6),
©gi = —pVi + O(5),
@,’j =pViVi + p6,'j + O(6)

o Energy-momentum tensor ~ derivatives of PPN potentials.
= Solve for PPN parameters by PPN expanding field equations.

4 Equations may be coupled to each other, lengthy & hard to solve.

~ Use tensor computer algebra to simplify and solve equations.

(26a)

(26b)
(26¢)
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Post-Newtonian field equations

o Expand energy-momentum tensor in velocity orders:

oo =p <1 — Qoo + V2 + ”) +0(6), (26a)
©gi = —pVi + O(5), (26b)
@,’j =pVviV; + pé,'j + O(6) (26¢)

o Energy-momentum tensor ~ derivatives of PPN potentials.
= Solve for PPN parameters by PPN expanding field equations.
/ Equations may be coupled to each other, lengthy & hard to solve.

~ Use tensor computer algebra to simplify and solve equations.
4, Difficulties and demands on a computer algebra approach to PPN formalism:
1. Symbolic tensor algebra in order to manipulate and solve gravity field equations.
2. Perturbation of fields and equations to higher than linear order.
3. Proper split of spacetime indices into space and time components.
4. Assignment of different perturbation order to time and space derivatives.
5. Application of known rules for post-Newtonian matter source and potentials.
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0 Introduction

e Perturbations of metric-affine and teleparallel geometries
e Parametrized post-Newtonian formalism

@ xPPN: implementation of the PPN formalism using xAct

e Cosmological perturbations

e Conclusion
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Key features

1. Pre-defined geometric objects:
o Metric and tetrad based geometries.
o Different connections: Levi-Civita, metric teleparallel, symmetric teleparallel.
o Curvature, torsion, nonmetricity. . .
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Key features

1. Pre-defined geometric objects:
o Metric and tetrad based geometries.
o Different connections: Levi-Civita, metric teleparallel, symmetric teleparallel.
o Curvature, torsion, nonmetricity. . .
2. Variables specific to PPN formalism:
o Energy-momentum variables: density, pressure, specific internal energy, velocity.
o Post-Newtonian potentials: x, U, Uap, Vg, Wa, ©105, &3, 4, Oy, A, B.
o Post-Newtonian parameters: v, 8, a1, az, as, (1, (2, (3, (4, €.
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Key features

1. Pre-defined geometric objects:

(¢]

(@]

(@]

Metric and tetrad based geometries.
Different connections: Levi-Civita, metric teleparallel, symmetric teleparallel.
Curvature, torsion, nonmetricity. . .

2. Variables specific to PPN formalism:

(¢]

[¢]

(@]

Energy-momentum variables: density, pressure, specific internal energy, velocity.
Post-Newtonian potentials: x, U, Ugp, Va, Wa, @102, 3, 0y, Oy, A, B.
Post-Newtonian parameters: v, 3, a1, as, as, (1, (2, (3, (4, €.

3. Algorithms typically used in PPN formalism:

(¢]

O O O O O ©

3 + 1 decomposition of tensors and connection coefficients into time and space.
Perturbative expansion and decomposition into velocity orders.

Correct assignment of velocity order +1 to time derivative.

Both built-in rules and user-defined rules for perturbative expansion.

Known transformation rules for transforming between PPN potentials.
Transformation of derivatives on PPN potentials to matter source terms.
Application of Euler equations of motion to fluid variables.
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First steps: installation and startup

1. Install xAct - see http://www.xact.es/.
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http://www.xact.es/

First steps: installation and startup

1. Install xAct - see http://www.xact.es/.
2. Inside the xAct installation folder, clone the xPPN repository:

git clone https://github.com/xenosl1984/xPPN.git
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http://www.xact.es/

First steps: installation and startup

1. Install xAct- see http://www.xact.es/.
2. Inside the xAct installation folder, clone the xPPN repository:

git clone https://github.com/xenosl1984/xPPN.git

3. Load the package in Mathematica:

In[]:= << ‘xAct ‘xPPN}
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http://www.xact.es/

First steps: installation and startup

1. Install xAct- see http://www.xact.es/.
2. Inside the xAct installation folder, clone the xPPN repository:

git clone https://github.com/xenosl1984/xPPN.git

3. Load the package in Mathematica:

In[]:= << ‘xAct ‘xPPN}

4. Open some example from Examples folder and run all code:
o GeneralRelativity.wl - General Relativity (GR).
o BransDicke.wl - Brans-Dicke type scalar-tensor gravity with dynamical coupling.
o NewGeneralRelativity.wl - New GR class of teleparallel gravity.
o ScalarTorsion.wl - General scalar-torsion class of teleparallel gravity.
o NewerGeneralRelativity.wl - Newer GR class of symmetric teleparallel gravity.

NB! For some examples, calculations are time consuming!
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Some basic usage

1. Several types of indices are pre-defined (examples):

o Greek indices «,...,w, entered as T4«, ..., T4w, on spacetime:
In[]:= Met[-T4«x, -T4pB]
out (1= Jap

o Latin indices a, ..., z, entered as T3a, ..., T3z, On space:
In[]:= Velocity[T3al]

out[]= v@

o Time components use inert index LI [0].
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Some basic usage

1. Several types of indices are pre-defined (examples):

o Greek indices «,...,w, entered as T4«, ..., T4w, on spacetime:
In[]:= Met[-T4«, —T4[.)>]
out [1= Gap

o Latin indices a, ..., z, entered as T3a, ..., T3z, On space:
In[]:= Velocity[T3al]
out[]= v@

o Time components use inertindex LT [0].
2. Time derivatives are written as parameter derivatives:

In[]:= ParamD|[TimePar] [Density[]]
out [1= Ogp
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Some basic usage

1. Several types of indices are pre-defined (examples):

o Greek indices «,...,w, entered as T4«, ..., T4w, on spacetime:
In[]:= Met[-T4d«, —T4ﬁ]
out [1= Gap

o Latin indices a, ..., z, entered as T3a, ..., T3z, On space:
In[]:= Velocity[T3al]
out[]= v@

o Time components use inertindex LT [0].
2. Time derivatives are written as parameter derivatives:

In[]:= ParamD|[TimePar] [Density[]]
out [1= Ogp

3. Selecting single terms in perturbative expansion:

‘In[]:: PPN [Met, 3][-LI[0], -T3a] ‘
|OutH= &M |
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Example: PPN expansion of the Ricci tensor

1. Ricci tensor of Levi-Civita connection is pre-defined:

Tn[]:= RicciCD[-T4x, -T4f]
out [1= Fag
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Example: PPN expansion of the Ricci tensor

1. Ricci tensor of Levi-Civita connection is pre-defined:

Tn[]:= RicciCD[-T4x, -T4f]
out [1= Fag

2. Perform 3 4+ 1 decomposition into all possible space and time components:

Tn[]:= SpaceTimeSplits([%, {-T4x — -T3a, -T4f — -T3b}]
out 1= {{Roo, Rob}, {Ra0, Ran}}
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Example: PPN expansion of the Ricci tensor

1. Ricci tensor of Levi-Civita connection is pre-defined:

Tn[]:= RicciCD[-T4x, -T4f]
out [1= Fag

2. Perform 3 4+ 1 decomposition into all possible space and time components:

Tn[]:= SpaceTimeSplits([%, {-T4x — -T3a, -T4f — -T3b}]
out 1= {{Roo, Rob}, {Ra0, Ran}}

2
3. Extract second velocity order Ryy:

‘InH:: VelocityOrder [%[[1, 111, 2] ‘
2
| Out[]= —%8383900 |
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Example: PPN expansion of the Ricci tensor

1. Ricci tensor of Levi-Civita connection is pre-defined:

Tn[]:= RicciCD[-T4x, -T4f]
out [1= Fag

2. Perform 3 4+ 1 decomposition into all possible space and time components:

Tn[]:= SpaceTimeSplits([%, {-T4x — -T3a, -T4f — -T3b}]
out 1= {{Roo, Rob}, {Ra0, Ran}}

2
3. Extract second velocity order Ryy:

‘In[]:: VelocityOrder[%[[l, 111, 2] ‘
|Out 838 goo |

3
4. Extract third velocity order Ry:

‘In[] := Factor[SortPDs[ToCanonical [VelocityOrder[%%[[2, 111, 311] ‘]
|Out ( aoaag p+ aoabga + 8b3ago — ababgOa> |
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Example: energy-momentum conservation and Euler equations

1. Consider energy-momentum conservation equation:

‘In[]:: InvMet [T43, T4y] CD[-T4vy] [EnergyMomentum[-T4f3, -T4«]] ‘
|Out[]= 9'V.04, |
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Example: energy-momentum conservation and Euler equations

1. Consider energy-momentum conservation equation:

‘Inﬂ:: InvMet [T43, T4y] CD[-T4vy] [EnergyMomentum[-T4f3, -T4«]] ‘
|Out[]: 9'V.04, |

2. Extract third order time component:

In[]:= ChangeCovD[%, CD, PD];

In[]:= SpaceTimeSplit[%, {-Td4x — -LI[0]}1;
In[]:= VelocityOrder[%, 3];

In[]:= ContractMetric([%];

In[]:= ToCanonical[%]

out 1= —0dop — V3Dap — pOaV?
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Example: energy-momentum conservation and Euler equations

1. Consider energy-momentum conservation equation:

‘Inﬂ:: InvMet [T43, T4y] CD[-T4vy] [EnergyMomentum[-T4f3,
|Out[]: 9'V.04,

-T4wx] ]

2. Extract third order time component:

In[]:= ChangeCovD[%, CD, PD];

In[]:= SpaceTimeSplit[%, {-Td4x — -LI[0]}1;
In[]:= VelocityOrder[%, 3];

In[]:= ContractMetric([%];

In[]:= ToCanonical[%]

out 1= —0dop — V3Dap — pOaV?

3. Apply Euler equation of perfect fluid:

In[]:= TimeRhoToEuler[%]
out[]= 0
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Example: third order metric and vector PPN potentials

1. Standard PPN expansion of third-order metric perturbation:

In[]:= MetricToStandard[PPN[Met, 3][-LI[0], -T3all;
In[]:= Collect[%, {PotentialV[-T3a], PotentialW[-T3a]}, Factor]
out 1= 3(—8 - +az—4y+26— (1) Vat 3(—1 — 02— 26+ (1) Wa
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Example: third order metric and vector PPN potentials

1. Standard PPN expansion of third-order metric perturbation:

In[]:= MetricToStandard[PPN[Met, 3][-LI[0], -T3all;
In[]:= Collect[%, {PotentialV[-T3a], PotentialW[-T3a]}, Factor]

out 1= 3(—8 - +az—4y+26— (1) Vat 3(—1 — 02— 26+ (1) Wa

2. Well-known relations satisfied by vector potentials:
o Sum of vector potentials is divergence-free vector:

In[]:= PD[-T3a] [PotentialV[T3a] + PotentialW[T3a]]
out [1= 0,V8 4 0,W2

In[]:= PotentialVToW([%]

out[]= 0
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Example:

third order metric and vector PPN potentials

1. Standard PPN expansion of third-order metric perturbation:

In[]:=
In[]:=

Oout[]=

MetricToStandard[PPN[Met, 3]1[-LI[0], -T3all;
Collect[%, {PotentialV[-T3a], PotentialW[-T3al]}, Factor]
2(-8 -1+ 02— 4y + 26— G)Vat 3(—1- 02— 26+ ()W,

2. Well-known relations satisfied by vector potentials:
o Sum of vector potentials is divergence-free vector:

In[]:= PD[-T3a] [PotentialV[T3a] + PotentialW[T3a]]
out [1= 0,V8 4 0,W2
In[]:= PotentialVToW([%]

out[1= 0

o Difference of vector potentials is pure divergence:

In[]:
out 1= Va— W,
In[]:
Out[]= 808ax

PotentialV[-T3a] - PotentialW[-T3a]

PotentialVToChiW[%]

Manuel Hohmann (University of Tartu) Perturbative methods in gravity theory AEI - 5. 8. 2021




Example: defining a new scalar field and its expansion

1. Define scalar field ¢» and its constant background value W:

Tn[]:= DefTensor[psi[], {MfSpacetime}, PrintAs — "Y"]
Tn[]:= DefConstantSymbol [psi0, PrintAs — "WU"]
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Example: defining a new scalar field and its expansion

1. Define scalar field ¢» and its constant background value W:

Tn[]:= DefTensor[psi[], {MfSpacetime}, PrintAs — "Y"]
Tn[]:= DefConstantSymbol [psi0, PrintAs — "WU"]

2. Define rules 12 =V, 1/1; = 12 = 0 for PPN expansion:

In[]:= OrderSet [PPN[psi, 0][], psiO];
in[]:= OrderSet [PPN[psi, 1][1, 0];
In[]:= OrderSet [PPN[psi, 3][], 0];
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Example: defining a new scalar field and its expansion

1. Define scalar field ¢) and its constant background value W:

In[]:=
In[]:=

DefTensor[psi[], {MfSpacetime}, PrintAs — "¢"]

DefConstantSymbol [psi0, PrintAs — "W"]

2. Define rules 12 =V, 1/1; = 12 = 0 for PPN expansion:

In[]:=
In[]:
In[]:=

OrderSet [PPN[psi, O0][], psiO];
OrderSet [PPN[psi, 1]1[1, 01;
OrderSet [PPN[psi, 3]1[]1, 01,

3. Rules are now used automatically, e.g., second-order space component of 9°(1/gga):

PD[T4PR] [Met [-T4p, -T4x] psil]]
$0°gga + gpa 0Pt

SpaceTimeSplit[%, {-Td4x — -T3a}l];
VelocityOrder[%, 2];

ToCanonical [ContractMetric[%]]

Dat) + WpGa
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Example: general relativity - a screenshot of xPPN

PPN metric and parameters

v PPN metric

Infs Ji=

Infe Ji=

To read off the PPN parameters, we use the following metric components.
metcomp = {PPN[Met,2][-LI[0],-LI[0]], PPN[Met,2][-T3a,-T3b], PPN[Met,3][-LI[0],-T3a], PPN[Met,4]-LI[0],-LI[O]}

2 2 3 4
{gea > gab s> goa > gee}
Insert the solution we obtained into the metric components.

metcomp /. sol2ru /. sol3ru /. sol4ru;

ToCanonical[%];

Expand[%];

ppnmet = Simplify[%];

metdef = MapThread[Equal, {metcomp, %}, 1]
5 U, K 5, U KTV, + W) 8 K2 (2 By + B3 +3 ) + k% (20, - U?)

v PPN parameters

Infe J:=

Finally, solve the equations and determine the PPN parameters.
parsol = FullSimplify[Solve[t == 0& /@ eqns, pars][1]]

B-1,y>1,8-0, 150, 50, 1350, (150, -0, 30, 3> 0}
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Closer look at one example: general relativity

1. Starting point is trace-reversed Einstein equation:

1
- o o
Eap == —KZ(OQB -3 0,5 ig" gaﬁ)+ R[v]aﬁ
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Closer look at one example: general relativity

1. Starting point is trace-reversed Einstein equation:
1 _ N
Eap == —Kz(eaﬁ -3 0,5 ig"° gaﬁ)+ R[v]aﬁ

2. Example: second velocity order.
(1) Extract second-order field equations:

1 2 a2 1 2 2 2c¢C 2 C 2 C C 2
{E(—K P-0:0"F00) == 0, ;(—K Bba P*+00ag00 ~bdag e +0c0agp  +0dbg, ¢ ~00 g o) == O]
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Closer look at one example: general relativity

1. Starting point is trace-reversed Einstein equation:
2 1 . y6 ©
aaﬁ == —K eaﬁ —; @yé g gaﬁ + R[v]aﬁ
2. Example: second velocity order.
(1) Extract second-order field equations:
1 1
{5 (- p-8.0"G00) == ©, N (-K* 6ba P+0b0ago0 ~ 602§ +0cBag,® +0cBbg,  ~0c0 g ap ) == o}
(2) Make ansatz for second-order metric components:
2 2
{goo =aU, gab == 32 O,5p U+as Uab}
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Closer look at one example: general relativity

1. Starting point is trace-reversed Einstein equation:
2 1 . y6 o
Saﬁ ==K | Ogp - ; O,5 18 Bap |* R[V]aﬁ
2. Example: second velocity order.
(1) Extract second-order field equations:
1 1
{5 (- p-8.0"G00) == ©, N (-K* 6ba P+0b0ago0 ~ 602§ +0cBag,® +0cBbg,  ~0c0 g ap ) == o}
(2) Make ansatz for second-order metric components:
2 2
{geo =a U, gab =32 0,p U+as Uab}
(3) Solve for constant coefficients to obtain solution:
, K2 U S Sap U
{goe - 471" gab 47 }
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Closer look at one example: general relativity

1. Starting point is trace-reversed Einstein equation:
1 ) 5
Eap == —KZ(Gaﬁ -3 0,5 ig"° gaﬁ)+ R[v]aﬁ
2. Example: second velocity order.
(1) Extract second-order field equations:
1 1
{5 (- p-8.0"G00) == ©, N (-K* 6ba P+0b0ago0 ~ 602§ +0cBag,® +0cBbg,  ~0c0 g ap ) == o}
(2) Make ansatz for second-order metric components:
2 2
{geo =aU, gab == 32 O,5p U+as Uab}
(3) Solve for constant coefficients to obtain solution:

2 k* U K 6,p U
{goe ==;’ gab 4n }
3. Perform same steps to obtain all necessary metric components:
{éw ,:_:’ - K2 j;b u, . K2(71V:r: wa)’ - 8K27'((2¢1+®3;23TZ4)+K4(2¢2—U2)}
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Closer look at one example: general relativity

1. Starting point is trace-reversed Einstein equation:
1 ‘ R
Eap == —KZ(G)aﬁ -3 0,5 ig"° ga5)+ R[v]aﬁ

2. Example: second velocity order.
(1) Extract second-order field equations:

1 1
{; (- p-8.0"G00) == ©, > (-K* 6ba P+0b0ago0 ~ 602§ +0cBag,® +0cBbg,  ~0c0 g ap ) == 0}
(2) Make ansatz for second-order metric components:
2 2
{goo =a U, gab == 2 Oap U+as Uab}

(3) Solve for constant coefficients to obtain solution:

2 k* U K 6,p U
{goe ==;’ gab 4n }
3. Perform same steps to obtain all necessary metric components:
{éoo ':_:’ 1, - < j;b U, - K2(71v66r: Wa)’ - 8K27'((2¢1+®3;23TZ4)+K4(2®2—U2)}

4. Obtain PPN parameters by comparing with standard PPN metric:
{B==1,y==1,8=20, a1 =20, @ ==0, a3==0, {1 =0, {,==0, {3==0, {4 == 0}
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A look under the hood: expanded Einstein equations

1
1 2 2 3
=0, g00 =05 Soo ==;(-sz—6aaagoe), s00 =0,

1
=2 (2K pN-6K7p-4K"p v, vV +4000.50" ~200005% 5 ~2020° 500 ~Oagoe O goo -

2b 2 2 2 b 2 02 bna 2 2 [0} 0 1
9ag"h 0500 +20°500 dga +2K° P goo +29°0° 300 gab)s Soa =05 Sob = O» Foa =0,
1
=0, 3oa =0, Zop =0, 2q, == ;(Zsz Va=000a3 h + 00063 a" +000ag0" - 9004 )s
== _(ZK P Vy, +800agy,” ~000bg " ~ 020 gop *+0adbge ), So0a =0, gob =0, gap =0,
1
== 0, éab == ;(—K2 6ab p+6baa§00—3baaécc+6c3aébc +acabéac-acacéab)’ éab == 0,

= - (ZK Sab (-PT+P)=4K PV, Vi =20800agop ~2060bg0a +206005ap +200ag 00

2abaag ¢ +0af00 Obgoo +0ag " abécd +200.4,° +2acab§a° =200, +0ag° acédd +
2d 2 2 2

dga  Ocg’q ‘aagbc goo _abgac goo +9cgab 0 goo ‘acg 4 gab ‘2aagb adgc -

2abéa° adgc +20°2 gab adgc -2acgbd 8 gac +2adgbC adgac +2abaag00 goo -

2cd
2670 Gap +2000afcq §°° ~2000gbc g ~2000gac 570 +200c3ap 3°°)}
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e Cosmological perturbations
@ Cosmological background geometry and 3 + 1 split
@ Gauge-invariant cosmological perturbations in teleparallel gravity
@ Computer algebra approach
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0 Introduction

e Perturbations of metric-affine and teleparallel geometries
e Parametrized post-Newtonian formalism

e Cosmological perturbations
@ Cosmological background geometry and 3 + 1 split

e Conclusion
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Cosmological metric teleparallel background geometry

o Friedmann-Lemaitre-Robertson-Walker metric:
G dx* @ dx” = —n,n, + h,, = —N?dt ® dt + A%y,dx? © dxP. (27)

= Scale factor A(t) and lapse function N(t) depend on time t, metric -4, does not.
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Cosmological metric teleparallel background geometry

« Friedmann-Lemaitre-Robertson-Walker metric:
G dx* @ dx” = —n,n, + h,, = —N?dt ® dt + A%y,dx? © dxP. (27)
= Scale factor A(t) and lapse function N(t) depend on time t, metric -4, does not.
o Cosmologically symmetric torsion and contortion tensors:

o Z’th[ynp] + 24276,“,/;, Ko 2"7/hp[un,/] — 'Q{&TMVP ‘

prp = A ) wvp = A (28)
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Cosmological metric teleparallel background geometry

« Friedmann-Lemaitre-Robertson-Walker metric:
G dx* @ dx” = —n,n, + h,, = —N?dt ® dt + A%y,dx? © dxP. (27)
= Scale factor A(t) and lapse function N(t) depend on time t, metric -4, does not.
» Cosmologically symmetric torsion and contortion tensors:

o Z’th[ynp] + 2&2/8,“,,;; Ko 2”1/hp[uny] — JZ%&?W,p ‘

prp = A ) uvp A (28)

e Two branches of cosmologically symmetric teleparallel geometries: w20

1. “Vector” branch:
YV =Hxiu, =0, (29)

2. “Axial” branch:
YV =H, ==u. (30)

— Torsion depends on constant k = u? and conformal Hubble parameter H = N~19;A.
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Spatial geometry and 3 + 1 decomposition

» Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:

Qv = —nuny, + hy, . (31)
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Spatial geometry and 3 + 1 decomposition

» Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:
Qv = —nuny + hyy . (31)

¢ Unit normal (co-)vector field:
n,dx* = —Ndt. (32)
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Spatial geometry and 3 + 1 decomposition

» Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:
Qv = —nuny + hyy . (31)

¢ Unit normal (co-)vector field:
n,dx* = —Ndt. (32)

« Induced metric h,,, and constant background metric 4, on spatial hypersurfaces:

L dx* @ dx¥ = APypdx? @ dx?. (33)
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Spatial geometry and 3 + 1 decomposition

Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:

Qv = —nuny + hyy . (31)

Unit normal (co-)vector field:
n,dx* = —Ndt. (32)

Induced metric h,,, and constant background metric v, on spatial hypersurfaces:

L dx* @ dx¥ = APypdx? @ dx?. (33)

Totally antisymmetric tensors ¢, and vy ON spatial hypersurfaces:

Epvp = Mo, EupdXt @ dX” @ dx? = ABvgpedx? ® dxP @ dx°. (34)
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Spatial geometry and 3 + 1 decomposition

Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:

Qv = —nuny + hyy . (31)

Unit normal (co-)vector field:
n,dx* = —Ndt. (32)

Induced metric h,,, and constant background metric v, on spatial hypersurfaces:

L dx* @ dx¥ = APypdx? @ dx?. (33)

Totally antisymmetric tensors ¢, and vy ON spatial hypersurfaces:

Epvp = Mo, EupdXt @ dX” @ dx? = ABvgpedx? ® dxP @ dx°. (34)

Levi-Civita covariant derivative d, of background metric 7.
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Projectors and tensor decomposition

« Introduce covariant and contravariant spatial projectors:
N0, ® dx* = Agd, @ dx?, M40, ®dx? = A~ 1650, @ dx?. (35)
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Projectors and tensor decomposition

¢ Introduce covariant and contravariant spatial projectors:

N0, ® dx* = Agd, @ dx?, M40, ®dx? = A~ 1650, @ dx?. (35)
= Relation of projectors with temporal and spatial metric components:
ns=0, nN3=0, h,NENE=7a, YaoMENT = . (36)
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Projectors and tensor decomposition

¢ Introduce covariant and contravariant spatial projectors:

N0, ® dx* = Agd, @ dx?, M40, ®dx? = A~ 1650, @ dx?. (35)
= Relation of projectors with temporal and spatial metric components:
nMy=0, mN2=0, h,MLNY="m, ~N2NE=h. (36)
— Decomposition of Kronecker symbol:
o4 =—n'n, + A = —nn, + NEN3 . NANL = 62 (37)
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Projectors and tensor decomposition

¢ Introduce covariant and contravariant spatial projectors:

N0, ® dx* = Agd, @ dx?, M40, ®dx? = A~ 1650, @ dx?. (35)
= Relation of projectors with temporal and spatial metric components:
nMy=0, mN2=0, h,MLNY="m, ~N2NE=h. (36)
— Decomposition of Kronecker symbol:
o4 =—n'n, + A = —nn, + NEN3 . NANL = 62 (37)

« Introduce space-time split of covariant and contravariant tensors:
X=N"'X%;+A7"X%, « X°=-n,X"=NX°, X?=n2x"=AX? (38a)

X = NXodt + AXdx? s Xo=nmX,=N"X, Xo=NX,=A"X;.
o atu (38b)
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Projectors and tensor decomposition

¢ Introduce covariant and contravariant spatial projectors:

N0, ® dx* = Agd, @ dx?, M40, ®dx? = A~ 1650, @ dx?. (35)
= Relation of projectors with temporal and spatial metric components:
nMy=0, mN2=0, h,MLNY="m, ~N2NE=h. (36)
— Decomposition of Kronecker symbol:
o4 =—n'n, + A = —nn, + NEN3 . NANL = 62 (37)

« Introduce space-time split of covariant and contravariant tensors:
X=N"'X%;+A7"X%, « X°=-n,X"=NX°, X?=n2x"=AX? (38a)

X = NXodt + AXdx? e Xo=n'X,=N"Xg, Xa=N:X,=A"X,.
o atu (38b)

= Indices of decomposed components are raised and lowered with Minkowski metric:
Xt=g"X, o X0=-X, X?=-%X%,. (39)
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Derivative decomposition

» Space-time split of Levi-Civita covariant derivative:
Vo X8 =
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Derivative decomposition

» Space-time split of Levi-Civita covariant derivative:
VaX? = (W = nam)(h? — n®ns)V, (R X° + N3X3)

« Introduce projectors for space-time split.
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Derivative decomposition

» Space-time split of Levi-Civita covariant derivative:

VaX? = (W = nan)(h? = nPns)V,(n°X° + N3X3)

= - (PP X0 + njok?)

(40)

« Introduce projectors for space-time split.
« |dentify components originating from index choice:
1. Derivative in time direction yields time derivatives.
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Derivative decomposition

» Space-time split of Levi-Civita covariant derivative:
VaX? = (h = nam)(h? — n®ns)V, (R X° + N3X3)
n N N Mna N N
= — (0K + 0K + 2 (n7da X + M daX?)
(40)

« Introduce projectors for space-time split.
« |dentify components originating from index choice:
1. Derivative in time direction yields time derivatives.
2. Derivative in spatial direction yields spatial derivatives.
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Derivative decomposition

» Space-time split of Levi-Civita covariant derivative:
VaX? = (W = nam)(h? — n®ns) vV, (X0 + N3X3)

- _ W@“(nﬂa,x0 + NS0 X3) + %(nﬁdaf(o + MdaXP) + H(RZXO + 550207 XP)
(40)

« Introduce projectors for space-time split.

« |dentify components originating from index choice:
1. Derivative in time direction yields time derivatives.
2. Derivative in spatial direction yields spatial derivatives.
3. Mixed Christoffel symbols contain Hubble parameter.
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Derivative decomposition

» Space-time split of Levi-Civita covariant derivative:
VaX? = (W = nam)(h? — n®ns)V, (R X° + N3X3)

a
= — n—l\7(nﬂ8,X° +n2o:X3) + %(nﬁdax0 + MdaX?) + HREX® + 5 2oN2n° XP)
(40)

« Introduce projectors for space-time split.
« |dentify components originating from index choice:

1. Derivative in time direction yields time derivatives.

2. Derivative in spatial direction yields spatial derivatives.

3. Mixed Christoffel symbols contain Hubble parameter.

« Hubble parameter enters through derivative of projectors:
o Eulerian observers move on geodesics = acceleration vanishes:

a,=n"v,n,=0. (41)
o Spatial geometry is maximally symmetric = extrinsic curvature:

K. =V,un, +n,a, = Hh,, . (42)
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Time coordinate and derivatives

» Lapse function N can be fixed by choice of time coordinate:
o Cosmological time t = t: lapse function N = 1.
o Conformal time t = t: lapse function N = A.
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Time coordinate and derivatives

« Lapse function N can be fixed by choice of time coordinate:
o Cosmological time t = f: lapse function N = 1.
o Conformal time t = t: lapse function N = A.

« Relation between different time coordinates:
dt = Ndt = Adt. (43)
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Time coordinate and derivatives

« Lapse function N can be fixed by choice of time coordinate:
o Cosmological time t = f: lapse function N = 1.
o Conformal time t = t: lapse function N = A.

« Relation between different time coordinates:
dt = Ndt = Adt. (43)

« Common notation for derivatives of scalar function f = f(¢):
o Cosmological time derivative:

- df 1
f=—=—=0=Lnf. 44
ai N (44)
o Conformal time derivative:
f = g = éf)f (45)
Tdt N
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Time coordinate and derivatives

« Lapse function N can be fixed by choice of time coordinate:
o Cosmological time t = f: lapse function N = 1.
o Conformal time t = t: lapse function N = A.

« Relation between different time coordinates:
dt = Ndt = Adt. (43)

« Common notation for derivatives of scalar function f = f(¢):
o Cosmological time derivative:

- df 1
f=—=—=0=Lnf. 44
ai N (44)
o Conformal time derivative: o A
! =
f = at Na,f. (45)

» Example: cosmological and conformal Hubble parameters H, H.:

A
H:X:A:AH' (46)
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0 Introduction

e Perturbations of metric-affine and teleparallel geometries
e Parametrized post-Newtonian formalism

e Cosmological perturbations

@ Gauge-invariant cosmological perturbations in teleparallel gravity

e Conclusion
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Perturbation decomposition

1. Consider linear perturbation 7, = nag0*,505, of tetrad.
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Perturbation decomposition

1. Consider linear perturbation 7, = nag0*,505, of tetrad.
2. Perform space-time split 7., ~ o0, Ta0, Tobs Tab-
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Perturbation decomposition

1. Consider linear perturbation 7, = nag0*,505, of tetrad.
2. Perform space-time split 7., ~ o0, Ta0, Tobs Tab-
3. Irreducible decomposition of tetrad components:

00 = ¢, (47a)
ob = dpf + bp , (47b)
Ta0 =day + Va, (47¢)
. ~ n ~ P 1.,

Tab = ¥yab + dadpd + dpCa + Vanc(d°E + WE) + 53ab - (47d)
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Perturbation decomposition

1. Consider linear perturbation 7, = 14g6*,568, of tetrad.
2. Perform space-time split 7, ~> 700, 720, Tob, Tab-
3. Irreducible decomposition of tetrad components:

00 = ¢, (47a)
ob = dpf + bp , (47b)
Ta0 =day + Va, (47¢)
. ~ n ~ P 1.,

Tab = ¥yab + dadpd + dpCa + Vanc(d°E + WE) + 53ab - (47d)

4. Conditions on vector and tensor components:
daba - da‘,}a == daaa - dawa == 0, daaab == 0, a[ab] == 0, é\,aa == 0 . (48)
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Perturbation decomposition

1. Consider linear perturbation 7, = 14g6*,568, of tetrad.
2. Perform space-time split 7, ~ 700, 20, Tob, Tab-
3. Irreducible decomposition of tetrad components:

00 = @, (47a)
#ob = dpj + by, (47Db)
Ta0 = day + Va, (47c)
. ~ N . A 1.

Tab = Vyab + dalpd + dpCa + vape(d°E + WE) + Eqab- (47d)

4. Conditions on vector and tensor components:
daba == da‘,}a == daaa - dawa == 0, daaab == O, a[ab] == 0, e,aa == 0 . (48)

5. Note that the term dbéa is not Symmetrized: [Golovnev, Koivisto '18]
o Antisymmetric part dj,Cp) = %vabcvdecdd&e can be absorbed into w.
o Vanishing divergence follows from Bianchi identity

A R 1 N
dc(UdeCddCe) = 'Udecd[cdd] Ce = E'UdeCRfechf == 0 . (49)

Manuel Hohmann (University of Tartu) Perturbative methods in gravity theory AEI - 5. 8. 2021 39/57



Gauge-invariant perturbations

« Consider infinitesimal coordinate transformation as gauge transformation.
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Gauge-invariant perturbations

« Consider infinitesimal coordinate transformation as gauge transformation.
= Gauge-invariant cosmological tetrad perturbations remain invariant: o
1. Scalar perturbations - 3 scalars + 1 pseudo-scalar:

E=E+ a5, (50a)
y=y-6—-(H-7)5, (50b)
P =0+ H[+H-V)5], (50c)
d=b—H[+(H-)6]+[+(H—-7)s]. (50d)
2. Vector perturbations - 2 divergence-free vectors + 1 pseudo-vector:

Va=Va+ (¥ —H)Ca—Cl, (50e)
ba= b+ (H —¥)ea, (50f)
Wy = Wy + /Cy, (509)

3. Tensor perturbation - 1 symmetric, trace-free, divergence-free tensor:
Qab = Gab - (50h)
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Perturbed gravitational field equations

o Perturbative expansion of gravitational field equations:

EA”-FQSA”:EA“:@A”:C:)A“—F‘IA”, (51)
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Perturbed gravitational field equations

« Perturbative expansion of gravitational field equations:
Eat + €4 = Eft = 04" = 04" + T, (51)
« Structure of background equations determined by cosmological symmetry:

mnunu + f)h,w = E;w = e_AungEAp = éAugup 7-Ap = é;w = ﬁnunu + bhw/ . (52)
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Perturbed gravitational field equations

o Perturbative expansion of gravitational field equations:
Ept + @pt = Ept = O = O + Ty, (51)
« Structure of background equations determined by cosmological symmetry:
NNy + D = B = 04,80pEa” = 0,80 Ta” = Oy = pnuny + Phyu, . (52)
= Gravitational side of field equations determined by background density and pressure:

p=N, p=9. (53)
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Perturbed gravitational field equations

« Perturbative expansion of gravitational field equations:
Ept + @pt = Ept = O = O + Ty, (51)
« Structure of background equations determined by cosmological symmetry:
Nn,ny, + DA = Epw = 04,80,E” = 02,8, Ta” = O = pnuny, +Pphy . (52)
= Gravitational side of field equations determined by background density and pressure:
p=N, p=9. (53)
= Perturbed field equations:

Qf,uu = Q_A,ugupeAp = H_AygupTAp = g;w . (54)
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Perturbed gravitational field equations

« Perturbative expansion of gravitational field equations:
Ept + @pt = Ept = O = O + Ty, (51)
« Structure of background equations determined by cosmological symmetry:
NNy + D = B = 04,80pEa” = 02,80 Ta” = Oy = pruny + Phyu, . (52)
= Gravitational side of field equations determined by background density and pressure:
p=0N, p=9. (53)
= Perturbed field equations:
€ = 04.30p€n" = 02,80, %4" = Tyw - (54)

e Quantities N, $H and €, determined from gravity theory.
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Irreducible decomposition of perturbed equations

« Decomposition of perturbed gravitational field tensor similar to tetrad:

é\300:&57

@Ob:db:j'i‘ Bb,
&0 =da¥V + ‘A/a,

. . . . A 1.
Cap = Uygp +dadpX +dsCp + Uabc(dC: + WC) + EQab .

(55a)
(55b)
(55c¢)

(554d)
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Irreducible decomposition of perturbed equations

« Decomposition of perturbed gravitational field tensor similar to tetrad:

é\foo = CII\D y (553)
Eob = dpd + By, (55b)
Co=da¥Y + Va, (55¢)
N N . . a 1.

Cab = Wryap + dadp + daCp + vape(d°= + WE) + EQab . (55d)

« Decomposition of perturbed energy-momentum around perfect fluid:

Too = 0P+ po, (56a)
Tob = — [(p + )b + (U + b)) (56b)
Rao == [(7+P)(0la + Va + daf?) + P(ba + daf)] . (56¢)
o . . _ |~ . o I 1.

Tab = 6PYVab + Fab — P [l/Wab + dpdad + dalp — vape(d° + WF) + 50av| - (56d)
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Manuel Hohmann (University of Tartu)

Gauge-invariant components of gravitational side

e Scalar components:

b =0 (OH - )+ H—7)s],

=% +96,

E=Z4+405,

J=J— (¥ —H)H5 —N&’,

Y=Y+ (H-V)N+9)6+ 9],

=0 (MH -+ (H—-7)s]-N[+ (H—-¥)5].
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Gauge-invariant components of gravitational side

e Scalar components:

=0 (9H -9+ (H- )5,
=% +56,

E=Z+995,
J=J— (¥ —H)Hs — N6,
Y=V+H-")N+95)5+9],
d=9%

e Vector components:
AVa = \A/a + (H - /V)m&a,
Ba=By— (¥ — H)Hta — NE,,
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Gauge-invariant components of gravitational side

e Scalar components:

=0 (9H -9+ (H- )5,
=% +96,

E=Z+995,
J=J— (¥ —H)Hs — N6,
Y=V+H-")N+95)5+9],
=96

e Vector components:
AVa = \A/a + (H - /V)m&a,
Ba=By— (¥ — H)Hta — NE,,

e Tensor component:

Qab = Qab 5
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Gauge-invariant matter variables

» Gauge-invariant density perturbation:

E=6p+ 7+ (H—-7)a]. (60)
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Gauge-invariant matter variables

» Gauge-invariant density perturbation:
E=0p+7li+H—-7)5]. (60)
o Gauge-invariant pressure perturbation:

P =0p+pl+(H-7)s]. (61)
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Gauge-invariant matter variables

» Gauge-invariant density perturbation:

E=0p+ 7+ (H—7)5]. (60)
o Gauge-invariant pressure perturbation:

P=6p+p [+ H—7)5]. (61)
« Decompose velocity perturbation into transverse and longitudinal part:

Xa"‘daﬁ - 603_’_ (&a‘}‘da&)l (62)
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Gauge-invariant matter variables

» Gauge-invariant density perturbation:
E=0p+ 7+ (H—7)5]. (60)
o Gauge-invariant pressure perturbation:
P=6p+p [+ H—7)5]. (61)
« Decompose velocity perturbation into transverse and longitudinal part:
Xy +dal =605+ (Ca+da8) . (62)

¢ Anisotropic stress is gauge-invariant; decompose into scalar, vector, tensor:

A1 . N
dadpS — 3 A88%ap + d(aVp) + Tab = Fap- (63)

Manuel Hohmann (University of Tartu) Perturbative methods in gravity theory AEI - 5. 8. 2021 44/57



Gauge-invariant field equations

o Decompose perturbed field equations into irreducible components:
o Scalar components:

J=—(+P)L—py, Y=—(p+P)(L+Y), (64a)
£=3, 2 =pE, (64b)
@:ﬁ_%m—w, =F4750. (640)
o Vector components:

Va=—(p+p)(Xa+Vs) — Pba, W, = pw, — EUabcdeCa (65a)
B,=—(7+ D)X — pUs, C.="V,. (65b)

o Tensor component: R R
Qap =276 — PQab - (66)
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Gauge-invariant field equations

o Decompose perturbed field equations into irreducible components:
o Scalar components:

J=—(p+P)L- Py, Y=—(p+D)(L+Y). (64a)
=3, E = pé, (64b)
@:ﬁ_%m—w, =245 (640)
o Vector components:
~ _ ~ . A ~ N 1 ~
Va=—(p+p)(Xa+Vs) — Pba, W, =pw, — EUabcdeCa (65a)
Ba=—(p+Pp)Ap — pls, C.="Va. (65b)
o Tensor component: R .
Qb =272 — PYab - (66)

v Equations are fully gauge-invariant.
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Gauge-invariant field equations

o Decompose perturbed field equations into irreducible components:
o Scalar components:

J=—(p+P)L- Py, Y=—(p+D)(L+Y). (64a)
=3, E = pé, (64b)
@:ﬁ_%m—w, =245 (640)
o Vector components:
~ _ ~ . A ~ N 1 ~
Va=—(p+p)(Xa+Vs) — Pba, W, =pw, — EUabcdeCa (65a)
Ba=—(p+Pp)Ap — pls, C.="Va. (65b)
o Tensor component: R .
Qb =272 — PYab - (66)

v Equations are fully gauge-invariant.

e Remaining task: determine components of gravity side from gravity theory.
AEI - 5. 8. 2021 45/57
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e Perturbations of metric-affine and teleparallel geometries
9 Parametrized post-Newtonian formalism

e Cosmological perturbations

@ Computer algebra approach

e Conclusion
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Key features needed from implementation (WIP)

1. Pre-defined geometric objects:
o Tetrad with cosmological symmetry and its perturbation.
o Different connections: Levi-Civita and metric teleparallel.
o Tensors related to curvature and torsion.
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Key features needed from implementation (WIP)

1. Pre-defined geometric objects:
o Tetrad with cosmological symmetry and its perturbation.
o Different connections: Levi-Civita and metric teleparallel.
o Tensors related to curvature and torsion.
2. Variables specific to cosmological perturbations:
Energy-momentum variables: density, pressure, velocity, anisotropic stress.
Spatial geometry with metric vz, and Levi-Civita derivative dg.
Projectors M4 and N2 to facilitate 3 + 1 split.
Time-dependent scalar functions: N, A, H, H, ¥, o, ...
Irreducible components of tetrad perturbation and perturbed field equations.

o

O O O O
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Key features needed from implementation (WIP)

1. Pre-defined geometric objects:
o Tetrad with cosmological symmetry and its perturbation.
o Different connections: Levi-Civita and metric teleparallel.
o Tensors related to curvature and torsion.
2. Variables specific to cosmological perturbations:
Energy-momentum variables: density, pressure, velocity, anisotropic stress.
Spatial geometry with metric v, and Levi-Civita derivative d,.
Projectors M4 and N2 to facilitate 3 + 1 split.
Time-dependent scalar functions: N, A, H, H, ¥, o, ...
Irreducible components of tetrad perturbation and perturbed field equations.
3. Algorithms typically used in cosmological perturbations:
Linear perturbation of all quantities with respect to tetrad perturbation.
3 + 1 decomposition of tensors and connection coefficients into time and space.
Substitution of background values for cosmologically symmetric tensors.
Irreducible decomposition of perturbations.
Transformation from and to gauge-invariant variables.
Transformation between different choice of time coordinate.

o

O O O O

@]

O O O O O
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Work in progress: some known quantities

1. Scalar functions of time:

In[]:= {LapseF[], ScaleF[], Hubblel[],
CHubble[], VecTor[], AxiTor([]}
out (1= {N,A H,H,V , o/}
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Work in progress: some known quantities

1. Scalar functions of time:

In[]:= {LapseF[], ScaleF[], Hubblel[],
CHubble[], VecTor[], AxiTor([]}
out (1= {N,A H,H,V , o/}

2. Background metric and its decomposition:

Tn[]:= SMet[-T4x, —-T4fB] - Orth[-T4x] % Orth[-T4f3]
Oout []= —nanﬁ —+ hag

In[]:= ProjectorToMetric[%]

Out[]= gag
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Work in progress: some known quantities

1. Scalar functions of time:

In[]:= {LapseF[], ScaleF[], Hubblel[],
CHubble[], VecTor[], AxiTor([]}
ouc 1= {N,AH,H,V, o}

2. Background metric and its decomposition:

Tn[]:= SMet[-T4x, —-T4fB] - Orth[-T4x] % Orth[-T4f3]
Oout []= —nanﬁ —+ hag

In[]:= ProjectorToMetric[%]

Out[]= gag

3. Projector fields:

in[]:= {ProjCon[-T4x, T3al, ProjCov[T4x, —-T3al}
out 1= {M&,N%}
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Work in progress: 3 + 1 decomposition of tensors

1. Usual 3 4 1 decomposition g,,, ~+ goo, 9=0, Gob, Gap USES lapse and scale factor:
Tn[]:= SpaceTimeSplits[Met [-T4x, -T4p],

{-T4x — -T3a, -T4p — -T3b}]
out (1= {{N?Goo, NAGob}, {NAGz0, A2Gab}}
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Work in progress: 3 + 1 decomposition of tensors

1. Usual 3 + 1 decomposition g,,, ~ goo, 920, Gob, Gap USES lapse and scale factor:

Tn[]:= SpaceTimeSplits[Met [-T4x, -T4p],
{-T4x — -T3a, -T4p — -T3b}]
out 1= {{N?8oo, NAQob}, {NAGz0, A2Qan}}

2. Alternative approach using projectors and without explicit factors:

Tn[]:= SpaceTimeExpand[Met [-T4x, —-T4p]]
out 1= NaNgdoo — NsMadoa — NaM380a + N2N5Jab

=

[]
t
n(]:= SpaceTimeSplits([%, {-T4x — -T3a, -T4f — -T3b}]
tll= {{N2g007 NAgOb}a {NAg307 A2§ab}}

(@)

u
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Work in progress: 3 + 1 decomposition of tensors

1. Usual 3 + 1 decomposition g,,, ~ goo, 920, Gob, Gap USES lapse and scale factor:

Tn[]:= SpaceTimeSplits[Met [-T4x, -T4p],
{-T4x — -T3a, -T4p — -T3b}]
out 1= {{N?8oo, NAQob}, {NAGz0, A2Qan}}

2. Alternative approach using projectors and without explicit factors:

Tn[]:= SpaceTimeExpand[Met [-T4x, —-T4p]]
out 1= NaNgdoo — NsMadoa — NaM380a + N2N5Jab

[1:
tl
Tn[]:= SpaceTimeSplits([%, {-T4dx — -T3a, -T4p — -T3b}]
out (1= {{N?goo, NAQop}, {NAGa0, A?Jab} }

3. Use automatic background substitution gog = —1, 302 = 0, Jap = Vab:

Tn[]:= SpaceTimeSplits[Met [-T4x, -T4p1]1,
{ T4dx — -T3a, -T4p — -T3b}, UseCosmoRules — True]
out 1= {{N?,0},{0, A%vap}}
Tn[]:= SpaceTimeExpand[Met [-T4x, —-T4B], UseCosmoRules — True]
out [1= —MyNg + I'Igl'lgfyab
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Work in progress: 3 + 1 decomposition of derivatives

1. Partial derivative of scalar:

In[]:= DefTensor[SI[],

out 11— {068,028}

{MfSpacetime}]

n[]:= SpaceTimeSplits[PD[-T4x][S[]],

{-Tdax — -T3a}l

Manuel Hohmann (University of Tartu)
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Work in progress: 3 + 1 decomposition of derivatives

1. Partial derivative of scalar:

In[]:= DefTensor[S[], {MfSpacetime}]
In[]:= SpaceTimeSplits[PD[-T4x][S[]], {-T4da — -T3a}]
out (1= {0pS, 02S}

2. Levi-Civita covariant derivative of vector field:

in[]:= DefTensor[X[T4«a], {MfSpacetime}]
Tn[]:= SpaceTimeSplits[CD[-T4x] [X[T4pB11,
{-T4x — -T3a, T4B— T3b}]
0 b 0 b vb &
out [1= {{80/3( ,302( }’{dal\)l( _‘_:@bFI(IAX ’da/)\( +6§HXO}}
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Work in progress: 3 + 1 decomposition of derivatives

1. Partial derivative of scalar:

In[]:= DefTensor[S[], {MfSpacetime}]
In[]:= SpaceTimeSplits[PD[-T4x][S[]], {-T4da — -T3a}]
out (1= {0pS, 02S}

2. Levi-Civita covariant derivative of vector field:

in[]:= DefTensor[X[T4«a], {MfSpacetime}]
Tn[]:= SpaceTimeSplits[CD[-T4x] [X[T4pB11,
{-T4x — -T3a, T4B— T3b}]

$0 b 0 b b e
R A A 0 AR . A B S a1 |

3. Purely spatial part:

Tn[]:= SpaceTimeSplits[SD[-T4«] [ProjectorSMet [X[T4PB111,
{-T4dx — -T3a, T4Pp— T3b}]

Jove 1- {100}, {0, 9"} } |
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Work in progress: calculating perturbations

. Tetrad perturbation is expanded into 7,3:

In[]:= Perturbation[Tet [L4l, -T4wa]]
Out[]= Tﬁoﬁrﬂ

In[]:= Perturbation[InvTet [-L4l, T4«]l]
Out[]= —erﬁ’?’aﬁ
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Work in progress: calculating perturbations

1. Tetrad perturbation is expanded into 7,4:

In[]:= Perturbation[Tet [L4l, -T4wa]]
out [1= 7,05

In[]:= Perturbation[InvTet [-L4l, T4«]l]
Oout[]= —erBTO‘ﬂ

2. Perturbations of common tensors:

Tn[]:= Perturbation[Met [-T4x, -T4p]]

out 1= TaB + TBa

Tn[]:= Perturbation[TorsionFD[T4x, -T4p,
out 1= Vgr%, — V7%

~T4y]]
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Work in progress: calculating perturbations

1. Tetrad perturbation is expanded into 7,4:

In[]:= Perturbation[Tet [L4l, -T4wa]]
out [1= 7,05

In[]:= Perturbation[InvTet [-L4l, T4«]l]
Oout[]= —erBTO‘ﬂ

2. Perturbations of common tensors:

Tn[]:= Perturbation[Met [-T4x, -T4p]]

out 1= TaB + TBa

Tn[]:= Perturbation[TorsionFD[T4x, -T4p, -T4vy]]
out [1= Vgr%, — V,7%

3. Perturbation of field equations defined from mixed form:

Tn[]:= Perturbation[GravField[-T4x, -T4p]]
out[]= Qfa,g + Ea'yTﬁ,y + E757'7a + EoﬂT%g
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Work in progress: irreducible decomposition

1. Spatial part of tetrad perturbation:

In[]:= ExpandTau[CT[Tau] [-T3a, —-T3b]]
out [1= Yyap + dadpd + dpCa + Vabe(d%E + W) + 3 8ap
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Work in progress: irreducible decomposition

1. Spatial part of tetrad perturbation:

In[]:= ExpandTau[CT[Tau] [-T3a, —-T3b]]
out [1= Yyap + dadpd + dpCa + Vabe(d%E + W) + 3 8ap

2. Properties of irreducible components:

In[]l:= {BD[T3a] [CT[TauSSt] [-T3a, -T3b]], CT[TauSsSt]][
CT[TausSsSt] [-T3a, -T3b] - CT[TauSst] [-T3b, -T3al}

out [1= {d¥Qap, G%a, Qab — Qba}

In[]:= IrrDecomp /@ %

out 1= {0,0,0}

T3a, —-T3a],
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Work in progress: irreducible decomposition

1. Spatial part of tetrad perturbation:

In[]:= ExpandTau[CT[Tau] [-T3a, —-T3b]]
out [1= Yyap + dadpd + dpCa + Vabe(d%E + W) + 3 8ap

2. Properties of irreducible components:

In[]:= {BD[T3a] [CT[TauSSt] [-T3a, -T3b]l], CT[TauSSt]

[
CT[TausSsSt] [-T3a, -T3b] - CT[TauSst] [-T3b, -T3al}
out [1= {d¥Qap, G%a, Qab — Qba}

In[]:= IrrDecomp /@ %

out 1= {0,0,0}

T3a, -T3a]l,

3. Similar expansions for gravitational field and energy-momentum:

In[]:= ExpandGrav|[CT[GravPert] [-T3a, -LI[0]1]]
out[]= da)A’Jr \7a

In[]:= ExpandEnMom [CT [EnMomPert] [-LI[0], -LI[O0]]1]
out - e+ pd
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Work in progress: gauge-invariant quantities

1. Gauge-invariant tetrad perturbation:

In[]:= ConvFromGaugeInvTau[CT[GinvTauSSva]l] [T3a]]
out (1= W@+ /22

In[]:= ConvToGaugeInvTaul%]

out[1- W2
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Work in progress: gauge-invariant quantities

1. Gauge-invariant tetrad perturbation:

In[]:= ConvFromGaugeInvTau[CT[GinvTauSSva]l] [T3a]]
out (1= W@+ /22

In[]:= ConvToGaugeInvTaul%]

out[1- W2

2. Gauge-invariant gravitational field perturbation:

In[]:= ConvFromGaugeInvGrav[CT[GinvGravPertSSsa] []]
1= =+ dH6
ConvToGaugeInvGrav|[%]

out [
nl]:
[

=)
=1

Out

]
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Work in progress: gauge-invariant quantities

1. Gauge-invariant tetrad perturbation:

In[]:= ConvFromGaugeInvTau[CT[GinvTauSSva]l] [T3a]]
out (1= W@+ /22

In[]:= ConvToGaugeInvTaul%]

out[1- W2

2. Gauge-invariant gravitational field perturbation:

In[]:= ConvFromGaugeInvGrav[CT[GinvGravPertSSsa] []]
out[]= é—i—gz{ﬁ&

n[]:= ConvToGaugeInvGrav|[%]

out[]= é

3. Gauge-invariant time-time component of field equations:

In[]:= CT[GinvGravPert] [-LI[0], -LI[O0]] -
CT[GinvEnMomPert] [-LI[O0], -LI[O011];
Tn[l:= % // ExpandGrav // ExpandEnMom

out[]= <I>—c‘f—p<2>
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Work in progress: choice of time coordinate

1. Derivatives with respect to cosmological and conformal time:

‘In[] := {DCosmTime [ScaleF[]], DConfTime[ScaleF[]]} ‘

oo {502 |
L

Manuel Hohmann (University of Tartu) Perturbative methods in gravity theory AEI - 5. 8. 2021 54/57



Work in progress: choice of time coordinate

1. Derivatives with respect to cosmological and conformal time:

‘Inﬂ:: {DCosmTime [ScaleF[]], DConfTime[ScaleF[]]}

oo {502 |
L

2. Hubble parameter:

In[]:= Hubblel[]

out[1= H

In[]:= HubbleToDScalel[%]
Out[]= %
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Work in progress: choice of time coordinate

1. Derivatives with respect to cosmological and conformal time:

‘Inﬂ:: {DCosmTime [ScaleF[]], DConfTime[ScaleF[]]}
o= {38, %) |
L 1

2. Hubble parameter:

In[]:= Hubble[]

out[1= H

In[]:= HubbleToDScalel[%]
Out[]= %

3. Conformal Hubble parameter:

In[]:= CHubblel[]

out[1= H

In[]:= CHubbleToDScale[%]
Oout[]= %
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Outline

e Conclusion
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« Metric-affine and teleparallel geometries and their perturbations:
o Geometric description using Lorentzian metric and affine connection.
o Alternative description in terms of tetrad and spin connection.
o Perturbation can be expressed in terms of tensor fields.
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« Metric-affine and teleparallel geometries and their perturbations:
o Geometric description using Lorentzian metric and affine connection.
o Alternative description in terms of tetrad and spin connection.
o Perturbation can be expressed in terms of tensor fields.
« Particular perturbative approaches used in gravity theory:
o Parametrized post-Newtonian formalism:
- Higher order weak-field approximation around Minkowski background.
- Characterizes gravity theories by 10 (constant) parameters.
- Parameters closely related to solar system observations.
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« Metric-affine and teleparallel geometries and their perturbations:
o Geometric description using Lorentzian metric and affine connection.
o Alternative description in terms of tetrad and spin connection.
o Perturbation can be expressed in terms of tensor fields.
« Particular perturbative approaches used in gravity theory:
o Parametrized post-Newtonian formalism:
- Higher order weak-field approximation around Minkowski background.
- Characterizes gravity theories by 10 (constant) parameters.
- Parameters closely related to solar system observations.
o Cosmological perturbations:
- Perturbation around cosmologically symmetric background solution.
- Uses decomposition into irreducible components to simplify equations.
- Dynamics can be compared to observations in cosmology.
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« Metric-affine and teleparallel geometries and their perturbations:
o Geometric description using Lorentzian metric and affine connection.
o Alternative description in terms of tetrad and spin connection.
o Perturbation can be expressed in terms of tensor fields.
« Particular perturbative approaches used in gravity theory:
o Parametrized post-Newtonian formalism:
- Higher order weak-field approximation around Minkowski background.
- Characterizes gravity theories by 10 (constant) parameters.
- Parameters closely related to solar system observations.
Cosmological perturbations:
- Perturbation around cosmologically symmetric background solution.
- Uses decomposition into irreducible components to simplify equations.
- Dynamics can be compared to observations in cosmology.
Post-Newtonian approach to binary dynamics and gravitational waves.
Newman-Penrose formalism: polarization and speed of gravitational waves.
Quasinormal modes: gravitational waves emitted by perturbed compact object.

[¢]
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« Metric-affine and teleparallel geometries and their perturbations:
o Geometric description using Lorentzian metric and affine connection.
o Alternative description in terms of tetrad and spin connection.
o Perturbation can be expressed in terms of tensor fields.
« Particular perturbative approaches used in gravity theory:
o Parametrized post-Newtonian formalism:
- Higher order weak-field approximation around Minkowski background.
- Characterizes gravity theories by 10 (constant) parameters.
- Parameters closely related to solar system observations.
o Cosmological perturbations:
- Perturbation around cosmologically symmetric background solution.
- Uses decomposition into irreducible components to simplify equations.
- Dynamics can be compared to observations in cosmology.
o Post-Newtonian approach to binary dynamics and gravitational waves.
o Newman-Penrose formalism: polarization and speed of gravitational waves.
o Quasinormal modes: gravitational waves emitted by perturbed compact object.
« Computational tools applicable to perturbation theory:
o Geometric nature of gravity theories suggest using tensor algebra.
o Fixed schemes in perturbation theory suitable for algorithmic approach.
o Example: xPPN package for xAct/ Mathematica allows calculating PPN parameters.
o Work in progress: further package for cosmological perturbations.
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o Further extensions of xPPN:
1. Alternative formulations of PPN formalism:

- Using gauge-invariant higher-order perturbation theory. v+ 19
- Using invariant density approach / other gauge transformation. wii 1g]
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o Further extensions of xPPN:

1. Alternative formulations of PPN formalism:
- Using gauge-invariant higher-order perturbation theory. (vt 19]
- Using invariant density approach / other gauge transformation. wii 1g]

2. Additional post-Newtonian potentials and parameters:
- Yukawa-type potentials to include massive fields. [zaglauer '90; Helbig '91]
- Potentials with higher integrals in higher-order derivative gravity. [Gladchenko et.al. ‘90 & '94]
- Parity-violating terms and PPN parameters measuring parity violation. [Alexander, Yunes '07-09]
- Additional parameters arising from broken diffeomorphism invariance. [Lin etal. "12-14]

- Expansion of éab to model higher-order light propagation. [Richter, Matzner '82]
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o Further extensions of xPPN:

1. Alternative formulations of PPN formalism:
- Using gauge-invariant higher-order perturbation theory. (vt 19]
- Using invariant density approach / other gauge transformation. wii 1g]

2. Additional post-Newtonian potentials and parameters:
- Yukawa-type potentials to include massive fields. [zaglauer '90; Helbig '91]
- Potentials with higher integrals in higher-order derivative gravity. [Gladchenko et.al. ‘90 & '94]
- Parity-violating terms and PPN parameters measuring parity violation. [Alexander, Yunes '07-09]
- Additional parameters arising from broken diffeomorphism invariance. [Lin etal. "12-14]

- Expansion of éab to model higher-order light propagation. [Richter, Matzner '82]
3. Higher than fourth velocity order including wave emission. [sianchet'14]
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o Further extensions of xPPN:

1. Alternative formulations of PPN formalism:
- Using gauge-invariant higher-order perturbation theory. vt '19]
- Using invariant density approach / other gauge transformation. wii 1g]

2. Additional post-Newtonian potentials and parameters:
- Yukawa-type potentials to include massive fields. [zaglauer '90; Helbig '91]
- Potentials with higher integrals in higher-order derivative gravity. [Gladchenko et.al. ‘90 & '94]
- Parity-violating terms and PPN parameters measuring parity violation. (alexander, Yunes '07-09]
- Additional parameters arising from broken diffeomorphism invariance. [Lin etal. "12-14]
- Expansion of éab to model higher-order light propagation. [Richter, Matzner '82]

3. Higher than fourth velocity order including wave emission. [sianchet'14]

4. Generalized post-Newtonian expansion:
- Friedmann-Lemaitre-Robertson-Walker background. [sanghai, Clifton '16]
- Screening mechanisms (Vainshtein) / non-perturbative effects. [avilez-Lopez et.al. '15]
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o Further extensions of xPPN:
1. Alternative formulations of PPN formalism:
- Using gauge-invariant higher-order perturbation theory. vt '19]
- Using invariant density approach / other gauge transformation. wii 1g]
. Additional post-Newtonian potentials and parameters:
- Yukawa-type potentials to include massive fields. [zaglauer '90; Helbig '91]
- Potentials with higher integrals in higher-order derivative gravity. [Gladchenko et.al. ‘90 & '94]
- Parity-violating terms and PPN parameters measuring parity violation. (alexander, Yunes '07-09]
- Additional parameters arising from broken diffeomorphism invariance. [Lin etal. "12-14]
- Expansion of éab to model higher-order light propagation. [Richter, Matzner '82]
. Higher than fourth velocity order including wave emission. [gianchet '14]
. Generalized post-Newtonian expansion:
- Friedmann-Lemaitre-Robertson-Walker background. [sanghai, Clifton '16]
- Screening mechanisms (Vainshtein) / non-perturbative effects. [avilez-Lopez et.al. '15]

. More general geometries including independent connection or multiple metrics.
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o Further extensions of xPPN:

1. Alternative formulations of PPN formalism:
- Using gauge-invariant higher-order perturbation theory. vt '19]
- Using invariant density approach / other gauge transformation. wii 1g]

2. Additional post-Newtonian potentials and parameters:
- Yukawa-type potentials to include massive fields. [zaglauer '90; Helbig '91]
- Potentials with higher integrals in higher-order derivative gravity. [Gladchenko et.al. ‘90 & '94]
- Parity-violating terms and PPN parameters measuring parity violation. [Alexander, Yunes '07-09]
- Additional parameters arising from broken diffeomorphism invariance. [Lin etal. "12-14]

- Expansion of éab to model higher-order light propagation. [Richter, Matzner '82]

3. Higher than fourth velocity order including wave emission. [sianchet'14]
4. Generalized post-Newtonian expansion:

- Friedmann-Lemaitre-Robertson-Walker background. [sanghai, Ciifton 16]
- Screening mechanisms (Vainshtein) / non-perturbative effects. [avilez-Lopez et.al. '15]

5. More general geometries including independent connection or multiple metrics.
» Craft similar implementations of other common formalisms:

1. Cosmological perturbations of metric-affine and teleparallel theories
2. Newman-Penrose formalism and gravitational wave polarization
3. Quasinormal modes of spherically symmetric and spinning compact objects
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