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Gauss-Bonnet gravity

• Action for Gauss-Bonnet gravity in D dimensions:

S =

∫
dDx
√
−g

[
M2

P
2

R − Λ0 + αG

]
+ Sm . (1)

• Gauss-Bonnet scalar:

G = 6Rµν
[µνRρσ

ρσ] = R2 − 4RµνRµν + RµνρσRµνρσ . (2)

⇒ Resulting field equations:

Eµν = M2
PGµν + Λ0gµν − 2αGµν = Tµν . (3)

• Contribution from Gauss-Bonnet term:

Gµν = 15gµ[νRρσ
ρσRωτ

ωτ ]

=
1
2
Ggµν − 2RµλρσRν

λρσ + 4RµρνσRρσ + 4RµρRν
ρ − 2RRµν .

(4)

 Gauss-Bonnet contribution vanishes identically in D = 4.
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4D Gauss-Bonnet gravity?

• Renormalization of Gauss-Bonnet term [Glavan, Lin ’20]:

S =

∫
dDx
√
−g

[
M2

P
2

R − Λ0 +
α

D − 4
G

]
+ Sm . (5)

⇒ Resulting field equations:

Eµν = M2
PGµν + Λ0gµν −

2α
D − 4

Gµν = Tµν . (6)

• Strategy for obtaining solutions in D = 4:
◦ Solve field equations in arbitrary dimension D.
◦ Consider limit D → 4 on the solution.

• Highly symmetric solutions have been obtained:
◦ Homogeneity and isotropy⇒ cosmological spacetimes.
◦ Spherical symmetry⇒ black holes, dust collapse etc.

⇒ Non-vanishing contribution to solutions even in D = 4.
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Criticism

• Structure of the Gauss-Bonnet contribution:

−Gµν = (D − 4)Aµν + Wµν . (7)

X First term ∝ (D − 4) can be renormalized:

Aµν =
D − 3

(D − 2)2

[
2D

D − 1
RRµν − 4

D − 2
D − 3

RρλCµρνλ

− 4Rµ
ρRνρ + 2RρλRρλgµν −

1
2

D + 2
D − 1

R2gµν

]
. (8)

 Second term not renormalizable (no factor D − 4 extractable):

Wµν = 2Cµ
ρλσCνρλσ −

1
2

CτρλσCτρλσgµν . (9)

? Truncate field equations and omit Wµν :

E̊µν = M2
PGµν + Λ0gµν + 2αAµν = Tµν . (10)

 Truncated equations are not variational for any D: ∇µAµν 6= 0.
? Try to find correction term to make them variational.
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Canonical variational completion

• Consider system of partial differential equations (PDEs):

EA(xµ, yB, yB
µ, yB

µν) = 0 . (11)

• Variables: independent xµ and dependent yB, yB
µ = ∂µyB. . .

• Vainberg-Tonti Lagrangian density:

LE = yA
∫ 1

0
EA(xµ, tyB, tyB

µ, tyB
µν) dt . (12)

• Variationally completed PDE are Euler-Lagrange equations:

ẼA =
∂LE
∂yA − dµ

∂LE
∂yA

µ
+ dµdν

∂LE
∂yA

µν
. (13)

⇒ Idea of canonical variational completion [Voicu, Krupka ’15]:
◦ Original system EA is variational if and only if EA = ẼA.
◦ Otherwise, HA = ẼA − EA is canonical correction term.
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ẼA =
∂LE
∂yA − dµ

∂LE
∂yA

µ
+ dµdν

∂LE
∂yA

µν
. (13)

⇒ Idea of canonical variational completion [Voicu, Krupka ’15]:
◦ Original system EA is variational if and only if EA = ẼA.
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Example: Einstein-Hilbert Lagrangian

1. Start from “incorrect Einstein equations” in D = 4

Eµν = −M2
PRµν = Tµν . (14)

2. Match factors and index position to definition of Tµν :

Tµν =
2√
−g

δLm

δgµν
⇒ Eµν = −1

2
√
−gEµν =

M2
P

2
√
−gRµν . (15)

3. Behavior of terms under scaling of variables gµν → tgµν :

Rµν → Rµν , Rµν → t−2Rµν ,
√
−g → t2√−g . (16)

4. Vainberg-Tonti Lagrangian density:

L =

∫ 1

0
t0 M2

P
2
√
−gRµνgµν dt =

M2
P

2
√
−gR . (17)

5. Completed field equations:

Ẽµν = M2
PGµν = Tµν . (18)
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Vainberg-Tonti Lagrangian of Gauss-Bonnet gravity

• Start from field equations in arbitrary dimension:

Eµν = M2
PGµν + Λ0gµν + 2α

(
Aµν +

Wµν

D − 4

)
= Tµν . (19)

• Behavior of terms under scaling of variables gµν → tgµν :

gµν → tgµν , Gµν → Gµν , {A,W}µν → t−1{A,W}µν . (20)

⇒ Vainberg-Tonti Lagrangian density [MH, Pfeifer, Voicu ’20]:

L = −1
2

gµν
∫ 1

0
tD/2√−g[

t−2M2
PGµν + t−1Λ0gµν + 2t−3α

(
Aµν +

Wµν

D − 4

)]
dt

=
√
−g

[
M2

P
2

R − Λ0 −
2α

D − 4

(
Aµµ +

Wµ
µ

D − 4

)]
.

(21)

 Note term ∝ tD/2−3 yielding factor (D/2− 2)−1 = 2(D − 4)−1.
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Consistency check: full field equations Eµν with Wµν

• Calculate traces:

Aµµ =
D − 3
D − 2

(
2RµνRµν − DR2

2(D − 1)

)
, (22a)

Wµ
µ = (D − 4)

(
2RµνRµν

D − 2
− R2

(D − 1)(D − 2)
− RµνρσRµνρσ

2

)
.

(22b)

⇒ Note that traces satisfy:

Aµµ +
Wµ

µ

D − 4
= −1

2
G . (23)

X For D > 4, reproduce original Lagrangian density:

L =
√
−g

(
M2

P
2

R − Λ0 +
α

D − 4
G

)
. (24)

 Action diverges for D → 4.
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Variational completion of truncated equations E̊µν

• Consider Vainberg-Tonti Lagrangian of truncated field equations:

L̊ =
√
−g

(
M2

P
2

R − Λ0 −
2α

D − 4
Aµµ

)
. (25)

⇒ For D > 4, obtain variational fourth-order equations:

˜̊Eµν = M2
PGµν + Λ0gµν +

4α(D − 3)

(D − 1)(D − 2)(D − 4)[
gµν

(
�R − DR2/4 + (D − 1)RρσRρσ

)
− 2(D − 1)�Rµν

+ (D − 2)∇µ∇νR + DRRµν − 4(D − 1)RρσRµρνσ

]
= Tµν . (26)

 For D = 4, Vainberg-Tonti Lagrangian diverges due to t−1 term:∫ 1

0
tD/2−3dt D→4−−−→

∫ 1

0

dt
t
→∞ . (27)

 No variational completion for D = 4 Gauss-Bonnet gravity.
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Summary

• Objectives:
◦ Considered Gauss-Bonnet field equations in arbitrary dimension D.
◦ Considered both full and truncated (no Wµν term) field equations.
◦ Applied canonical variational completion procedure.

⇒ Results:
X Reproduced Gauss-Bonnet action from full equations in D > 4.
⇒ Truncated equations: 4’th order variational completion in D > 4.
 Truncated equations are not variational in any dimension.
 Neither equation can be variationally completed in D = 4.

Further reading
MH, C. Pfeifer and N. Voicu,
“Canonical variational completion of 4D Gauss-Bonnet gravity”,
arXiv:2009.05459 [gr-qc].
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