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Post-Newtonian approximation
• Perfect fluid matter with density ρ, internal

energy ρΠ, pressure p, velocity vi = ui

u0 :

Tµν = (ρ+ ρΠ + p)uµuν + pgµν .

• Relevant velocity orders O(n) ∼ |~v|n:

g00 = −1 +
(2)

h 00 +O(4) ,

gij = δij +
(2)

h ij +O(4) ,
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(2)
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• Gauge condition:
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Point mass approximation
• Matter source:

ρ = Mδ(~x) , Π = 0 , p = 0 , vi = 0 .

• Newtonian potential:

U(r) =
M

r
.

• Metric perturbation:

(2)

h 00 = 2Geff(r)U(r) ,
(2)

h ij = 2Geff(r)γ(r)U(r)δij .

2σ bounds from Cassini tracking experiment on two-field Brans-Dicke

• Left to right:

– ϑ = 0,

– ϑ = π/8,

– ϑ = π/4.

• m̃± = m±
√

2ω0 + 3.

• Cassini bound:

γ−1 = (2.1±2.3)·10−5 .

• Tightest bound on γ.

• Region left of surface
is excluded at 2σ.

Multiscalar-tensor action and field equations
• Action for metric gµν , N scalar fields Φα and matter fields χm:

S =
1

2κ2

∫
V4

d4x
√
−g
(
F(Φ)R−Zαβ(Φ)gµν∂µΦα∂νΦβ − 2κ2U(Φ)

)
+ Sm[gµν , χm] .

• Metric field equation:

F
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• Scalar field equations:(
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Scalar field at order O(2)
• Structure of O(2) scalar equation:

∇2
(2)

Φα =Mα
β

(2)

Φβ + kαρ .

• Structure of solution per Jordan block:

(2)

Φα = − M

4πr
Eαβ(r)kβ .

• Generalized matrix exponential:

E(r) =
∞∑
i=0

(
Mir2i

(2i)!
−
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M2i+1
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)
,

where
√
M = 0 ifM has no square root.

Example: two-field case in Brans-Dicke like parametrization
• Input parameters for N = 2 scalar fields Φ1 = φ,Φ2 = Ψ:

F(Φ) = Ψ , Zαβ(Φ) = diag

(
Z(φ,Ψ),

ω(φ,Ψ)

Ψ

)
, U(Φ) = U(φ,Ψ) .

• Observable parameters:

Geff =
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8πΨ0

(
1 +

cos2 ϑ e−m+r + sin2 ϑ e−m−r

2ω0 + 3

)
, γ =

2ω0 + 3− cos2 ϑ e−m+r − sin2 ϑ e−m−r

2ω0 + 3 + cos2 ϑ e−m+r + sin2 ϑ e−m−r
.

• Angle of non-minimal coupling and scalar field masses:
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Metric at order O(2)
• Structure of O(2) metric field equation:
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• Read off observable parameters:

Geff =
κ2

8πF0
(1− Γ(r)) , γ =

1 + Γ(r)

1− Γ(r)
,

Γ(r) = −4F2
0

κ4
kαEαβ(r)kβ .


