“Cosmological” tetrads and spin connections in teleparallel gravity

How to solve the antisymmetric part of the field equations by using symmetry
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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
o How to quantize gravity?

Manuel Hohmann (University of Tartu) “Cosmological” tetrads in teleparallel gravity TeleGrav2018 Tartu 2/16
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Describes gravity as gauge theory of the translation group.
First order action, second order field equations.
Spin connection as Lorentz gauge degree of freedom.
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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
o How to quantize gravity?
@ Teleparallel gravity woier s1:
o Based on tetrad and flat spin connection.
Describes gravity as gauge theory of the translation group.
o First order action, second order field equations.
@ Spin connection as Lorentz gauge degree of freedom.
@ Scalar-torsion gravity in covariant formulation . Jar, Uaiknanova 18:
o Simple class of teleparallel theories beyond general relativity.
o Contains f(T) gravity (sengochea, Ferraro '0].
o Contains teleparallel dark energy (ceng 111.
o Cosmology allows for de Sitter attractors vH, Jarv, Uaiiknanova 17].
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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
o How to quantize gravity?

@ Teleparallel gravity woier s1:

o Based on tetrad and flat spin connection.
Describes gravity as gauge theory of the translation group.
o First order action, second order field equations.
@ Spin connection as Lorentz gauge degree of freedom.
@ Scalar-torsion gravity in covariant formulation . Jar, Uaiknanova 18:
o Simple class of teleparallel theories beyond general relativity.
Contains f( T) gravity [Bengochea, Ferraro '09].
Contains teleparallel dark energy (ceng 1.
Cosmology allows for de Sitter attractors v, Jarv, Uaiiknanova 17].
Cosmological symmetry determines tetrad only up to local Lorentz transformation.
Need to solve antisymmetric part of field equations for the spin connection.
Use presence of cosmological symmetry to find particular solutions?

e N~ 0 ©
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Ingredients of scalar-torsion gravity

@ Fundamental fields:
o Coframe field 62 = 62, dx".
o Flat spin connection &2, = 3, dx*.
o N scalar fields ¢ = (¢*; A=1,...,N).
o Arbitrary matter fields /.
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Ingredients of scalar-torsion gravity

@ Fundamental fields:
o Coframe field 62 = 62, dx".
o Flat spin connection &2, = 3, dx*.
o N scalar fields ¢ = (¢*; A=1,...,N).
o Arbitrary matter fields /.

@ Derived quantities:
o Frame field e, = €,40,, with 1¢,0° = 6.
o Metric g, = 1ap02,.6°,.
o Volume form 6d*x = 0% A 0" A 62 A 63.
o Levi-Civita connection

o

1
Wab = -5 (teyte,d0a + te,te,d0p — Lo, te,d0c)0° .

Torsion T2 = d62 + &3y A 6P.
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Scalar-torsion gravity action and field equations

@ Gravitational action v, L. sar, u. vaiiknanova 18]

1

S= 5. ) [f(T:6)+ Z4e(@)9" 6216 x + Snl6°, ).
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Scalar-torsion gravity action and field equations

@ Gravitational action v, L. sar, u. vaiiknanova 18]

1

S= 5. ) [f(T:6)+ Z4e(@)9" 6216 x + Snl6°, ).

@ Field equations:
o Symmetric part of the tetrad field equations:

1 o 1 .
Efg‘“’ + Vo (frSuun’) - _fTS(u To)po = ZAB¢:4M¢7B; * EZAB¢,/:)¢,B;QP G = K700,
o Antisymmetric part of the tetrad field equations:
oNpfr TP =0.

o Scalar field equation:

fon— (2Zag g0 — Zoo.pn) 9" 05,6C ~2Zap 0P = 0.
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Scalar-torsion gravity action and field equations

@ Gravitational action v, L. sar, u. vaiiknanova 18]

1

S= 5. ) [f(T:6)+ Z4e(@)9" 6216 x + Snl6°, ).

@ Field equations:
o Symmetric part of the tetrad field equations:

1 ° 1 -
Efg,ul/ +Vp (fTS(;u/)p) - _fTS(,u u)po ZAB¢:4M¢§/ + EZAB¢:4p¢,B;gp G = KZeI“/ )
o Antisymmetric part of the tetrad field equations:
8[pf7' Tpu,,] =0 <« Lvabdfr = 0, Vab = (Le[abeb Tc)ec] .

o Scalar field equation:
fon — (2Zag 40 — Zoo.pn) 9" 05,6C ~2Zag 0P = 0.

@ Antisymmetric part = connection field equations ~ 6 directional derivatives of fr.
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Scalar-torsion gravity action and field equations

@ Gravitational action v, L. sar, u. vaiiknanova 18]

1

S= 5. ) [f(T:6)+ Z4e(@)9" 6216 x + Snl6°, ).

@ Field equations:
o Symmetric part of the tetrad field equations:

1 ° 1 -
Efg,ul/ +Vp (fTS(;u/)p) - _fTS(,u u)po ZAB¢:4M¢§/ + EZAB¢:4p¢,B;gp G = KZeI“/ )
o Antisymmetric part of the tetrad field equations:
8[pfr Tp,“,] =0 < Lvabdfr =0, Vab = (Le[abeb Tc)ec] .

o Scalar field equation:
fon — (2Zag 40 — Zoo.pn) 9" 05,6C ~2Zag 0P = 0.

@ Antisymmetric part = connection field equations ~ 6 directional derivatives of fr.
@ Solutions to the antisymmetric part of the equations?
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Four ways to solve ¢y, dfr =0

o Different possibilities to solve this equation:

Wudfr =0 < frroy,dT + fraacy,dé™ = 0.
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Four ways to solve ¢y, dfr =0

o Different possibilities to solve this equation:

Wudfr =0 < frroy,dT + fraacy,dé™ = 0.

@ T and ¢* are constant, dT = 0 and d¢” = 0.
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Four ways to solve ¢y, dfr =0

o Different possibilities to solve this equation:

Wudfr =0 < frroy,dT + fraacy,dé™ = 0.

@ T and ¢* are constant, dT = 0 and d¢” = 0.
O fris stationary, frr =0and fr . = 0.
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Four ways to solve ¢y, dfr =0

o Different possibilities to solve this equation:

Wudfr =0 < frroy,dT + fraacy,dé™ = 0.

@ T and ¢* are constant, dT = 0 and d¢” = 0.
O fris stationary, frr =0and fr . = 0.
@ T and ¢* have identical level sets; vector fields V., are tangent to these level sets.

Manuel Hohmann (University of Tartu) “Cosmological” tetrads in teleparallel gravity TeleGrav2018 Tartu 5/16



Four ways to solve ¢y, dfr =0

o Different possibilities to solve this equation:

Wudfr =0 < frroy,dT + fraacy,dé™ = 0.

@ T and ¢# are constant, dT = 0 and d¢” = 0.

O fris stationary, frr =0and fr . = 0.

@ T and ¢* have identical level sets; vector fields V., are tangent to these level sets.
© Vector fields V,, are tangent to the level sets of f+(T, ¢).
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Four ways to solve ¢y, dfr =0

o Different possibilities to solve this equation:

Wudfr =0 < frroy,dT + fraacy,dé™ = 0.

@ T and ¢# are constant, dT = 0 and d¢” = 0.

O fris stationary, frr =0and fr . = 0.

© T and ¢* have identical level sets; vector fields V., are tangent to these level sets.
© Vector fields V,, are tangent to the level sets of f+(T, ¢).

@ Consider group action on M with orbits of codimension 1.
@ Choose geometry to be symmetric under this group action.
@ Determine vector fields V,, such that they are tangent to orbits..
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Symmetry of the geometry

@ Diffeomorphisms generated by vector field .
@ Invariance of spacetime geometry:
o Metric:
0= (L) v =€ 0pGuv + 0uE" G + 0,6 Gpp -
o Connection:

0=(LeM) ) =6705T0 ) = 05817y + 0LE7TH 5, + 0,87 TH 6 + 0,0,6" .
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Symmetry of the geometry

@ Diffeomorphisms generated by vector field .
@ Invariance of spacetime geometry:
o Metric:
0= (Le@)uw =€ 0pGpuv + 0u&" Gov + 0" Gy -
o Connection:

0= (L), =870, =08 Ty + 0LETH 5 + 0,6°TH 6 + 0,0,E" .

o Satisfied if and only if 3\ : M — s0(1,3) such that pn1s

(L)% = -2%€%,  (Lew)Pp, = Durp.
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Symmetry of the geometry

@ Diffeomorphisms generated by vector field .
@ Invariance of spacetime geometry:
o Metric:
0= (Le@)uw =€ 0pGpuv + 0u&" Gov + 0" Gy -
o Connection:

0= (L), =870, =08 Ty + 0LETH 5 + 0,6°TH 6 + 0,0,E" .

o Satisfied if and only if 3X : M - so(1,3) such that m s
(L)% = -2%€%,  (Lew)Pp, = Durp.

@ Several symmetry generators ¢ form Lie algebra g c Vect(M).
@ Local Lie algebra homomorphism A : g x M - s0(1,3).
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
@ Weitzenbdck gauge: w?p, = 0.
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
@ Weitzenbdck gauge: w?p, = 0.

“Good tetrad”

A tetrad is called good tetrad if it satisfies the equation
T Lw0, T =0

in the Weitzenbdck gauge.
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
@ Weitzenbdck gauge: w?p, = 0.

“Good tetrad”

A tetrad is called good tetrad if it satisfies the equation
7?10, T =0

in the Weitzenbdck gauge.

@ Symmetry condition in Weitzenbdck gauge:
(Le€)?, = -2%€%,, 0= (Lew)2p, = DA = N0,

o First order differential equation for e?,.
= Lie algebra homomorphism X : g — so(1,3) (independent of M).
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
@ Weitzenbdck gauge: w?p, = 0.

“Good tetrad”

A tetrad is called good tetrad if it satisfies the equation
7?10, T =0

in the Weitzenbdck gauge.

@ Symmetry condition in Weitzenbdck gauge:
(Le€)?, = -2%€%,, 0= (Lew)2p, = DA = N0,

o First order differential equation for e?,.
= Lie algebra homomorphism A : g — so(1,3) (independent of M).
@ Use local Lorentz transformation to go to arbitrary (e.g., diagonal) gauge.
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Weitzenbdck gauge and “good tetrads”

@ Use local Lorentz invariance to choose simple spin connection.
@ Weitzenbdck gauge: w?p, = 0.

“Good tetrad”

A tetrad is called good tetrad if it satisfies the equation
7?10, T =0

in the Weitzenbdck gauge.

@ Symmetry condition in Weitzenbdck gauge:
(Le€)?, = -2%€%,, 0= (Lew)2p, = DA = N0,

o First order differential equation for e?,,.

= Lie algebra homomorphism A : g — so(1,3) (independent of M).

@ Use local Lorentz transformation to go to arbitrary (e.g., diagonal) gauge.
@ Use additional condition also for the scalar fields.
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Example: spatially flat FLRW

@ 3 generators of rotations, 3 generators of translations.
@ Symmetry algebra g = iso(3).
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Example: spatially flat FLRW

@ 3 generators of rotations, 3 generators of translations.

@ Symmetry algebra g = iso(3).

@ Representation: translations — 0, rotations — s0(3) c s0(1,3).
@ Choice of representation fixes tetrad up to n(t), a(t):

n(t) 0 0 0
ea _ 0 a(t)sinfcos¢p a(t)rcosfcos¢ -a(t)rsinfsing
=1 0 a(t)sinfsing a(t)rcosfsing a(t)rsinfcos ¢
0 a(t) cosd —a(t)rsind 0
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Example: spatially flat FLRW

@ 3 generators of rotations, 3 generators of translations.

@ Symmetry algebra g = iso(3).

@ Representation: translations ~ 0, rotations — s0(3) c s0(1,3).
@ Choice of representation fixes tetrad up to n(t), a(t):

n(t) 0 0 0
ea _ 0 a(t)sinfcos¢p a(t)rcosfcos¢ -a(t)rsinfsing
=1 0 a(t)sinfsing a(t)rcosfsing a(t)rsinfcos ¢
0 a(t) cosd —a(t)rsind 0

@ Alternative: diagonal tetrad with non-zero spin connection:
e?, =diag(n(t),a(t),a(t)r,a(t)rsinf),

w 20:-(,'3210:—1, &13¢=—&)31¢=—sin0, 0'323¢=—CT)32¢=—C050.
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Cosmological field equations for flat FLRW

@ Tetrad and spin connection:
&%, =diag(n(t),a(t),a(t)r,a(t)rsinf),

(:1129 = —(2)219 =-1 s 5)13¢ = —5)3145 = —sin0, (1123¢ = —(:)Sgd, = —cosf.
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Cosmological field equations for flat FLRW

@ Tetrad and spin connection:
&%, =diag(n(t),a(t),a(t)r,a(t)rsinf),

(:)129 = —(2)219 =-1 s 5)13¢ = —(:)31¢ = —sin0, (:)23¢ = —&)Sg(z) = —cosf.

@ Remaining field equations:
o Tetrad equations:

1 2 1 2 _ 2

5+ BT~ 228 = i2p,
1 ) - 5 LIS
51 +2froH — 24l HHP + 61 H + 2frH + 5 27 = -2,

o Scalar field equation: . ] .
fy—2Z¢-6ZHp— Z,4? = 0.
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Example: closed FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = s0(4) = s0(3) @ s50(3).
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Example: closed FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.

@ Symmetry algebra g = so(4) 2 s0(3) ® s0(3).

@ Representation: left / right isoclinic rotations — s0(3) c so(1,3).
@ Choice of representation fixes tetrad up to n(t), a(t):

n(t) 0 0 0
0 amﬁ:% a(t)r(v1 —r2c050cos¢—rsin¢) —a(t)rsin0<\/1 —rzsin<;5+rcosl9cos¢)
a _ S
Cu=l o alsinbsing a(t)yr(vV1-r2cosfsing+rcos¢) a(t)rsinf (V1 -r2cosep—rcosfsing
all) casd 2.2
_ V12 ;
0 i a(t)yrv/1-r?sinf a(t)resin“ 6
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Example: closed FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so(4) 2 s0(3) ® s0(3).
@ Representation: left / right isoclinic rotations — s0(3) c so(1,3).
@ Choice of representation fixes tetrad up to n(t), a(t):
n(t) 0 0 0
0 a(t)s‘i:% a(t)r(v1 —r2cosfcos ¢ — rsin qS) -a(t)rsinf (\/1 - r2sing + rcochosqﬁ)

a _ . .
=l o absinising a(t)r(\/1—r2cost95in¢+rcos¢) a(t)rsin&(\/1—r2cos¢—rcosﬁsin¢)

1-r2
0 atiic;ze —a(t)r*’1 —r2sin@ a(t)rzsinze

@ Alternative: diagonal tetrad with non-zero spin connection:

&%, = diag (n(t) m,a(t)r a(t)rsm&)

~1 ~2 / ~1 ~2 : ~1 ~3
Wop=—W19 =— 1—r2, w2¢:—w1¢:—rsm«9, W3 =—Wi9=1,

- - [T o 1 . -
w13¢:—w31¢:— 1-r2sinf, @23 = -0, = - = w23¢,:—w32¢:—c059.
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Closed FLRW, hyperspherical coordinates

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so(4) 2 s50(3) @ s50(3).
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Closed FLRW, hyperspherical coordinates

@ 3 generators of rotations, 3 generators of quasi-translations.

@ Symmetry algebra g = so(4) 2 s0(3) @ s0(3).

@ Representation: left / right isoclinic rotations — s0(3) c so(1,3).

@ Choice of representation fixes tetrad up to n(t), a(t) icapozzicio. Luongo, Pincak, Ravenpar 18]:
0

n(t) 0 0

2 | O -a(t)cosd a(t)siny cossinf —a(t)sin?¢sin® 6

=l o a(t)sinfcos¢p  a(t)siny (costpcosfcosg—sinising) —a(t)sinsind (cosi)sing +sintpcosfcosd) |
0 -a(f)sinfsing -a(t)sint (cospcosbsing +sinhcosd) —a(t)sinsinb (cos)cosd —sin cosBsin @)
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Closed FLRW, hyperspherical coordinates

@ 3 generators of rotations, 3 generators of quasi-translations.

@ Symmetry algebra g = so(4) 2 s0(3) @ s0(3).

@ Representation: left / right isoclinic rotations — s0(3) c so(1,3).

@ Choice of representation fixes tetrad up to n(t), a(t) icapozzicio. Luongo, Pincak, Ravenpar 18]:
0

n(t) 0 0

2 | O -a(t)cosd a(t)siny cossinf —a(t)sin?¢sin® 6

=l o a(t)sinfcos¢p  a(t)siny (costpcosfcosg—sinising) —a(t)sinsind (cosi)sing +sintpcosfcosd) |
0 -a(f)sinfsing -a(t)sint (cospcosbsing +sinhcosd) —a(t)sinsinb (cos)cosd —sin cosBsin @)

@ Alternative: diagonal tetrad with non-zero spin connection:

é?, =diag (n(t),a(t),a(t)siny,a(t)sintysinf) ,

3 .
19 =siny,

5113¢ = —&31¢ = —cosysinf, &23, = —&32, =-1, 5;23¢ = _(:,32¢ = —cosf.

WQ9=—L':)219=—C051/J, @12¢=—&221¢=—sin1/1sin9, @139=—CD
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Cosmological field equations for closed FLRW

@ Tetrad and spin connection:
&%, = diag (n(t) a(t) _,a(t)r,a(t)rsin 0)

~ 1 ~2 o/ ~1 ~2 , ~1 ~3
QOlog=-0 19 =-V1-12, &lpy=-0%4=-rsinf, @'zp=-0"19=r,

- . . 1 - .
w13¢:—w31¢:—\/1—r25|n0, &Pap = —iPp = - —k w23¢=—W32¢:_C059-
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Cosmological field equations for closed FLRW

@ Tetrad and spin connection:
&%, = diag (n(t) a(t) _,a(t)r,a(t)rsin 0)

~ 1 ~2 o/ ~1 ~2 , ~1 ~3
QOlog=-0 19 =-V1-12, &lpy=-0%4=-rsinf, @'zp=-0"19=r,

- . . 1 - .
w13¢:—w31¢:—\/1—r25|n0, &Pap = —iPp = - —k w23¢=—W32¢:_C°59-

@ Remaining field equations:
o Tetrad equations:

1 e 10 o
2f+6fTH 2Z¢ =K%,
1_. 5

—~Z¢% = -k?p.

i . R , .
§f+2fT¢H¢—24fTT(H+?)H + 6frH +2fT(H—¥)+2

o Scalar field equation: . : .
~2Z¢-6ZH¢ - Zy¢? =
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Cosmological field equations for closed FLRW

@ Tetrad and spin connection:

&%, =diag (n(t),a(t),a(t)siny, a(t)sinysinf) ,

&log = —iPig=—costh, @lag=-iP1y=—singsing, Glgp=-0°

19 =siny,
5)13¢ = —d)?’w =—cosysinf,

Par =~ 0y = -1, w23¢ = —&32¢ =—cosf.
@ Remaining field equations:
o Tetrad equations:

1 1.,
—f f H2__ 2= 2
2 +6fr 22¢ Kp,
1 : o1 PR I
§f+2fT¢H¢—24fTT(H+?)H2+6fTH2+2fT(H—¥)+§Z¢2:—n2p.
o Scalar field equation:

fy—2Z¢ -6ZHp— Z,49° = 0.

@ Same cosmological field equations, since A is equivalent representation.

Manuel Hohmann (University of Tartu)
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Example: open FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = s0(1,3).
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Example: open FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so(1,3).
@ Representation: identity representation so(1,3) — s0(1,3).
@ Choice of representation fixes tetrad up to n(t), a(t):
r
n(t)v1+r2 % 0 0
g2 | n(t)rsinfcosg a(t)sinfcosd a(t)rcosfcosd —a(t)rsinbsine
"I n(t)rsinfsing a(t)sinfsing a(t)rcosfsing  a(t)rsinfcosd
n(t)rcosf a(t) cosb -a(t)rsinf 0
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Example: open FLRW

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so(1,3).

@ Representation: identity representation so(1,3) — so(1,3).
@ Choice of representation fixes tetrad up to n(t), a(t):

/ 2 a(hr
n(tH)v1+r T 0 0

g2 | n(t)rsinfcosg a(t)sinfcosd a(t)rcosfcosd —a(t)rsinbsine
"I n(t)rsinfsing a(t)sinfsing a(t)rcosfsing  a(t)rsinfcosd
n(t)rcosf a(t) cosb -a(t)rsinf 0

@ Alternative: diagonal tetrad with non-zero spin connection:

&%, = diag (n(t) a(t) _,a(t)r,a(t)rsin 0)

(:)029 = (:)209 =r, &303(1, = @304, =rsind,

@1292—@2192—\/1+f2, (:)13¢=—(:J31¢— \/1+I’25In9 (:)23¢=—(Z)32¢=—C059.
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Open FLRW, hyperspherical coordinates

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so(1,3).
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Open FLRW, hyperspherical coordinates

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so(1,3).
@ Representation: complex representation soc(1,3) — soc(1,3) 2 soc(4).
@ Choice of representation fixes tetrad up to n(t), a(t) icapozzielio, Luongo. Pincak, Ravenpak ‘18]
n(t) 0 0 0
a(t) cosd -a(t) sinh ¢ cosh ¢ sin 6 ia(t) sinh? 4 sin 6

0
0 -a(t)sinfcos¢ —a(t)sinh) (cosh) cosfcosp —isinhipsing) a(t)sinhipsind (coshipsing +isinhi)cosfcose) |-
0 a(t)sinfsing  a(t)sinhp (coshipcoshsing +isinhipcosp)  a(t)sinhi)sinf (cosh 1) cosp — isinh 1) cosfsin ¢)

a _
e, =

Manuel Hohmann (University of Tartu) “Cosmological” tetrads in teleparallel gravity TeleGrav2018 Tartu 14/16



Open FLRW, hyperspherical coordinates

@ 3 generators of rotations, 3 generators of quasi-translations.
@ Symmetry algebra g = so(1,3).
@ Representation: complex representation soc(1,3) - soc(1,3) 2 soc(4).
@ Choice of representation fixes tetrad up to n(t), a(t) icapozzielio, Luongo. Pincak, Ravenpak ‘18]
n(t) 0 0 0
0 a(t) cosf —a(t)sinh coshsinf ia(t) sinh® ¢ sin®

0 -a(t)sinfcos¢ —a(t)sinh) (cosh) cosfcosp —isinhipsing) a(t)sinhipsind (coshipsing +isinhi)cosfcose) |-
0 a(t)sinfsing  a(t)sinhp (coshipcoshsing +isinhipcosp)  a(t)sinhi)sinf (cosh 1) cosp — isinh 1) cosfsin ¢)

@ Alternative: diagonal tetrad with non-zero spin connection:

a _
e, =

&%, =diag (n(t), a(t),a(t)sinh, a(t)sinh¢sinf) ,

2

&log = ~P1g=—coshep, @lay =Py =—isinhpsing, &lap= -0y =isinhy,

w3¢=—&31¢=—cosh¢sin0, &P = -3, = i, 5)23¢=—&32¢=—c050.
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Cosmological field equations for open FLRW

@ Tetrad and spin connection:

&%, = diag (n(t), f%, a(t)r,a(t)rsin 0) ,

0 1 1 0 _ -2 ~0_ _ -3 ,
2\/1_2, Wog=wWop=1r, w3¢,:w0¢:rsm9,
+r

(:;120 = —(I}219 =-V 1 +I’2, 0'313(;5 = —(1131¢ = —\/1 +r25in9, (::)23¢ = —@32(;5 =—cosf.
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Cosmological field equations for open FLRW

@ Tetrad and spin connection:

&%, = diag (n(t), f%, a(t)r,a(t)rsin 9) ,

0 1 1 0 _ -2 ~0_ _ -3 ,
2\/1_2, Wog=wWop=1r, w3¢,:w0¢:rsm9,
+r

5)129 = —(:)219 = —\/1 +I’2, 0'313(;5 = —(:)31¢ = —\/1 +r25in9, (I)23¢ = —@qug =—cosf.

@ Remaining field equations:
o Tetrad equations:

1 .
%f+6fTH(H— 5)_ Z6% = 2p,

2

%f+2fr¢(H— %)&—241‘77(/-“ H)(H—é) +6fTH(H—j;)+2fT(H+ %)+

= 2% = —w2p.
2 ¢ =-r"p

N = N =

o Scalar field equation: B i .
fy—2Z¢~6ZHp— Z,49? = 0.
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Cosmological field equations for open FLRW

@ Tetrad and spin connection:

&%, =diag (n(t), a(t),a(t)sinh, a(t)sinh¢sinf) ,

Blog = —iP1g = —coship, @'py=-@P, = —isinhising, @'y =%y = isinhep,
w13¢=—&131¢=—cosh¢sin0, a";23,=—&32,=—i, &23¢=—®32¢=—c059.

@ Remaining field equations:
o Tetrad equations:

1 2 1 2 2
— — _Z¢% =
2f+6f7-H > o =Kp,
1 . Lo P B
5+ 2, Ho - 24frr (H— ?) H? + 6 H? + 2f (H+ ?) )
o Scalar field equation:

fy—2Z¢ -6ZHp— Z,49° = 0.

@ Different cosmological field equations, since A is inequivalent representation.
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Conclusion

@ Summary:

Find cosmological solutions of teleparallel gravity theories (f(T), scalar-torsion. ..).
Write antisymmetric field equation as ¢y, dfr = 0.

Four possible ways to solve this equation.

One possibility: consider symmetry of metric and connection.

Solve in Weitzenbdck gauge w?p,, = 0, then transform to diagonal tetrad.
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Write antisymmetric field equation as ¢y, dfr = 0.

Four possible ways to solve this equation.

One possibility: consider symmetry of metric and connection.

o Solve in Weitzenbdck gauge w?p,, = 0, then transform to diagonal tetrad.

@ Outlook:

o Solve also other field equations, possibly using (cosmological) symmetry.
o Further solutions with other symmetries (static & spherically symmetric...)?
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Conclusion

@ Summary:
Find cosmological solutions of teleparallel gravity theories (f(T), scalar-torsion. ..).
Write antisymmetric field equation as ¢y, dfr = 0.
Four possible ways to solve this equation.
One possibility: consider symmetry of metric and connection.
o Solve in Weitzenbdck gauge w?p,, = 0, then transform to diagonal tetrad.
@ Outlook:
o Solve also other field equations, possibly using (cosmological) symmetry.
o Further solutions with other symmetries (static & spherically symmetric...)?
@ Further reading:
o MH; Spacetime and observer space symmetries in the language of Cartan geometry; J.
Math. Phys. 57 (2016) 082502 [arXiv:1505.07809].
e MH, L. Jarv, U. Ualikhanova; Covariant formulation of scalar-torsion gravity; Phys. Rev.
D 97 (2018) 104011 [arXiv:1801.05786].
o MH, L. Jary, C. Pfeifer, M. Kr§8ak; Modified teleparallel theories of gravity in symmetric
spacetimes; to appeatr.
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