Definitions

The fundamental fields are
e a coframe field

0" = 0",dx", (1)
e a flat spin connection
" = "y dxt,  (2)

e N scalar fields ¢,

e arbitrary matter fields y'.
These fields further define

e a frame field e, = e,*d,, with
,0'=6,, (3
a metric
Qv = NMap0",0%,  (4)
e a volume form
Od*x = O°AO*ANO*AO3, (5)

e the Levi-Civita connection

(@)

1
Wyp = —E(Lebtecdﬁa + Lo, Lo, d O
- Lealebdec)ecr (6)

e the torsion

T°=d6"+ o AO°.  (7)
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General theory [1]
We consider an action of the generic form
S[6% @, %, x| = Sg| 0%, @, %] + Su [0, 0%, X, (8)

lts variation can be written, after integration by parts, in the form

1 .

6Sg = [ (Aa A OO + =BL A dw’y + Pa A 5¢A) = f (Ya A SO +T1, AOT" + Dy A 5¢A) , (9a)
Ium 2 M

0S,, = r(Za/\éea+\If/\(‘§qb+QI/\(S)(I), (9b)
Jum

where the terms in the two alternative forms of 6S, are related by
° ° 1
A, =Y, - DII, = Y'=A"+D (Zteclebgbc N LebEab) , (10a)
1

27 = -211" A 6" & [T = L—LtectebEbC AO"— 1, B (10b)

A particular variation of the action is generated by local Lorentz transformations A",, under
which the fields change according to

510" = A%0", S0y = M@ — @A —dA = -DAY = §;T"=A%T". (1)
Demanding local Lorentz invariance, 6,5, = 6,5, = 0, then yields xI” A 6”1 = 0 and
1 °
YeAQ+TIPATI =0 & A[“/\Gb]—EDE”bzo. (12)
From diffeomorphism invariance of the matter action follows energy-momentum conservation
DX, + Wi AL, dd? =0. (13)
The field equations are (); = 0 for matter, ®, + W, = 0 for the scalar fields and
Ae+%, =0 & Y,—DIl+%,=0 (14)
for the tetrads; the antisymmetric part of the latter agrees with the connection equations
e =0 o DAY+ AT =0, (15)
If we apply a conformal transformation of the form
0" = Pe", g, =e7Pe,, P = fAP), (16)
then we can find a different action S, and S,, of the new field variables, for which holds
Se[0% @' | = Sg|0%, @, |, Sw |07 % x| = Sw|6% 0% x| (17)
if the variation of the original and transformed action are related by
Ap=e7A,, El=E]r @AzaiB(ch—yBA A 67) (18)
a ar a a s ad_)A , a Y
which can alternatively be written as
_ _ a _ _ _ o .
T, =e? (Y= yallo Add?), Th= e, @ = @[cplg —y,B(n —DHa)A ea] . (19)
and finally the matter part
_ _ _ ok _
BT, Was e (V- ystan e, =0 (20)

The new action belongs to the same class of theories.

Theories without derivative couplings [4]

Another subclass of the L(T, X, Y, ) theories [2] is given by the action

1
S=—
2x? I

|[F(T, ) + Zas(@)g" ¢l | 0d*x + S,u[6°, X1 (21)

We call it minimally coupled if fwA = 0. The field equations are the symmetric part

1 0 1 ) 1 )
>/ 8w+ Vo (FrSqum) - /154" Trypo = Zapdludl, + EZABCP?JCPigP Sw =K0Ou, (22

the antisymmetric part
IpfrTPun =0 &  dufr|d (") + 2h iy doey, | = 0 (23)

and the scalar field equation

There are different ways to solve the antisymmetric equations (23):

1. For theories with frr = 0 and fry = 0, so that f(T, ¢) = kT — V(¢), the equations (23) are
solved identically for any field configuration.

2. Field configurations with 9,T = 0 and d,¢* = 0, i.e., constant torsion scalar and constant
scalar fields, always solve the equations (23), independently of the function f. The remain-
ing field equations (22) reduce to general relativity with cosmological constant.

3. Field configurations where T and ¢* depend only on a single coordinate y satisfy d, fr o
d.y. They solve the equations (23) if the six vector fields, which are defined by the terms
In square brackets in (23) for the six values of [ab], are tangent to the hypersurfaces of
constant y, independently of the function f.

4. In the general case, the solutions depend on f. An general field configuration solves the
equations (23) if the six vector fields mentioned above are tangent to the hypersurfaces of
constant fr.

For the Friedmann-Lemaitre-Robertson-Walker metric

d 2
guvdxtdx’ = dt? — a(t) [1 rkrz + r*(d9? + sin? Sdgoz)] (25)
one may use the diagonal tetrad
. . a(t) .
h', = diag|1, ,a(t)r,a(t)rsind |, (26)
1 — kr?
and depending on k one of the spin connections
k =0: 6:)129 = —6:)219 = -1 , 6:)13§0 = —6:)31(P = — sinS, 6:)23q0 = —6:)32(P = — COSS; (27)
k=1: 6:)12‘9 = —6:)219 =—VI1 - 1’2, Cz)lzqg = —6:)21([) = —r SiIlS, 6:)139 = —6:)319 =7,
[ J [ J [ J [ J 1 ([ ] [ J
1 3 \/ - 2 3 2 3
= — = — 1 — 72 = — = — , = — = — ‘9, 28
W 3¢ W 1 r’sind, s, W9, N W3¢ W 2 COS (28)
°) ®q 1 °) ®H °) ®3 .
k=-1: W1y =W gr = Wor2265=wWypgs =7, a)g,@:a)o@:rsm\%

—/
V1+ 72
° ° ° ° . ° °

whs = -1y ==V1+712, @'3=-w’1,=-V1+7r2sind, w’,=—-w,=—-cosd (29)

satisfies the third condition listed above.
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Theories constructed from four scalar quantities [2]

If we define the torsion scalar T = 117 ,,S,/"" through the superpotential

1 (0} (0}
Spuv = 5 (Twp + Lo — TWP) — 8pul v + §ov 1 oy, (30)
as well as the scalar field kinetic and coupling terms
1 0% 1%
X = —ogt gl Y =Ty, (31)
then a subclass of scalar-torsion theories [1] is given by the gravitational action
Sel0", @, ¢ = L L(T, X8, Y4, ¢") 6d*x. (32)

Together with the matter action variation
5S,u[6°, 0%, X1 = f (060", + 946¢" + @1dx') Od*x (33)
M
we find that the field equations are the matter equations @; = 0, the symmetric tetrad equations

— Lgw =2V, (LTS(W)p) + LS Toypo = LXABQ%CP,BV

+ Vi (Lyad? ) = Vo (Lyagp™) 8% g + Lya (T ¢ + TP g’y ) = Oy, (34)
the antisymmetric tetrad / connection equations
3

38[pLTTPW] + 8[,1Ly,4qbf,] — ELYATP[HVQDZX)] =0 (35)
and finally the scalar field equations
gV, (LYATPPV - LXABQbi) —Lya=9a. (36)

Under a conformal transformation (16) the scalar quantities in the action transform as
T=e? (T + 47/,AYA + 127/,A7/,BXAB) / QBA =f 4,

=2y &(ﬁA ag_bB XCD ) YA — 8—2)/@
8¢C aqf)D 8¢B

such that the transformed action S, retains the same form (32).

XABZB

(Y5 +6y,cX"), (37)

“Scalar-tensor-like” class of theories [3]

A special subclass of the L(T, X, Y, ) theories [2] is given by the gravitational action

Se |67, @, ¢ = L fM [~ AP)T +2Bap(p)X*F +2Ca() Y - 22V(¢)| 6d*x.  (38)

T 2K2
For the matter action, one chooses a conformal coupling
Sul6", ¢, x'1 = S [ @e, x| . (39)
The resulting field equations are the symmetric tetrad field equations

o 1o 1 )
(Aa+Ca) S Pty + A (Ruv - zng) + (EBAB - C(A,B>) ¢l D'8" Gy

B (B AB C(A,B>) qbffﬁqbf/ +Ca (VHVV¢A - E@ASW) T KZ(VSW = Kz@uv , (40)
the antisymmetric tetrad / connection field equations
3(Aa + CA)T ) + 2CamPuds = 0 (41)
and the scalar field equations
1 _ ° B _ 1 uv B 1.C > vu uv B 2 — 2
Zﬂ'AT BABEIQE BAB,C ZBBC'A g ¢,y¢,v +CAVFTV +2C[A,B]Ty Qb,v + K (V,A =K oc,A®. (42)
Using the trace of the tetrad equations, the scalar equations can be debraided to become

A(A 4+ Ca)T + (CaBsc — 2ABap,c + ABrca — 3CaCE )G OE S — QABAp + 3CACE) 0P
+ [4ﬂC[A,B] — ZCA(ﬂ,B + CB)] Tu‘uvqbf/ + ZKZ(ﬂ(V,A + ZCA(V) = KZ(ZﬂO(A + CA)@ . (43)

A conformal transformation (16) relates the action (38) and (39) to a new action S, and S,, of the
same form, where

_ 9P PP i} _ dPC _ 0P _
BAB = 627/ BcpngA aZZB — 6ﬂ)/,A)/,B + 6CC%%B) , CA = 627/ (CBﬁ — Zﬂ)/,A) . (44)
One can define the following invariant quantities
s 2AB A — 6?(,(,403) — 3ﬂ,Aﬂ,B _ Ca+ ﬂ,A
Il_ﬁ/ TAB_ 4ﬂ2 ’ 7’{A_ Zﬂ s (45a)
% Bap — 60(,(ACB) — 60z,A0¢,B&7( Cy+ Zoc,Aﬂ
IZ — ﬁ/ QAB — 2820( ’ 7(A — zeza ’ (45b)
and finds that under the transformation law (44) they transform covariantly as
_ _ Pt PP _ o
I.=71 p = — —F , Hy = —H, , 46a
1 =11 ¥ AB EYRERT CD A 25 B (463)
_ _ Pt PP _ o
I,=1,, = —— , Ki=—%K3. 46b
2 =1 Gap &’cf)A&gngCD A= S (46D)

The theory is minimally coupled it K4 = 0. A number of conformal frames can be defined by
selecting particular conformal transformations (16). In the Jordan frame defined by

637 = @ = prd)ga V() = a(e) (47)
the transformed parameter functions take the values
~ 1 ~ ~ ~ 1> ~
ﬂ‘S:I—1, Byp=2Gas, C) =2Ka, (VJ:I_%' a” =0. (48)
In the Einstein frame defined by
0% = "Vt = VAP, Y5P) = 5 In AG) (49
the parameter functions are given by
A =1, Bi,=2Fas, C;=2Hi, V=1, a@:%mJl. (50)
In the special case H, = 7~{ 4 there also exists a debraiding frame defined such that
Y360 =g 51)

in which the parameter functions satisfy

(InA®) = 2H,, (InB%) sc=[In(F +3H @ H)I pe + 250H,

A

Cy=0, (In (VD)’A =(In1y), +4Hs, a®4=T11Ka. (52)

and the second order terms in the tetrad and scalar field equations (40) and (42) disentangle.



