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Definitions
The fundamental fields are

• a coframe field

θa = θa
µdxµ , (1)

• a flat spin connection
•

ωa
b =

•

ωa
bµdxµ , (2)

• N scalar fields φA,

• arbitrary matter fields χI.
These fields further define

• a frame field ea = ea
µ∂µ with

ιeaθ
b = δb

a , (3)

a metric

gµν = ηabθ
a
µθ

b
ν , (4)

• a volume form

θd4x = θ0
∧θ1
∧θ2
∧θ3 , (5)

• the Levi-Civita connection

◦

ωab = −
1
2

(ιebιecdθa + ιecιeadθb

− ιeaιebdθc)θc , (6)

• the torsion

Ta = dθa +
•

ωa
b ∧ θ

b . (7)
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General theory [1]
We consider an action of the generic form

S
[
θa,

•

ωa
b, φ

A, χI
]

= Sg

[
θa,

•

ωa
b, φ

A
]

+ Sm

[
θa, φA, χI

]
, (8)

Its variation can be written, after integration by parts, in the form

δSg =

∫
M

(
∆a ∧ δθ

a +
1
2
Ξa

b
∧ δ

•

ωa
b + ΦA ∧ δφ

A
)

=

∫
M

(
Υa ∧ δθ

a + Πa ∧ δTa + ΦA ∧ δφ
A
)
, (9a)

δSm =

∫
M

(
Σa ∧ δθ

a + Ψ ∧ δφ + ΩI ∧ δχ
I
)
, (9b)

where the terms in the two alternative forms of δSg are related by

∆a = Υa −
•

DΠa ⇔ Υa = ∆a +
•

D
(1
4
ιecιebΞ

bc
∧ θa

− ιebΞ
ab
)
, (10a)

Ξab = −2Π[a
∧ θb]

⇔ Πa =
1
4
ιecιebΞ

bc
∧ θa

− ιebΞ
ab . (10b)

A particular variation of the action is generated by local Lorentz transformations λa
b, under

which the fields change according to

δλθ
a = λa

bθ
b , δλ

•

ωa
b = λa

c
•

ωc
b −

•

ωa
cλ

c
b − dλa

b = −
•

Dλa
b ⇒ δλTa = λa

bTb . (11)

Demanding local Lorentz invariance, δλSg = δλSm = 0, then yields Σ[a
∧ θb] = 0 and

Υ[a
∧ θb] + Π[a

∧ Tb] = 0 ⇔ ∆[a
∧ θb]

−
1
2

•

DΞab = 0 . (12)

From diffeomorphism invariance of the matter action follows energy-momentum conservation
◦

DΣa + ΨA ∧ ιeadφ
A = 0 . (13)

The field equations are ΩI = 0 for matter, ΦA + ΨA = 0 for the scalar fields and

∆a + Σa = 0 ⇔ Υa −
•

DΠa + Σa = 0 (14)

for the tetrads; the antisymmetric part of the latter agrees with the connection equations
•

DΞab = 0 ⇔

•

DΠ[a
∧ θb] + Π[a

∧ Tb] = 0 . (15)

If we apply a conformal transformation of the form

θ̄a = eγ(φ)θa , ēa = e−γ(φ)ea , φ̄A = f A(φ) , (16)

then we can find a different action S̄g and S̄m of the new field variables, for which holds

S̄g

[
θ̄a,

•

ωa
b, φ̄

A
]

= Sg

[
θa,

•

ωa
b, φ

A
]
, S̄m

[
θ̄a, φ̄A, χI

]
= Sm

[
θa, φA, χI

]
, (17)

if the variation of the original and transformed action are related by

∆̄a = e−γ∆a , Ξ̄a
b = Ξa

b , Φ̄A =
∂φB

∂φ̄A

(
ΦB − γ,B∆a ∧ θ

a) , (18)

which can alternatively be written as

Ῡa = e−γ
(
Υa − γ,AΠa ∧ dφA

)
, Π̄a = e−γΠa , Φ̄A =

∂φB

∂φ̄A

[
ΦB − γ,B

(
Υa −

•

DΠa

)
∧ θa

]
, (19)

and finally the matter part

Σ̄a = e−γΣa , Ψ̄A =
∂φB

∂φ̄A

(
ΨB − γ,BΣa ∧ θ

a) , Ω̄I = ΩI . (20)

The new action belongs to the same class of theories.

Theories without derivative couplings [4]
Another subclass of the L(T,X,Y, φ) theories [2] is given by the action

S =
1

2κ2

∫
M

[
f (T,φ) + ZAB(φ)gµνφA

,µφ
B
,ν

]
θd4x + Sm[θa, χI] . (21)

We call it minimally coupled if fTφA ≡ 0. The field equations are the symmetric part

1
2

f gµν +
◦

∇ρ

(
fTS(µν)

ρ
)
−

1
2

fTS(µ
ρσTν)ρσ − ZABφ

A
,µφ

B
,ν +

1
2

ZABφ
A
,ρφ

B
,σgρσgµν = κ2Θµν , (22)

the antisymmetric part

∂[ρ fTTρµν] = 0 ⇔ ∂µ fT
[
∂ν

(
hh[a

µhb]
ν) + 2hhc

[µh[a
ν] •ωc

b]ν

]
= 0 (23)

and the scalar field equation

fφA −

(
2ZAB,φC − ZBC,φA

)
gµνφB

,µφ
C
,ν − 2ZAB

◦

�φB = 0 . (24)

There are different ways to solve the antisymmetric equations (23):

1. For theories with fTT ≡ 0 and fTφA ≡ 0, so that f (T,φ) = kT − V(φ), the equations (23) are
solved identically for any field configuration.

2. Field configurations with ∂µT = 0 and ∂µφA = 0, i.e., constant torsion scalar and constant
scalar fields, always solve the equations (23), independently of the function f . The remain-
ing field equations (22) reduce to general relativity with cosmological constant.

3. Field configurations where T and φA depend only on a single coordinate y satisfy ∂µ fT ∝
∂µy. They solve the equations (23) if the six vector fields, which are defined by the terms
in square brackets in (23) for the six values of [ab], are tangent to the hypersurfaces of
constant y, independently of the function f .

4. In the general case, the solutions depend on f . An general field configuration solves the
equations (23) if the six vector fields mentioned above are tangent to the hypersurfaces of
constant fT.

For the Friedmann-Lemaître-Robertson-Walker metric

gµνdxµdxν = dt2
− a(t)

[
dr2

1 − kr2 + r2(dϑ2 + sin2 ϑdϕ2)
]

(25)

one may use the diagonal tetrad

ha
µ = diag

(
1,

a(t)
√

1 − kr2
, a(t)r, a(t)r sinϑ

)
, (26)

and depending on k one of the spin connections

k = 0 :
•

ω1
2ϑ = −

•

ω2
1ϑ = −1 ,

•

ω1
3ϕ = −

•

ω3
1ϕ = − sinϑ ,

•

ω2
3ϕ = −

•

ω3
2ϕ = − cosϑ ; (27)

k = 1 :
•

ω1
2ϑ = −

•

ω2
1ϑ = −

√

1 − r2 ,
•

ω1
2ϕ = −

•

ω2
1ϕ = −r sinϑ ,

•

ω1
3ϑ = −

•

ω3
1ϑ = r ,

•

ω1
3ϕ = −

•

ω3
1ϕ = −

√

1 − r2 sinϑ ,
•

ω2
3r = −

•

ω3
2r = −

1
√

1 − r2
,

•

ω2
3ϕ = −

•

ω3
2ϕ = − cosϑ ; (28)

k = −1 :
•

ω0
1r =

•

ω1
0r =

1
√

1 + r2
,

•

ω0
2ϑ =

•

ω2
0ϑ = r ,

•

ω0
3ϕ =

•

ω3
0ϕ = r sinϑ ,

•

ω1
2ϑ = −

•

ω2
1ϑ = −

√

1 + r2 ,
•

ω1
3ϕ = −

•

ω3
1ϕ = −

√

1 + r2 sinϑ ,
•

ω2
3ϕ = −

•

ω3
2ϕ = − cosϑ (29)

satisfies the third condition listed above.

Theories constructed from four scalar quantities [2]

If we define the torsion scalar T = 1
2TρµνSρµν through the superpotential

Sρµν =
1
2

(
Tνµρ + Tρµν − Tµνρ

)
− gρµTσσν + gρνTσσµ , (30)

as well as the scalar field kinetic and coupling terms

XAB = −
1
2

gµνφA
,µφ

B
,ν , YA = TµµνφA

,ν , (31)

then a subclass of scalar-torsion theories [1] is given by the gravitational action

Sg

[
θa,

•

ωa
b, φ

A
]

=

∫
M

L
(
T,XAB,YA, φA

)
θd4x . (32)

Together with the matter action variation

δSm[θa, φA, χI] =

∫
M

(
Θa

µδθa
µ + ϑAδφ

A + $Iδχ
I
)
θd4x (33)

we find that the field equations are the matter equations $I = 0, the symmetric tetrad equations

− Lgµν − 2
◦

∇ρ

(
LTS(µν)

ρ
)

+ LTS(µ
ρσTν)ρσ − LXABφA

,µφ
B
,ν

+
◦

∇(µ

(
LYAφA

,ν)

)
−
◦

∇σ

(
LYAφA

,ρ

)
gρσgµν + LYA

(
T(µν)

ρφA
,ρ + Tρρ(µφ

A
,ν)

)
= Θµν , (34)

the antisymmetric tetrad / connection equations

3∂[ρLTTρµν] + ∂[µLYAφA
,ν] −

3
2

LYATρ[µνφ
A
,ρ] = 0 (35)

and finally the scalar field equations

gµν
◦

∇µ

(
LYATρρν − LXABφB

,ν

)
− LφA = ϑA . (36)

Under a conformal transformation (16) the scalar quantities in the action transform as

T̄ = e−2γ
(
T + 4γ,AYA + 12γ,Aγ,BXAB

)
, φ̄A = f A ,

X̄AB = e−2γ∂φ̄
A

∂φC

∂φ̄B

∂φDXCD , ȲA = e−2γ∂φ̄
A

∂φB

(
YB + 6γ,CXBC

)
, (37)

such that the transformed action S̄g retains the same form (32).

“Scalar-tensor-like” class of theories [3]
A special subclass of the L(T,X,Y, φ) theories [2] is given by the gravitational action

Sg

[
θa,

•

ωa
b, φ

A
]

=
1

2κ2

∫
M

[
−A(φ)T + 2BAB(φ)XAB + 2CA(φ)YA

− 2κ2
V(φ)

]
θd4x . (38)

For the matter action, one chooses a conformal coupling

Sm[θa, φA, χI] = SJm
[
eα(φ)θa, χI

]
. (39)

The resulting field equations are the symmetric tetrad field equations(
A,A + CA

)
S(µν)

ρφA
,ρ +A

(
◦

Rµν −
1
2

◦

Rgµν
)

+
(1
2
BAB − C(A,B)

)
φA
,ρφ

B
,σgρσgµν

−

(
BAB − C(A,B)

)
φA
,µφ

B
,ν + CA

(
◦

∇µ

◦

∇νφ
A
−
◦

�φAgµν
)

+ κ2
Vgµν = κ2Θµν , (40)

the antisymmetric tetrad / connection field equations

3(A,A + CA)Tρ[µνφ
A
,ρ] + 2C[A,B]φ

A
,µφ

B
,ν = 0 (41)

and the scalar field equations

1
2
A,AT −BAB

◦

�φB
−

(
BAB,C −

1
2
BBC,A

)
gµνφB

,µφ
C
,ν +CA

◦

∇µTννµ + 2C[A,B]TµµνφB
,ν + κ2

V,A = κ2α,AΘ . (42)

Using the trace of the tetrad equations, the scalar equations can be debraided to become

A(A,A + CA)T + (CABBC − 2ABAB,C +ABBC,A − 3CACB,C)gµνφB
,µφ

C
,ν − (2ABAB + 3CACB)

◦

�φB

+
[
4AC[A,B] − 2CA(A,B + CB)

]
TµµνφB

,ν + 2κ2(AV,A + 2CAV) = κ2(2AαA + CA)Θ . (43)

A conformal transformation (16) relates the action (38) and (39) to a new action S̄g and S̄m of the
same form, where

A = e2γ
Ā , V = e4γ

V̄ , α = ᾱ + γ ,

BAB = e2γ

(
B̄CD

∂φ̄C

∂φA

∂φ̄D

∂φB − 6Āγ,Aγ,B + 6C̄C
∂φ̄C

∂φ(A
γ,B)

)
, CA = e2γ

(
C̄B
∂φ̄B

∂φA − 2Āγ,A

)
. (44)

One can define the following invariant quantities

I1 =
e2α

A
, FAB =

2ABAB − 6A,(ACB) − 3A,AA,B

4A2 , HA =
CA +A,A

2A
, (45a)

I2 =
V

A2 , GAB =
BAB − 6α,(ACB) − 6α,Aα,BA

2e2α , KA =
CA + 2α,AA

2e2α , (45b)

and finds that under the transformation law (44) they transform covariantly as

Ī1 = I1 , F̄AB =
∂φC

∂φ̄A

∂φD

∂φ̄B
FCD , H̄A =

∂φB

∂φ̄A
HB , (46a)

Ī2 = I2 , ḠAB =
∂φC

∂φ̄A

∂φD

∂φ̄B
GCD , K̄A =

∂φB

∂φ̄A
KB . (46b)

The theory is minimally coupled if KA ≡ 0. A number of conformal frames can be defined by
selecting particular conformal transformations (16). In the Jordan frame defined by

θJ a = eγ
J(φ)θa = eα(φ)θa , γJ(φ) = α(φ) (47)

the transformed parameter functions take the values

A
J =

1
I1
, BJAB = 2GAB , C

J

A = 2KA , V
J =
I2

I2
1

, αJ = 0 . (48)

In the Einstein frame defined by

θE a = eγ
E(φ)θa =

√
A(φ)θa , γE(φ) =

1
2

lnA(φ) (49)

the parameter functions are given by

A
E = 1 , BEAB = 2FAB , C

E
A = 2HA , V

E = I2 , αE =
1
2

lnI1 . (50)

In the special case HA = H̃,A there also exists a debraiding frame defined such that

γD,A(φ) = −
CA(φ)
2A(φ)

, (51)

in which the parameter functions satisfy(
lnAD

)
,A

= 2HA ,
(
lnBD

)A
B,C = [ln (F + 3H ⊗H)]A

B,C + 2δA
BHC ,

C
D
A = 0 ,

(
lnVD

)
,A

= (lnI2)A + 4HA , αD,A = I1KA . (52)

and the second order terms in the tetrad and scalar field equations (40) and (42) disentangle.


