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0 4D Gauss-Bonnet gravity
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Gauss-Bonnet gravity

e Action for Gauss-Bonnet gravity in D dimensions:

S= /deF[ PR—Ng+aG| + Sn. (1)
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Gauss-Bonnet gravity

e Action for Gauss-Bonnet gravity in D dimensions:

S= /deF[ PR—Ng+aG| + Sn. (1)

e Gauss-Bonnet scalar:

G =6R"(,,R” o) = R® — 4R, A" + Ry, R . (2)
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Gauss-Bonnet gravity

e Action for Gauss-Bonnet gravity in D dimensions:

S= /deF[ PR—Ng+aG| + Sn. (1)

e Gauss-Bonnet scalar:

G =6R",, R ;1 = R® — 4R, R" + R, A" .  (2)

(v R po] =

= Resulting field equations:

E#l/ = MSGHU =+ /\Og,ul/ - zagul’ = THV‘ (3)
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Gauss-Bonnet gravity

e Action for Gauss-Bonnet gravity in D dimensions:

S= /deF[ PR—Ng+aG| + Sn. (1)

e Gauss-Bonnet scalar:

G =6R",, R ;1 = R® — 4R, R" + R, A" .  (2)

(v R po] =

= Resulting field equations:
E#l/ = MSGHU =+ /\Og,ul/ - zaglw = THV‘ (3)
o Contribution from Gauss-Bonnet term:
g/l,l/ == 15g,u,[1/ Rpapo’ RWTOJT]
1
= Egg,w — 2R, 0 RN + 4R, R +4R,,R,” —2RR,, .
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Gauss-Bonnet gravity

e Action for Gauss-Bonnet gravity in D dimensions:

S= /deF[ PR—Ng+aG| + Sn. (1)

e Gauss-Bonnet scalar:

G =6R",, R ;1 = R® — 4R, R" + R, A" .  (2)

(v R po] =

= Resulting field equations:
E.. = MG, + NG — 20G,, = T . (3)
e Contribution from Gauss-Bonnet term:
G =159, R oo BT )

1
= Egg,w — 2R, 0 RN + 4R, R +4R,,R,” —2RR,, .

4 Gauss-Bonnet contribution vanishes identically in D = 4.
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4D Gauss-Bonnet gravity?

o Renormalization of Gauss-Bonnet term (ciavan, Lin 201

M2
sz/deFg %’R-Awﬁg 4 Sp. (5)
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4D Gauss-Bonnet gravity?

o Renormalization of Gauss-Bonnet term (ciavan, Lin 201

3—/deF MR pt - glis (5)
= Resulting field equations:
2a
E/U/ = MgG,W + Aog,w - mg;w = T;w . (6)
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4D Gauss-Bonnet gravity?

o Renormalization of Gauss-Bonnet term (ciavan, Lin 201

3—/deF MR pt - glis (5)
= Resulting field equations:
2a
E/U/ = MEG,W + Aog,w - mg;w = T;w . (6)

e Strategy for obtaining solutions in D = 4:

o Solve field equations in arbitrary dimension D.
o Consider limit D — 4 on the solution.
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4D Gauss-Bonnet gravity?

o Renormalization of Gauss-Bonnet term (ciavan, Lin 201

3—/deF MR pt - glis (5)
= Resulting field equations:
2a
E/U/ = MEG,W + Aog,w - mg;w = Tuu . (6)

e Strategy for obtaining solutions in D = 4:

o Solve field equations in arbitrary dimension D.
o Consider limit D — 4 on the solution.

e Highly symmetric solutions have been obtained:

o Homogeneity and isotropy = cosmological spacetimes.
o Spherical symmetry = black holes, dust collapse etc.
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4D Gauss-Bonnet gravity?

o Renormalization of Gauss-Bonnet term (ciavan, Lin 201

3—/deF MR pt - glis (5)
= Resulting field equations:
2a
E/U/ = MEG,W + Aog,w - mg;w = T;w . (6)

e Strategy for obtaining solutions in D = 4:

o Solve field equations in arbitrary dimension D.
o Consider limit D — 4 on the solution.

e Highly symmetric solutions have been obtained:
o Homogeneity and isotropy = cosmological spacetimes.
o Spherical symmetry = black holes, dust collapse etc.

= Non-vanishing contribution to solutions even in D = 4.

Manuel Hohmann (University of Tartu) 4D GB variational completion 26. September 2020 5/15



e Structure of the Gauss-Bonnet contribution:
_g;u/ - (D - 4)Al“/ + WNV . (7)
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e Structure of the Gauss-Bonnet contribution:

_guy = (D - 4)A;LV + WMV . (7)
v' Firstterm « (D — 4) can be renormalized:
D-3 2D D-2
A = RR,, —4——R"C,,,
W (D-2)2 [0—1 o =4 g G
1D+2
—~4R,’R,, +2R,\R" g, — Eﬁ/#gw . (8)
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e Structure of the Gauss-Bonnet contribution:

~Guw=(D—-4)A. + W, . (7)
v' Firstterm o (D — 4) can be renormalized:
—4R,"R,, + 2R,\R"*g,, — %%Rzgw . (8)
4 Second term not renormalizable (no factor D — 4 extractable):
W, =2C,"Cypro — %CT,D,\UCTP A7 G - 9)

Manuel Hohmann (University of Tartu) 4D GB variational completion 26. September 2020 6/15



e Structure of the Gauss-Bonnet contribution:

_g;u/ = (D - 4)AI,LV + WMV . (7)
v' Firstterm « (D — 4) can be renormalized:
D-3 2D D-2
AL = RR,, —4——R"C,,,
W (D=2)2 [0—1 =455 R" Cunnn
—~4R,’R,, +2R,\R" g, — %%Rzgﬂy . (8)
4 Second term not renormalizable (no factor D — 4 extractable):
1
W,uu = ch,p/\a Cz/p/\a - ECTp)\O' CTP)\Og,Lw . (9)
? Truncate field equations and omit W,,,
E. =M3G., + NG +20A. = T . (10)
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e Structure of the Gauss-Bonnet contribution:

_g;u/ = (D - 4)AI,LV + WMV . (7)
v' Firstterm « (D — 4) can be renormalized:
D-3 | 2D D-2
A = RR,, —4——R"C,,,
W (D=2)2 [0—1 =455 R" Cunnn
—~4R,’R,, +2R,\R" g, — %%Rzgﬂy . (8)
4 Second term not renormalizable (no factor D — 4 extractable):
W,uy = ch,p/\a Cup/\a - %C‘I’p)\o' CTP)\Og,Lw . (9)
? Truncate field equations and omit W,,,
E.. = M3Gu + NoGuw +20Au = Ty . (10)

4 Truncated equations are not variational for any D: V*A,,,, # 0.
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e Structure of the Gauss-Bonnet contribution:

_g;u/ = (D - 4)AI,LV + WMV . (7)
v' Firstterm « (D — 4) can be renormalized:
D-3 | 2D D-2
A = RR,, —4——R"C,,,
W (D=2)2 [0—1 =455 R" Cunnn
—~4R,’R,, +2R,\R" g, — %%Rzgﬂy . (8)
4 Second term not renormalizable (no factor D — 4 extractable):
W,uu = ch,p/\a Cz/p/\a - %C‘I’p)\o' CTP)\Og,Lw . (9)
? Truncate field equations and omit W,,,
E.. = M3Gu + NoGuw +20Au = Ty . (10)

4 Truncated equations are not variational for any D: V*A,,, # 0.
? Try to find correction term to make them variational.
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9 Canonical variational completion
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Canonical variational completion

e Consider system of partial differential equations (PDEs):

EA(X'LLv.ysayB;MyBMV) =0. (11)
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Canonical variational completion

e Consider system of partial differential equations (PDEs):

gA(Xuij’meyBW) —0. (11)

e Variables: independent x* and dependent y?, y&, = 9,y5. ..
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Canonical variational completion

e Consider system of partial differential equations (PDEs):

gA(X'LLv.ysayB;MyBMV) =0. (11)

e Variables: independent x* and dependent y&, y&, = 9,y5. ..
e Vainberg-Tonti Lagrangian density:

1
Le =yA/0 Ealx" tyB tyB, tyB ) dt. (12)
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Canonical variational completion

e Consider system of partial differential equations (PDEs):

gA(X'LLv.ysayB;MyBMV) =0. (11)

e Variables: independent x* and dependent y&, y&, = 9,y5. ..
e Vainberg-Tonti Lagrangian density:

|
Le =yA/ Ealx* tyB, tyB,, ty ) dt. (12)
0
e Variationally completed PDE are Euler-Lagrange equations:
~  O0Lg OL¢ 0Lg
=——-d,—F y—a— . 1
En ayA d“ayAM +d,d Y (13)
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Canonical variational completion

e Consider system of partial differential equations (PDEs):

gA(X'LLv.ysayB;MyBMV) =0. (11)

e Variables: independent x* and dependent y&, y&, = 9,y5. ..
e Vainberg-Tonti Lagrangian density:

|
Le =yA/ Ealx* tyB, tyB,, ty ) dt. (12)
0
e Variationally completed PDE are Euler-Lagrange equations:
~  O0Lg 0Lg 0Lg
Ep= — —d,,—=+d,d, —=. 13
A ayA uayAM + 17 8yA,“, ( )

= |dea of canonical variational completion oicu, krupka 15
o Original system &, is variational if and only if 4 = éa.
o Otherwise, Hy = £4 — £4 is canonical correction term.
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Example: Einstein-Hilbert Lagrangian

1. Start from “incorrect Einstein equations” in D = 4
E.=-MR, =T.. (14)
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Example: Einstein-Hilbert Lagrangian

1. Start from “incorrect Einstein equations” in D = 4

Epw = ~MgRu = T . (14)
2. Match factors and index position to definition of 7, :
2 OLm 1 M3
w— - = EW = _ _ /_gEyyzi ﬁ_gHw/' (15)
v—g 5g;u/ 2 2
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Example: Einstein-Hilbert Lagrangian

1. Start from “incorrect Einstein equations” in D = 4

Epw = ~MgRu = T . (14)
2. Match factors and index position to definition of 7, :
2 OLm 1 M3
w— - = EW = _ _ /_gE;wzi ﬁ_gHw/' (15)
v—g 5g;u/ 2 2

3. Behavior of terms under scaling of variables g, — tg,.:
R. — R., R —t?2R", /—g—1ty—g. (16)
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Example: Einstein-Hilbert Lagrangian

1. Start from “incorrect Einstein equations” in D = 4

Epw = ~MgRu = T . (14)
2. Match factors and index position to definition of 7, :
2 OLm 1 M3
w— - = EW = _ _ /_gE;wzi ﬁ_gHw/' (15)
v—g 5g;u/ 2 2

3. Behavior of terms under scaling of variables g, — tg,.:

R. — Ru, R™ —t2R", /—g—t*y/=g. (16)
4. Vainberg-Tonti Lagrangian density:

1 M2 M2
L:/O tO?P\ﬁ—gR“”ngtZTP —gR. (17)
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Example: Einstein-Hilbert Lagrangian

1. Start from “incorrect Einstein equations” in D = 4

Epw = ~MgRu = T . (14)
2. Match factors and index position to definition of 7, :
2 OLm 1 M3
w— - = EW = _ _ /_gE;wzi ﬁ_gHw/' (15)
v—g 5g;u/ 2 2

3. Behavior of terms under scaling of variables g, — tg,.:

R. — Ru, R™ —t2R", /—g—t*y/=g. (16)
4. Vainberg-Tonti Lagrangian density:

1 M2 M2
L= /0 tOTP\ﬁ—gFi“”gw,dt = 7" —gR. (17)
5. Completed field equations:
E.=MG., =T,.. (18)
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e Results
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Vainberg-Tonti Lagrangian of Gauss-Bonnet gravity

o Start from field equations in arbitrary dimension:

W,
E., = M3G,, + NGy + 20 <A,w + 50 4> =Tuw. (19)
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Vainberg-Tonti Lagrangian of Gauss-Bonnet gravity

o Start from field equations in arbitrary dimension:

W,
E., = M3G,, + NGy + 20 <A,w + 50 4> =Tuw. (19)

e Behavior of terms under scaling of variables g,,, — g,.:
Guw = G, Guw = Gu, {AW}, =t {AW},. (20)
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Vainberg-Tonti Lagrangian of Gauss-Bonnet gravity

o Start from field equations in arbitrary dimension:

W,
E., = M3G,, + NGy + 20 <A,W + 50 4> =Tuw. (19)

e Behavior of terms under scaling of variables g,,, — tg,..:
9w = 1w, Guw — Gu, {AW}l, —tTHAW}.,. (20)
= Vainberg-Tonti Lagrangian density H, peiter, voicu 20):
1 1
L=— Zg;w/ tD/zv_g

— v — v — v wer
[1‘ EMEGH 4 t7TNog™ + 2t 3 <A” + D—4>} dt  (21)

2« W+
P _ Iz AN
R— /\0 D—4<A N+D—4>]'

— F
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Vainberg-Tonti Lagrangian of Gauss-Bonnet gravity

o Start from field equations in arbitrary dimension:

W,
E., = M3G,, + NGy + 20 <A,w + 50 4> =Tuw. (19)

e Behavior of terms under scaling of variables g,,, — tg,..:
9w = 1w, Guw — Gu, {AW}l, —tTHAW}.,. (20)
= Vainberg-Tonti Lagrangian density H, peiter, voicu 20):
1 1
L=— Zgul// tD/z\/—g

— v — v — v wer
[1‘ EMEGH 4 t7TNog™ + 2t 3 <A” + D—4>} dt  (21)

2« W+
P _ Iz AN
R— /\0 D—4<A N+D—4>]'

4 Note term  tP/2-3 yielding factor (D/2 — 2)~" = 2(D — 4)~"

— F
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Consistency check: full field equations E,,, with W,,,

o Calculate traces:

D-3 DR?
”w uv
A= 5 <2RWR SR 1)> , (22a)
2R, R R? Ry, 00 BHVP7
(T B % . _ Mupvpo
W, = (D 4)< D-2 (D-1)(D-2) 2 >
(22b)
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Consistency check: full field equations E,,, with W,,,

o Calculate traces:

D-3 DR?
“w uv
At = D5 <2RWH 2(0_1)> , (22a)
2R, R* R? R, o0 RH7PO
(TR - uv o _ Mpvpo
W, =D 4)< D-2 (D-1)(D-2) 2 >
(22b)
= Note that traces satisfy:
wH 1
H i
Ayt 57 =359 (23)
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Consistency check: full field equations E,,, with W,,,

o Calculate traces:

D-3 DR?
1 uv
Al = D) <2RWR 2(D—1)> , (22a)
2R, R" R? R, .o RFPO
(TR o uv o _ Mpvpo
W, =D 4)< D-2 (D-1)(D-2) 2 >
(22b)
= Note that traces satisfy:
wH 1
H [
A D4 zg. (23)
v' For D > 4, reproduce original Lagrangian density:
L=+ ( D 2 ) ) (24)
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Consistency check: full field equations E,,, with W,,,

o Calculate traces:

D-3 DR?
1 uv
Al = D) <2RWR 2(D—1)> , (22a)
2R, R" R? R, .o RFPO
(TR o uv o _ Mpvpo
W, =D 4)< D-2 (D-1)(D-2) 2 >
(22b)
= Note that traces satisfy:
wH 1
H [
A D4 zg. (23)
v' For D > 4, reproduce original Lagrangian density:
L=+ ( D ) ) ) (24)

4 Action diverges for D — 4.
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Variational completion of truncated equations Ii:l,‘,,

e Consider Vainberg-Tonti Lagrangian of truncated field equations:

. M2 2
£=y—g (;R Ao — Df‘4Aﬂu> : (25)
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Variational completion of truncated equations Ii:[,‘,,

e Consider Vainberg-Tonti Lagrangian of truncated field equations:
L= \f< “PR—NAy— LffztA““> : (25)

= For D > 4, obtain variational fourth-order equations:

; 4a(D — 3)
E., = M3G., + NGy + (D—1)(D—2)(D-4)

(6,0 (OR— DR?/4+ (D~ 1)R™R,,) ~2(D~ 1)OR,,

+(D = 2)V,V, R+ DRRu — 4(D ~ DA™ Rupuo| = T (26)
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Variational completion of truncated equations EH‘,,

e Consider Vainberg-Tonti Lagrangian of truncated field equations:
L= \f< “PR—NAy— LffztA““> : (25)

= For D > 4, obtain variational fourth-order equations:

; 4a(D — 3)
E., = M3G., + NGy + (D—1)(D—2)(D - 4)

(6,0 (OR— DR?/4+ (D~ 1)R™R,,) ~2(D~ 1)OR,,

+(D = 2)V,V, R+ DRRu — 4(D ~ DA™ Rupuo| = T (26)
4 For D = 4, Vainberg-Tonti Lagrangian diverges due to ¢t~ term:

1 1
/ tD/23dtﬂ>/ dtt—>oo. (27)
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Variational completion of truncated equations Ii:[,‘,,

e Consider Vainberg-Tonti Lagrangian of truncated field equations:
L= \f< “PR—NAy— LffztA““> : (25)

= For D > 4, obtain variational fourth-order equations:

; 4a(D — 3)
E., = M3G., + NGy + (D—1)(D—2)(D-4)

(6,0 (OR— DR?/4+ (D~ 1)R™R,,) ~2(D~ 1)OR,,

+(D = 2)V,V, R+ DRRu — 4(D ~ DA™ Rupuo| = T (26)
4 For D = 4, Vainberg-Tonti Lagrangian diverges due to ¢t~ term:

1 1
/ tD/23dtﬂ>/ dtt—>oo. (27)
0 0

4 No variational completion for D = 4 Gauss-Bonnet gravity.
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Outline

e Conclusion
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e Objectives:
o Considered Gauss-Bonnet field equations in arbitrary dimension D.
o Considered both full and truncated (no W, term) field equations.
o Applied canonical variational completion procedure.

Manuel Hohmann (University of Tartu) 4D GB variational completion 26. September 2020 15/15



e Objectives:
o Considered Gauss-Bonnet field equations in arbitrary dimension D.
o Considered both full and truncated (no W, term) field equations.
o Applied canonical variational completion procedure.
= Results:

v Reproduced Gauss-Bonnet action from full equations in D > 4.

= Truncated equations: 4’th order variational completion in D > 4.

4 Truncated equations are not variational in any dimension.

4 Neither equation can be variationally completed in D = 4.
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e Objectives:
o Considered Gauss-Bonnet field equations in arbitrary dimension D.
o Considered both full and truncated (no W, term) field equations.
o Applied canonical variational completion procedure.
= Results:
v Reproduced Gauss-Bonnet action from full equations in D > 4.
= Truncated equations: 4’th order variational completion in D > 4.
4 Truncated equations are not variational in any dimension.
4 Neither equation can be variationally completed in D = 4.

Further reading

MH, C. Pfeifer and N. Voicu,
“Canonical variational completion of 4D Gauss-Bonnet gravity”,
arXiv:2009.05459 [gr-qc].

Manuel Hohmann (University of Tartu) 4D GB variational completion 26. September 2020



	Outline
	4D Gauss-Bonnet gravity
	Outline
	Gauss-Bonnet gravity
	4D Gauss-Bonnet gravity?
	Criticism

	Canonical variational completion
	Outline
	Canonical variational completion
	Example: Einstein-Hilbert Lagrangian

	Results
	Outline
	Vainberg-Tonti Lagrangian of Gauss-Bonnet gravity
	Consistency check: full field equations E with W
	Variational completion of truncated equations 

	Conclusion
	Outline
	Summary


