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@ Open questions in cosmology and gravity:

o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
@ Teleparallel gravity e s1:
e Based on tetrad and flat spin connection.
e Describes gravity as gauge theory of the translation group.
e First order action, second order field equations.
@ Spin connection as Lorentz gauge degree of freedom.
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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
@ Teleparallel gravity e s1:
e Based on tetrad and flat spin connection.
e Describes gravity as gauge theory of the translation group.
e First order action, second order field equations.
@ Spin connection as Lorentz gauge degree of freedom.
o f( T) graVity [Bengochea, Ferraro 09]:

e Simple class of teleparallel theories beyond general relativity.
o Cosmology typically features de Sitter attractors H, Jary, uaiiknanova '17].
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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
@ Teleparallel gravity e s1:
e Based on tetrad and flat spin connection.
e Describes gravity as gauge theory of the translation group.
e First order action, second order field equations.
@ Spin connection as Lorentz gauge degree of freedom.
o f( T) graVity [Bengochea, Ferraro 09]:
e Simple class of teleparallel theories beyond general relativity.
o Cosmology typically features de Sitter attractors mH, Jary, uaiiknanova '17].
4 Cumbersome equation relating tetrad and spin connection.
@ Use notion of symmetry to find particular solutions?
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Teleparallel geometry

@ Fields required to define the geometry:
o tetrad e” = e, dx",
e spin connection w®, = w?p, dx".

@ Spin connection chosen to be flat:

Rab = dwab +wac A wcb =0.
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Teleparallel geometry

@ Fields required to define the geometry:
o tetrad e® = e, dx",
e spin connection w®, = w?p, dx".

@ Spin connection chosen to be flat:

Rab = dwab +wac A wcb =0.

@ Derived quantities:
Metric: g, = nae”,€°,.
e Spacetime connection: I, = e,” (9,€°, + wab,eb“).
e Torsion: 77, =17, =T7" ..
e Gauge covariant derivative:
D,e%, =08,6%, -1, +uwe, =0.
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Teleparallel geometry

@ Fields required to define the geometry:
o tetrad e® = e, dx",
e spin connection w®, = w?p, dx".
@ Spin connection chosen to be flat:
Rab = dwab + wac A wcb =0.
@ Derived quantities:
Metric: g, = nae”,€°,.
e Spacetime connection: I, = e,” (9,€°, + wab,eb“).
e Torsion: T°,, =17, = T7" ..
e Gauge covariant derivative:
D.e%, =0d,6%, -1, +uwe, =0.
@ Local Lorentz (gauge) invariance with transformation A%:

b d
e o Nhe” . wih o AN W + A%
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Symmetry of the geometry

@ Diffeomorphisms generated by vector field .
@ Invariance of spacetime geometry:
e Metric:
0=(LeQ)r = E DG + 0" Gpr + 0,6 Gy -
e Connection:

0= (‘Cgr)“up = ggaaruup_aogﬂrgup+aufgr#op+ap£ar#ua+al/ap£# .
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Symmetry of the geometry

@ Diffeomorphisms generated by vector field .
@ Invariance of spacetime geometry:
e Metric:
0= (Le@) v = 0,9 + 0, G + 06"y -
e Connection:

0= (L), =£"0,T",,-0,¢"T7,,+0,£°T", ,+0,£°T" ,+0,0,¢" .

@ Satisfied if and only if 3\ : M — s0(1,3) such that w15

b
(Le€), = -2%e”,,  (Lew)?p =DA%,
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Symmetry of the geometry

@ Diffeomorphisms generated by vector field .
@ Invariance of spacetime geometry:
e Metric:
0= (Le@) v = 0,9 + 0, G + 06"y -
e Connection:

0= (L), =£"0,T",,-0,¢"T7,,+0,£°T", ,+0,£°T" ,+0,0,¢" .

@ Satisfied if and only if A\ : M — s0(1,3) such that w15

b
(Le€), = -2%e”,,  (Lew)?p =DA%,

@ Several symmetry generators ¢ form Lie algebra g ¢ Vect(M).
@ Local Lie algebra homomorphism A : g x M — so0(1,3).
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Teleparallel f( T) action and field equations

@ Action:
Sole.w] =J' f(T) detedx.
M

@ Torsion scalar:

.1

14 1 v,
T=-T""T,, +=T""T

4 uep T o pvp ™ TVPV‘

Pl
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Teleparallel f( T) action and field equations

@ Action:
SﬁaM=J-Kﬁdmefx
M

@ Torsion scalar:

.1

14 1 v,
T=-T""T,, +=T""T

4 uep T o pvp ™ TVPV‘

Pl

@ Field equations obtained from variations é, and d,, = DA.
@ Antisymmetric part of d, equation = ¢,, equation:

frr (77,0, T+T7°,,0,T-T°,,0,T)=0.
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Teleparallel f( T) action and field equations

@ Action:
SA&M=J-Kdeefx
M

@ Torsion scalar:

.1

14 1 v,
T=-T""T,, +=T""T

4 uep T o pvp ™ Typl/‘

Pl

@ Field equations obtained from variations é, and d,, = DA.
@ Antisymmetric part of d, equation = ¢,, equation:

frr (77,0, T+T7°,,0,T-T°,,0,T)=0.

4 Cumbersome 2-nd order differential equation unless fr7 = 0.
@ Find solutions through symmetry?
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
. " . a —
@ Weitzenbock gauge: wp, = 0.

e First order differential equation for ?,.
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
. " . a —
@ Weitzenbock gauge: wp, = 0.

“Good tetrad”
A tetrad is called good tetrad if it satisfies the antisymmetric part

T°.,0,T + Tppu&,T = TpplﬁuT =0

of the f(T) field equations in the Weitzenbdck gauge.

e First order differential equation for ?,.
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
. " . a —
@ Weitzenbock gauge: wp, = 0.

“Good tetrad”
A tetrad is called good tetrad if it satisfies the antisymmetric part

T°.,0,T + Tppu&,T = TpplﬁuT =0

of the f(T) field equations in the Weitzenbdck gauge.

@ Symmetry condition in Weitzenbdck gauge:
(Le€)?, = 2%, 0= (Lew)?py = DA% = 90%.

e First order differential equation for ?,.
= Lie algebra homomorphism X : g — so(1, 3) (independent of M).
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Example: spatially flat FLRW

@ 3 generators of rotations, 3 generators of translations.
@ Symmetry algebra g = is0(3).
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Example: spatially flat FLRW

@ 3 generators of rotations, 3 generators of translations.

@ Symmetry algebra g = iso(3).

@ Representation: translations ~ 0, rotations — s0(3) C so(1, 3).
@ Symmetry condition fixes tetrad up to n(t), a(t).

n(t) 0 0 0
o = 0 a(t)sinfcos¢ a(t)rcosfcos¢ —a(t)rsindsing
=1 0 a(t)sinfsing a(t)rcos@sing a(t)rsindcos o
0 a(t)cosd —a(t)rsinf 0
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Example: spatially flat FLRW

@ 3 generators of rotations, 3 generators of translations.

@ Symmetry algebra g = iso(3).

@ Representation: translations ~ 0, rotations — s0(3) C so(1, 3).
@ Symmetry condition fixes tetrad up to n(t), a(t).

n(t) 0 0 0
o = 0 a(t)sinfcos¢ a(t)rcosfcos¢ —a(t)rsindsing
=1 0 a(t)sinfsing a(t)rcos@sing a(t)rsindcos o
0 a(t)cosd —a(t)rsinf 0

@ Minkowski spacetime: n(t) = a(t) = 1.
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Example: closed FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = s0(4) = s0(3) @ 50(3).
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Example: closed FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.

@ Symmetry algebra g = s0(4) = s50(3) ® s0(3).

@ Representation: left / right isoclinic rotations — s0(3) C so(1, 3).
@ Symmetry condition fixes tetrad up to n(t), a(t).

n(t) 0 0 0
0 a(”szni‘/izm‘b a(t)r(\/1 —r2cosecos¢—rsin¢) —a(t)rsin()(\/1 —rzsin(,é+rcos€)cos¢)
a _ 1-r?
€=l 0 ams;"% a(t)r(\/1 —rzcosesin¢‘7+rcos¢>) a(t)rsin@(\ﬂ —rzcoso—rcosésinqb)
a(t)cos _ — 2. 2 . 2
0 e a(t)yrvi —resing a(t)rsin“0
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Example: closed FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.

@ Symmetry algebra g = s0(4) = s50(3) ® s0(3).

@ Representation: left / right isoclinic rotations — s0(3) C so(1, 3).
@ Symmetry condition fixes tetrad up to n(t), a(t).

n(t) 0 0 0
0 a(”szni‘/izm‘b a(t)r(\/1 —r2cosecos¢—rsin¢) —a(t)rsin()(\/1 —rzsin(,é+rcos€)cos¢)
a _ 1-r?
€=l 0 ams;"% a(t)r(\/1 —rzcosesin¢‘7+rcos¢>) a(t)rsin@(\ﬂ —rzcoso—rcosésinqb)
a(t)cos _ — 2. 2 . 2
0 e a(t)yrvi —resing a(t)rsin“0

@ de Sitter spacetime: n(t) = 1,a(t) = cosh t.

Manuel Hohmann (University of Tartu) Symmetric tetrads in f( T) gravity Symmetry 2017 8/11



Example: open FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so0(1,3).
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Example: open FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so(1,3).

@ Representation: identity representation so(1,3) — so(1,3).
@ Symmetry condition fixes tetrad up to n(t), a(t).

/ 2 a(t)yr
n(t)v1l+r N 0 0

e, = n(t)rsinfcos¢ a(t)sinfcos¢ a(t)rcosfdcos¢ —a(t)rsinfsing
n(t)rsinfdsing a(t)sindsing a(t)rcosésing a(t)rsinédcosq¢
n(t)rcosf a(t)cos6 —a(t)rsing 0
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Example: open FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so(1,3).

@ Representation: identity representation so(1,3) — so(1,3).
@ Symmetry condition fixes tetrad up to n(t), a(t).

/ 2 a(t)yr
n(t)v1l+r N 0 0

e, = n(t)rsinfcos¢ a(t)sinfcos¢ a(t)rcosfdcos¢ —a(t)rsinfsing
n(t)rsinfdsing a(t)sindsing a(t)rcosésing a(t)rsinédcosq¢
n(t)rcosf a(t)cos6 —a(t)rsing 0

@ Anti de Sitter spacetime: n(t) = 1, a(t) = cos t.
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Maximally symmetric spacetimes

@ Minkowski spacetime:
o Symmetry algebra g = iso(1,3).
e Repr.: translations — 0, Lorentz transformations — so(1, 3).

1 0 0 0
A = 0 si.necc.)s@b rcos@cgs¢ —rginesingzs
# 0 sindsing rcosédsing rsindcosq¢
0 cosf —rsing 0
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Maximally symmetric spacetimes

@ Minkowski spacetime:
o Symmetry algebra g = is0(1,3).
e Repr.: translations — 0, Lorentz transformations — so(1, 3).

1 0 0 0
A = 0 si.necc.)s@é rcosé’cgs¢ —rginesinqs
# 0 sindsing rcosédsing rsindcosq¢
0 cosf —rsing 0

@ de Sitter and anti-de Sitter spacetimes:
o Symmetry algebra g = s0(2,3),50(1,4).
4 No non-trivial homomorphism A : g — so(1,3).
4 No solutions to symmetry condition!
4 Solutions to antisymmetric field equations exist (previous slides).
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Conclusion

@ Summary:

Try to find solutions of f( T) gravity theories.

Consider symmetry of metric and connection.

Work in Weitzenbdck gauge w?y,, = 0.

Some symmetric tetrads solve antisymmetric field equations.
4 Relation does not hold for dS and AdS spacetimes.
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Conclusion

@ Summary:

Try to find solutions of f( T) gravity theories.

Consider symmetry of metric and connection.

Work in Weitzenbdck gauge w?y,, = 0.

@ Some symmetric tetrads solve antisymmetric field equations.
4 Relation does not hold for dS and AdS spacetimes.

@ Outlook:

o Relation between symmetry condition and field equations?
e Further solutions with other symmetries?
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