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@ Open questions in cosmology and gravity:
@ Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
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@ Open questions in cosmology and gravity:
@ Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
@ Teleparallel gravity woler s11:
e Based on tetrad and flat spin connection.
Describes gravity as gauge theory of the translation group.
Gravitational field strength is torsion.
First order action, second order field equations.
Spin connection as Lorentz gauge degree of freedom.
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@ Open questions in cosmology and gravity:
@ Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
@ Teleparallel gravity woler s11:
e Based on tetrad and flat spin connection.
e Describes gravity as gauge theory of the translation group.
o Gravitational field strength is torsion.
o First order action, second order field equations.
@ Spin connection as Lorentz gauge degree of freedom.

@ Scalar field non-minimally coupled to torsion (ceng11:

o Possibly arises from more fundamental theory.
o Differs from non-minimal coupling to curvature.
e Possible model for so far unexplained observations.
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@ Open questions in cosmology and gravity:
@ Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
@ Teleparallel gravity woler s11:
e Based on tetrad and flat spin connection.
e Describes gravity as gauge theory of the translation group.
o Gravitational field strength is torsion.
o First order action, second order field equations.
@ Spin connection as Lorentz gauge degree of freedom.
@ Scalar field non-minimally coupled to torsion (ceng11:
o Possibly arises from more fundamental theory.
o Differs from non-minimal coupling to curvature.
o Possible model for so far unexplained observations.

@ Arising questions:

o Most general class of scalar-torsion gravity theories?
@ Behavior under conformal transformations?
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Ingredients of scalar-torsion gravity

@ Fundamental fields:

Coframe field 62 = 62 ,dx".

o Flat spin connection &2, = 3, dx*.
e N scalar fields ¢ = (¢*; A=1,...,N).
e Arbitrary matter fields y'.
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Ingredients of scalar-torsion gravity

@ Fundamental fields:
o Coframe field 62 = 02,dx*.
o Flat spin connection &2, = 3, dx*.
e N scalar fields ¢ = (¢*; A=1,...,N).
e Arbitrary matter fields y'.

@ Derived quantities:
o Frame field e, = €20, with 1,0° = 8.
o Metric g, = nap?,.60°,.
e Volume form #d*x = 6° A 01 A 62 A 63,
o Levi-Civita connection

° 1
Wap = —E(LebLeCdaa + te,Le,00p — Le,te,d0c)0C .

e Torsion T2 = d@2 + &3y A 6P.
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Overview

Sg |:0a7¢:)ab7 ¢A] + Sm [eaa ¢A7 XI]
( L( T7 Xv Y7 Cb) )

A(P)T + B(¢)0,00" ¢ + C(p) THO,d + V()

( )

A(@)T + B(4)9u00"¢ + V(¢)

(T, ¢) + Z(4)0.00"¢
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General scalar-torsion gravity - action

@ Structure of the action m+ 1s:

S ea’(:}ab7¢A,Xl} =S, [ea,(:)ab’éA] + S, [ea’ ¢A’XI} '
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General scalar-torsion gravity - action

@ Structure of the action m+ 1s:
S |:9aa (:}abv ¢A7 Xl} = Sg [eaa&aba ¢A] + Sm |:ea> ¢Aa Xli| .

@ Variation of the action:
o Gravitational part:

1 .
55, = / (Aa A 562 + EEab A 3P, + da A 6¢A)
M

:/ (Tand0?+ N AT+ da AdeM) .
M
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General scalar-torsion gravity - action

@ Structure of the action m+ 1s:
S |:9aa (:}abv ¢A7 Xl} = Sg [eaa&aba ¢A] + Sm |:ea> ¢Aa Xli| .

@ Variation of the action:
o Gravitational part:

1 .
55, = / (Aa A 6602 + EEab A 6%y 4+ da A 6¢A)
M
:/ (TaA60?+Ta ASTE+ da A7) .
M
o Matter part:

5sm:/ (ZaA 602+ Wandgh +Q A6Y) .
M
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General scalar-torsion gravity - field equations

@ Local Lorentz invariance:
o Gravitational part:

T[a/\eb]_|_|-|[a/\7'b]:0 PN A[a/\ﬁb]—%[.DEabzo.

e Matter part: ¥[2 A %1 = 0.
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General scalar-torsion gravity - field equations

@ Local Lorentz invariance:
o Gravitational part:

T[a/\eb]_|_|-|[a/\7'b]:0 PN A[a/\Ob]—%[.DEabzo.

e Matter part: ¥[2 A %1 = 0.
@ Diffeomorphism invariance:

DY+ WA Ate,d¢? =0.
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General scalar-torsion gravity - field equations

@ Local Lorentz invariance:
o Gravitational part:

T[a/\eb]_|_|-|[a/\7'b]:0 PN A[a/\Gb]—%ISEabZO,

e Matter part: ¥[2 A %1 = 0.
@ Diffeomorphism invariance:
DY+ WA Ate,d¢? =0.

@ Field equations:
o Tetrad field equations:

Aa+2azo = Ta*Dna‘{’Za:O.
e Antisymmetric part = connection field equations:
D=*=0 <« DA ynlEATI =0,

e Scalar field equations: ¢4 + W4 = 0.
o Matter field equations: Q; = 0.
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L(T,X,Y,o) theory - action

@ Gravitational part of the action . c. preiter 18):

sg[a&ab,qﬁf*] /M (T,XAB, YA,¢A) od*x

Torsion scalar: T = 1 T%,,S,"".
Superpotential:

1 g g
Spuv = > (Topp + Toww = Tuwp) = Gou T 00 + 9o T o -

Scalar field kinetic term: X8 = —1grv¢ 65 .
Kinetic coupling term: YA = T,#¢%,.

Manuel Hohmann (University of Tartu) Scalar-torsion theories of gravity DPG GR 3 - 20. March 2018



L(T,X,Y,o) theory - action

@ Gravitational part of the action . c. preiter 18):
S, [ea,&ab, ¢A] - / L (T, XAB yA ¢A) od*x .
M

o Torsion scalar: T = 577, S,".
@ Superpotential:

1
5 (
o Scalar field kinetic term: X#8 = —Tgr¢A ¢B .
e Kinetic coupling term: YA = T,#/ ¢4,
@ Matter action variation expressed in components:

Spuv = Towo + Topww = Tpvp) = Gop T 00 + G T o -

5Sm[02, ¢*, x] = / (eaﬂaeaﬂ + 94007 + w,ax’) 0d*x .
M
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L(T,X,Y,¢) theory - field equations

@ Symmetric part of tetrad equations:

V(u (LYA¢ ,,)) <LYA¢ ) 9" Quv+Lya (7-(111/){)(;52 + Tpp(u%\/))

— Lo — 2Vp (LTS(W)p) + L8, Toypo — LXAB¢:?A¢,BV =0
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L(T,X,Y,¢) theory - field equations

@ Symmetric part of tetrad equations:

S (Lt () ot (T )
— Lo — 2Vp (LTS(W)p) + LS4 Toypo = LXAB¢:?A¢,BV =0

@ Antisymmetric part of tetrad equations = connection equations:

3
Sa[pLTT ] + a[uLyAg[) LyAT [m,d) o= =0.
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L(T,X,Y,¢) theory - field equations

@ Symmetric part of tetrad equations:

T (L) (L1 Gt (Tl )
~Lgu — 2V, (LTS(w)’) + LTS3 Ty — Lxasd'y,¢5 = ©
@ Antisymmetric part of tetrad equations = connection equations:
3
Sa[pLTT ] + a[uLyAg[) LyAT [m,d) o= =0.

@ Scalar field equations:

gl“/%u (LyA Tppy — LXABQS,?/) — L¢A = ﬁA .
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L(T,X,Y,¢) theory - field equations

@ Symmetric part of tetrad equations:

T (065 (L1008) s (T 050
—Lg — 2vp (LTS(w)’) + LTS3 Ty — Lxasd'y,¢5 = ©
@ Antisymmetric part of tetrad equations = connection equations:
BOLTT? ) + OuLyad'y) 3LyAT Plwdy =0,
@ Scalar field equations:
9"V, (LyaT?m = LxasdB ) = Loa = 0a.

@ Matter field equations: w; = 0.
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“Scalar-curvature”’-like class - action

@ Action s
o Gravitational part:
Sg [933 (:)aba ¢A:| =

oz [ AT + 2B45(6)X% + 20A(0) V" ~ 26°V(6)] X

o Matter part:
Snlt® 6.\ = S}, @97, .
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“Scalar-curvature”’-like class - action

@ Action e
o Gravitational part:

Sg [93’ ‘:)aba ¢A:| =
ouz [ [FA@IT + 2B4s(8)X% + 204() YA — 212V(6)] 0.
M
o Matter part:
Snlt® 6.\ = S}, @97, .

@ Free functions A, Bag,Ca, V, « of scalar fields.

Manuel Hohmann (University of Tartu) Scalar-torsion theories of gravity DPG GR 3 - 20. March 2018 9/16



“Scalar-curvature”’-like class - action

@ Action s
o Gravitational part:
Sg [933 (:)aba ¢A:| =

oz [ AT + 2B45(6)X% + 20A(0) V" ~ 26°V(6)] X

o Matter part:
Snlt® 6.\ = S}, @97, .

@ Free functions A, Bag,Ca, V, « of scalar fields.
@ C; = —A s < theory reduces to scalar-curvature gravity.
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“Scalar-curvature™like class - field equation

@ Symmetric part of the tetrad equations:

10

0 1
(A,A + CA) S(w,)p(ﬁﬁ—hA <Rm/ - 2Rg/uz> + <2BAB - C(A,B)) Qbfogbigpaguu

_(BAB - C(A,B)) ¢:‘;\L¢,BV+CA (v,uvu¢A - D¢Ag,uu> +/€2ng, = KQ@;W )
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“Scalar-curvature™like class - field equation

@ Symmetric part of the tetrad equations:

o 10 1
(A4 +Ca) Sy d+A <R,w - 2F1’QW> + <28AB — C(A,B)) B 9" g
_(BAB - C(A,B)) ¢:‘;\L¢,BV+CA (v,uvu¢A - D¢Ag,uy> +/€2Vg,uu = KZ@;LV )
@ Antisymmetric part of the tetrad field equations:

3(Aa+Ca) Tp[,w¢>21 +2Cia 507,05 = 0.
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“Scalar-curvature™like class - field equation

@ Symmetric part of the tetrad equations:

o 10 1
(Aa+Ca) S(W)pczﬁﬁnLA <R,w — 2F1’QW> + <28AB - C(A,B)) ¢f,‘o¢igpagw
_(BAB - C(A,B)) ¢:‘;\L¢,BV+CA (v,uvu¢A - D¢Ag,uu> +/€2Vg,uu = HZ@;W )
@ Antisymmetric part of the tetrad field equations:
3(Aa+Ca) Tp[,wdﬁ] +2Cia 507,05 = 0.

@ Scalar field equation:

1 0 1
SAAT - Bagg? — <BAB,C - ZBBC,A> 9" 565

+ CAVH T,"F + 26[,475] T#/W¢i + H2V7A = K2a7A@ .
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“Scalar-curvature”-like class - conformal transf.

@ Conformal transformation and scalar field redefinition:
02 = 1993 gy =ePe,, ¢ =(e).
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“Scalar-curvature”-like class - conformal transf.

@ Conformal transformation and scalar field redefinition:
07 =0, &y=e"Pe,, ¢ =r(g).
@ Transformation of geometry:
T=e?2 <T+ 4y 2 YA+ 12’)’,A7,BXAB) . =1,

— 5, 00" 0P _ 5, 094
AB 2~ CcD A 2y B BC
X" =e T CAD , Yi=e 5 (Y +6v,cX ) ,
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Manuel Hohmann (University of Tartu)

“Scalar-curvature”-like class - conformal transf.

@ Conformal transformation and scalar field redefinition:
07 =0, &y=e"Pe,, ¢ =r(g).
@ Transformation of geometry:
T=e?2 <T+ 4y 2 YA+ 12’7,A’Y,BXAB) . =1,
XAB _ efZ'ya;ﬁAa;ﬁXCD? VA — ezygzl': (YB I 677CXBC) 7
@ Transformation of parameter functions to preserve action:
A=A,
B=e® (Bf’2 —6AY2 + 667’7’) :
C=e* (Cf —24Y) ,
V=e"V,
a=0a+.
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“Scalar-curvature”-like class - invariants

@ Quantities invariant under conformal transformations ~:
@ “Scalar” quantities:

> %
Th=—, In=—.
1 ./4 ) 2 Az
e “Covector” quantities:
_Cat+An _ Ca+2a A
HA - 2./4 ) ]CA - 29204

e “Metric” quantities:
2ABag — GA,(ACB) —3A A B

Fag = 442
BAB — 6047(,465) — 6047AOL75A
Gap = 5g2a .
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“Scalar-curvature”-like class - invariants

@ Quantities invariant under conformal transformations ~:
@ “Scalar” quantities:

> %
Th=—, In=—.
1 ./4 ) 2 Az
e “Covector” quantities:
_Cat+An _ Ca+2a A
HA - 2./4 ) ]CA - 29204

e “Metric” quantities:
2ABag — GA,(ACB) — 3./4,,4.,4’3

i 442
g B AB — 60[ ACB 604 AOL BA
AB — 2620‘
@ Covariance under scalar field redefinitions:
_ dpB - - 9¢C 9P
T1o=T12, (H,K)a=—(H,K)g, (F, = ——(F, .
12=T12, (H,K)a 6¢A( )8, (F,G)as 957 8(;55( G)eo
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“Scalar-curvature”-like class - special frames

@ Jordan frame: minimal coupling to matter.

A=, Blg=20a5, C}=2Ka, V=
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“Scalar-curvature”-like class - special frames

@ Jordan frame: minimal coupling to matter.

~ 1

. ~ I .
— S J — —
A =7 Byg =2Gas, Ci=2Ka, VJ_I—?, a’=0
@ Einstein frame: no coupling to torsion scalar.
: 1
AS =1, BSg=2Fu, CS=2Mx, V¢=1,, aezélnL.
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“Scalar-curvature”-like class - special frames

@ Jordan frame: minimal coupling to matter.

~ 1 ~ ~ ~
A= | Blg=2Gas, Cy=2Kas, W=

@ Einstein frame: no coupling to torsion scalar.

1
AS =1, BSg=2Fu, CS=2Mx, V¢=1,, aezélnL.

@ “Debraiding frame” (for H4 g; = 0): minimal coupling to torsion.

A
(nA°) =2Ha, (INB°) go=[n(F+3He M) 5c+204He

5

2 =0, (Invg) = (T2 +4Ha, a® 4= TiKs.

i
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Scalar-torsion gravity without derivative coupling

@ Gravitational action v, L. sar, u. vaiikhanova 18]

1
S= g [, [1T.6)+ Zas(@)g" o405 0 + Snlo?. .
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Scalar-torsion gravity without derivative coupling

@ Gravitational action v, L. sar, u. vaiikhanova 18]
1 v
S= 57 /M [1(T.0) + Zus(6)g" ¢4,03] 00 + Snl6®, ).

@ Field equations:
@ Symmetric part of the tetrad field equations:

1 o 1
Efg;w +V, (frSyw)”) — EfTS(upa To)po

— Zagd', 05, + %ZABG%(??;QWQW = KO,
o Antisymmetric part of the tetrad field equations:
Ty =0 & Oufr [0, (Ge"en”) +20ec 65150, | = 0.
o Scalar field equation:

f¢A - (ZZAB,¢C — ZBC7¢A) glw(bi(bg - ZZABDd)B =0.
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Scalar-torsion gravity without derivative coupling

@ Gravitational action v, L. sar, u. vaiikhanova 18]
1
S= 57 /M [1(T.0) + Zus(6)g" ¢4,03] 00 + Snl6®, ).

@ Field equations:
@ Symmetric part of the tetrad field equations:

1 o 1
Efg;w +V, (frSyw)”) — EfTs(upa To)po

~ Zus /05, + 3 Zao0s0% " G = KOy
e Antisymmetric part of the tetrad field equations:
OpfrTP) =0 & Oufr [ay (et en”) + 29ecl~e[a"ucb]4 =0.
o Scalar field equation:
fon — (2Zag.s0 — Zoc.on) 9" 65,05 — 2Zagl16P = 0.
@ Solutions: MP 8.3 / Wed, Mar 21, 18:50-19:10, Z6 - SR 1.012.
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Conclusion

@ Summary:
@ Four new classes of scalar-torsion theories.

general scalar-torsion

L(T,X,Y,¢)

[no derivative coupling [

“scalar-curvature-like”}
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Conclusion

@ Summary:
@ Four new classes of scalar-torsion theories.
e Formulation is covariant under local Lorentz transformations.

general scalar-torsion

L(T,X,Y,¢)

[no derivative coupling [

“scalar-curvature-like”}
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Conclusion

@ Summary:
o Four new classes of scalar-torsion theories.
e Formulation is covariant under local Lorentz transformations.
o Antisymmetric tetrad field equations = connection field equations.

general scalar-torsion

L(T,X,Y,¢)

[no derivative coupling [

“scalar-curvature-like”}
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Conclusion

@ Summary:

Four new classes of scalar-torsion theories.

Formulation is covariant under local Lorentz transformations.
Antisymmetric tetrad field equations = connection field equations.

"]
o
]
@ Three classes are closed under conformal transformations.

general scalar-torsion

L(T‘/X7 Y’ ¢)

[no derivative coupling ‘ “scalar-curvature-like”
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Conclusion

@ Summary:

Four new classes of scalar-torsion theories.

Formulation is covariant under local Lorentz transformations.
Antisymmetric tetrad field equations = connection field equations.
Three classes are closed under conformal transformations.

One class formulated in terms of conformal invariants.

general scalar-torsion

L(T,X,Y,¢)

[no derivative coupling ‘ } “scalar-curvature-like”
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Conclusion

@ Summary:

Four new classes of scalar-torsion theories.

Formulation is covariant under local Lorentz transformations.
Antisymmetric tetrad field equations = connection field equations.
Three classes are closed under conformal transformations.

One class formulated in terms of conformal invariants.

general scalar-torsion

L(T,X,Y,¢)

“scalar-curvature-like”}

[no derivative coupling [

- J
@ Outlook - analyze various aspects of these theories:

e Cosmological dynamics / dynamical systems analysis.

o Post-Newtonian limit.

o Gravitational waves - speed and polarisations.

e Hamiltonian formulation - degrees of freedom.
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@ MH, L. Jarv, U. Ualikhanova; Covariant formulation of
scalar-torsion gravity; arXiv:1801.05786.

@ MH; Scalar-torsion theories of gravity I: general formalism and
conformal transformations; arXiv:1801.06528.

@ MH, C. Pfeifer; Scalar-torsion theories of gravity II: L(T, X, Y, ¢)
theory; arXiv:1801.06536.

@ MH; Scalar-torsion theories of gravity Ill: analogue of
scalar-tensor gravity and conformal invariants; arXiv:1801.06531.

Manuel Hohmann (University of Tartu) Scalar-torsion theories of gravity DPG GR 3 - 20. March 2018 16/16



	Motivation
	Ingredients of scalar-torsion gravity
	Overview
	General scalar-torsion gravity - action
	General scalar-torsion gravity - field equations
	L(T, X, Y, ) theory - action
	L(T, X, Y, ) theory - field equations
	``Scalar-curvature''-like class - action
	``Scalar-curvature''-like class - field equation
	``Scalar-curvature''-like class - conformal transf.
	``Scalar-curvature''-like class - invariants
	``Scalar-curvature''-like class - special frames
	Scalar-torsion gravity without derivative coupling
	Conclusion
	Literature

