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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
@ Teleparallel gravity e s1:
e Based on tetrad and flat spin connection.
Describes gravity as gauge theory of the translation group.
o First order action, second order field equations.
@ Spin connection as Lorentz gauge degree of freedom.
@ Scalar-torsion gravity in covariant formulation p, sarv, aiikhanova 18]
e Simple class of teleparallel theories beyond general relativity.
e Contains f( T) gravity [Bengochea, Ferraro '09].
o Contains teleparallel dark energy (ceng 111.
@ Cosmology allows for de Sitter attractors v, Jarv, Uaiiknanova 7.
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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
e How to quantize gravity?
@ Teleparallel gravity e s1:
e Based on tetrad and flat spin connection.
Describes gravity as gauge theory of the translation group.
e First order action, second order field equations.
@ Spin connection as Lorentz gauge degree of freedom.
@ Scalar-torsion gravity in covariant formulation p, sarv, aiikhanova 18]
e Simple class of teleparallel theories beyond general relativity.
Contains f( T) gravity [Bengochea, Ferraro '09].
Contains teleparallel dark energy (ceng 1.
Cosmology allows for de Sitter attractors v, arv, Uaiiknanova 17].
Cumbersome equation relating tetrad and spin connection.
Use notion of symmetry to find particular solutions?
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Ingredients of scalar-torsion gravity

@ Fundamental fields:

e Coframe field 6% = 62, dx".

o Flat spin connection &2, = &3y, dx".
o N scalar fields ¢ = (¢*;A=1,...,N).
o Arbitrary matter fields /.
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Ingredients of scalar-torsion gravity

@ Fundamental fields:
o Coframe field 62 = 62, dx*.
o Flat spin connection &2, = &3y, dx".
o N scalar fields ¢ = (¢*;A=1,...,N).
Arbitrary matter fields y'.
@ Derived quantities:
o Frame field e, = €,40,, with 1¢,0° = 6.
Metric g, = nap0?,.60°,.
Volume form 6d*x = 09 A 0" A 62 A 63,
Levi-Civita connection

o

Wab = —%(LebLecha + e te,00p — Le,Le,d0c)0° .

e Torsion T2 =d#? + w3, A 6P.
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Scalar-torsion gravity action and field equations

@ Gravitational action v, L. sar, u. vaiiknanova 18]

1
- 57 [ [(T.9) + Zag(6)g" 665 0d*x+ Sm[6%.\').
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Scalar-torsion gravity action and field equations

@ Gravitational action v, L. sar, u. vaiiknanova 18]

1
- 57 [ [(T.9) + Zag(6)g" 665 0d*x+ Sm[6%.\').

@ Field equations:
e Symmetric part of the tetrad field equations:

1 o
Efgl“/ +Vp (fTS(W) ) fTS(u T0)po

- Zapd’, 05, + 52A5¢,‘;¢ig”°'gw = K20, ,
o Antisymmetric part of the tetrad field equations:
8[pr Tplw] =0 <« Lvabdfr = 0, Vab = (Le[abeb Tc)ec] .

e Scalar field equation:

f¢A - (2ZAB’¢C - ZBC7¢A) g'uy(bi(bg - ZZAB EI (bB =0.
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Scalar-torsion gravity action and field equations

@ Gravitational action v, L. sar, u. vaiiknanova 18]

1
- 57 [ [(T.9) + Zag(6)g" 665 0d*x+ Sm[6%.\').

@ Field equations:
e Symmetric part of the tetrad field equations:

1 o
Efgl“/ +Vp (fTS(IU/) ) fTS(u T0)po

- Zas 00 + 52A5¢ﬁ,¢ig”°'gw = KO,
o Antisymmetric part of the tetrad field equations:
8[pr Tp;u/] =0 ~ LVabdfT = 07 Vab = (Le[abeb TC)eC] .
e Scalar field equation:
fop— (2Zag 40 — Zoc.pr) 9" 05,0C —2Zap 0P = 0.

@ Solutions to the antisymmetric part of the equations?
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Four ways to solve ¢y, dfr =0

@ Different possibilities to solve this equation:

Lvabdf'r = 0 = fTTLVade + fT¢ALVabd¢A = 0 .

Manuel Hohmann (University of Tartu) Symmetric tetrads in teleparallel gravity DPG MP 8 - 21. March 2018 5/11



Four ways to solve ¢y, dfr =0

@ Different possibilities to solve this equation:

Lvabdf'r = 0 = fTTLVade + fT¢ALVabd¢A = 0 .

@ T and ¢A are constant, dT = 0 and d¢” = 0.
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Four ways to solve ¢y, dfr =0

@ Different possibilities to solve this equation:

Lvabdf'r = 0 = fTTLVade + fT¢ALVabd¢A = 0 .

@ T and ¢A are constant, dT = 0 and d¢” = 0.
@ fris stationary, frr =0and fr . =0.
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Four ways to solve ¢y, dfr =0

@ Different possibilities to solve this equation:

Lvabdf'r = 0 = fTTLVade + fT¢ALVabd¢A = 0 .

@ T and ¢A are constant, dT = 0 and d¢” = 0.
@ fris stationary, frr =0and fr . =0.

© T and ¢* have identical level sets;
vector fields V,, are tangent to these level sets.
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Four ways to solve ¢y, dfr =0

@ Different possibilities to solve this equation:

Lvabdf'r =0 d fTTLVade + fT¢ALVabd¢A =0.

@ T and ¢A are constant, dT = 0 and d¢” = 0.
@ fris stationary, frr =0and fr . =0.

© T and ¢* have identical level sets;
vector fields V,, are tangent to these level sets.

© Vector fields Vg are tangent to the level sets of f+(T, ¢).
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Four ways to solve ¢y, dfr =0

@ Different possibilities to solve this equation:

wdff =0 < frroy,dT + fruacy,de® = 0.

@ T and ¢A are constant, dT = 0 and d¢” = 0.
@ fris stationary, frr =0and fr . =0.

© T and ¢* have identical level sets;
vector fields V., are tangent to these level sets.

© Vector fields Vg are tangent to the level sets of f+(T, ¢).

@ Consider group action on M with orbits of codimension 1.
@ Choose geometry to be symmetric under this group action.
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Symmetry of the geometry

@ Diffeomorphisms generated by vector field .
@ Invariance of spacetime geometry:
e Metric:
0= (Lﬁg)/w = gpapg,uu + augpgpu + aufpgup .
e Connection:

0= (L)) =6705T" =087y +0,E7TH 6, +0,E7TH Lo +0,0,8" .
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Symmetry of the geometry

@ Diffeomorphisms generated by vector field .
@ Invariance of spacetime geometry:
e Metric:
0= (L@ v =€ 0pGuv + 0" G + 0,6 Gpp -
e Connection:

0=(LeM) 0y =6705T" =087y +0,E7TH 5+ 0,E7TH Lo +0,0,8" .

@ Satisfied if and only if 3\ : M - so(1,3) such that m s

(Le€)2, = -NpeP,,  (Lew)?p, = DA%,
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Symmetry of the geometry

@ Diffeomorphisms generated by vector field .
@ Invariance of spacetime geometry:
e Metric:
0= (L@ v =€ 0pGuv + 0" G + 0,6 Gpp -
e Connection:

0=(LeM) 0y =6705T" =087y +0,E7TH 5+ 0,E7TH Lo +0,0,8" .

@ Satisfied if and only if 3X : M - so(1,3) such that m s
(L)% = -2%€%,  (Lew)?p, = DA,

@ Several symmetry generators ¢ form Lie algebra g c Vect(M).
@ Local Lie algebra homomorphism A : g x M - s0(1,3).
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
@ Weitzenbdck gauge: w?p, = 0.
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
@ Weitzenbdck gauge: w?p, = 0.

“Good tetrad”
A tetrad is called good tetrad if it satisfies the equation

7?10, T =0

in the Weitzenbdck gauge.
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
@ Weitzenbdck gauge: w?p, = 0.

“Good tetrad”
A tetrad is called good tetrad if it satisfies the equation

7?10, T =0

in the Weitzenbdck gauge.

@ Symmetry condition in Weitzenbdck gauge:
(ﬁge)aﬂ = —)\abeb“, 0= (ﬁgw)abu = DM)\ab = 8M>\ab.

@ First order differential equation for e?,.
= Lie algebra homomorphism X : g — s0(1,3) (independent of M).
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
@ Weitzenbdck gauge: w?p, = 0.

“Good tetrad”
A tetrad is called good tetrad if it satisfies the equation

7?10, T =0

in the Weitzenbdck gauge.

@ Symmetry condition in Weitzenbdck gauge:
(Ege)a# = —)\abeb“, 0= (ﬁgw)abu = DM)\ab = 8M/\ab.
@ First order differential equation for e?,.

= Lie algebra homomorphism X : g — so(1,3) (independent of M).
@ Use local Lorentz transformation to go to arbitrary gauge.
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
@ Weitzenbdck gauge: w?p, = 0.

“Good tetrad”
A tetrad is called good tetrad if it satisfies the equation

Tp[/wap] =0

in the Weitzenbdck gauge.

@ Symmetry condition in Weitzenbdck gauge:
(,Cge)a# = —)\abeb“, 0= (ﬁgw)abu = DM)\ab = 8M/\ab.

@ First order differential equation for e?,,.

= Lie algebra homomorphism X : g — so(1,3) (independent of M).
@ Use local Lorentz transformation to go to arbitrary gauge.

@ Use additional condition also for the scalar fields.
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Example: spatially flat FLRW

@ 3 generators of rotations, 3 generators of translations.
@ Symmetry algebra g =~ is0(3).
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Example: spatially flat FLRW

@ 3 generators of rotations, 3 generators of translations.

@ Symmetry algebra g = iso(3).

@ Representation: translations ~ 0, rotations — s0(3) c so(1,3).

@ Symmetry condition fixes tetrad up to n(t), a(t).

n(t) 0 0 0
0 a(t)sinfcos¢ a(t)rcosfcos¢ -—a(t)rsinfsing
0 a(t)sinfsing a(t)rcosfsing a(t)rsinfcosqo
0 a(t)cosé -a(t)rsiné 0

a _
eu—
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Example: closed FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g ~ so0(4) = s0(3) ® s50(3).
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Example: closed FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.

@ Symmetry algebra g = s0(4) = s0(3) @ s0(3).

@ Representation: left / right isoclinic rotations — s0(3) c so(1,3).
@ Symmetry condition fixes tetrad up to n(t), a(t).

n(t) 0 0 0
0 %\/L?w a(t)r(\/1—rzcosacosé—rsimﬁ) —a(t)rsina( 1—rzsin¢;/>+rcost9cos¢)

a _ Ly oY
S ) % a(t)r(\/1 —rzcosesinq>+rcos¢) a(t)rsine(\/1 —r2cos¢—rcosesin¢)
0 a(')%ie —a(t)rv/1-r?sing a(t)r?sin?0
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Example: open FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so(1,3).
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Example: open FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so0(1,3).

@ Representation: identity representation so(1,3) — so0(1,3).
@ Symmetry condition fixes tetrad up to n(t), a(t).

/ 2 a(r
n(tHvV1+r Tz 0 0

n(t)rsindcos¢ a(t)sinfcos¢ a(t)rcosfcose -a(t)rsinfsing
n(t)rsinfsing a(t)sinfsing a(t)rcosfsing a(t)rsinfcosq
n(t)rcosé a(t)cosf —-a(t)rsinf 0

a _
e, =
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Conclusion

@ Summary:

Try to find solutions of modified teleparallel gravity theories.
Write antisymmetric field equation as ¢y, dfr = 0.

Four possible ways to solve this equation.

One possibility: consider symmetry of metric and connection.
Solve in Weitzenbdck gauge w?y,, = 0, then transform.
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Conclusion

@ Summary:

Try to find solutions of modified teleparallel gravity theories.
Write antisymmetric field equation as ¢y, dfr = 0.

Four possible ways to solve this equation.

One possibility: consider symmetry of metric and connection.
e Solve in Weitzenbdck gauge w?p, = 0, then transform.

@ Outlook:

e Solve also other field equations, possibly using symmetry.
o Further solutions with other symmetries?
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Conclusion

@ Summary:
Try to find solutions of modified teleparallel gravity theories.
Write antisymmetric field equation as ¢y, dfr = 0.
Four possible ways to solve this equation.
One possibility: consider symmetry of metric and connection.
e Solve in Weitzenbdck gauge w?p, = 0, then transform.
@ Outlook:
e Solve also other field equations, possibly using symmetry.
o Further solutions with other symmetries?
@ Further reading:
e MH, L. Jarv, U. Ualikhanova; Covariant formulation of scalar-torsion
gravity; arXiv:1801.05786.
e MH, L. Jary, C. Pfeifer, M. Kr§$ak; Modified teleparallel theories of
gravity in symmetric spacetimes; to appear.
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