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Motivation

Open questions in cosmology and gravity:
Accelerating phases in the history of the Universe?
Relation between gravity and gauge theories?
How to quantize gravity?

Teleparallel gravity [Møller ’61]:
Based on tetrad and flat spin connection.
Describes gravity as gauge theory of the translation group.
Gravitational field strength is torsion.
First order action, second order field equations.
Spin connection as Lorentz gauge degree of freedom.

Scalar field non-minimally coupled to torsion [Geng ’11]:
Possibly arises from more fundamental theory.
Differs from non-minimal coupling to curvature.
Possible model for so far unexplained observations.

Arising questions:
Most general class of scalar-torsion gravity theories?
Behavior under conformal transformations?
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Ingredients of scalar-torsion gravity

Fundamental fields:
Coframe field θa = θa

µdxµ.
Flat spin connection

•
ωa

b =
•
ωa

bµdxµ.
N scalar fields φ = (φA; A = 1, . . . ,N).
Arbitrary matter fields χI .

Derived quantities:
Frame field ea = ea

µ∂µ with ιeaθ
b = δb

a .
Metric gµν = ηabθ

a
µθ

b
ν .

Volume form θd4x = θ0 ∧ θ1 ∧ θ2 ∧ θ3.
Levi-Civita connection

◦
ωab = −1

2
(ιeb ιec dθa + ιec ιeadθb − ιeaιeb dθc)θc .

Torsion T a = dθa +
•
ωa

b ∧ θb.
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Overview

Sg

[
θa,
•
ωa

b, φ
A
]

+ Sm
[
θa, φA, χI]

L(T ,X ,Y , φ)

A(φ)T + B(φ)∂µφ∂
µφ+ C(φ)Tµ∂µφ+ V(φ)

f (T , φ) + Z (φ)∂µφ∂
µφ

A(φ)T + B(φ)∂µφ∂
µφ+ V(φ)
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General scalar-torsion gravity - action

Structure of the action [MH ’18]:

S
[
θa,
•
ωa

b, φ
A, χI

]
= Sg

[
θa,
•
ωa

b, φ
A
]

+ Sm

[
θa, φA, χI

]
.

Variation of the action:

Gravitational part:

δSg =

∫
M

(
∆a ∧ δθa +

1
2

Ξa
b ∧ δ •

ωa
b + ΦA ∧ δφA

)
=

∫
M

(
Υa ∧ δθa + Πa ∧ δT a + ΦA ∧ δφA) .

Matter part:

δSm =

∫
M

(
Σa ∧ δθa + ΨA ∧ δφA + ΩI ∧ δχI) .
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General scalar-torsion gravity - field equations

Local Lorentz invariance:
Gravitational part:

Υ[a ∧ θb] + Π[a ∧ T b] = 0 ⇔ ∆[a ∧ θb] − 1
2

•
DΞab = 0 .

Matter part: Σ[a ∧ θb] = 0.

Diffeomorphism invariance:
◦
DΣa + ΨA ∧ ιeadφA = 0 .

Field equations:
Tetrad field equations:

∆a + Σa = 0 ⇔ Υa −
•
DΠa + Σa = 0 .

Antisymmetric part ≡ connection field equations:
•
DΞab = 0 ⇔

•
DΠ[a ∧ θb] + Π[a ∧ T b] = 0 .

Scalar field equations: ΦA + ΨA = 0.
Matter field equations: ΩI = 0.

Manuel Hohmann (University of Tartu) Scalar-torsion theories of gravity TeleGrav2018 Tartu 6 / 16



General scalar-torsion gravity - field equations

Local Lorentz invariance:
Gravitational part:

Υ[a ∧ θb] + Π[a ∧ T b] = 0 ⇔ ∆[a ∧ θb] − 1
2

•
DΞab = 0 .

Matter part: Σ[a ∧ θb] = 0.
Diffeomorphism invariance:

◦
DΣa + ΨA ∧ ιeadφA = 0 .

Field equations:
Tetrad field equations:

∆a + Σa = 0 ⇔ Υa −
•
DΠa + Σa = 0 .

Antisymmetric part ≡ connection field equations:
•
DΞab = 0 ⇔

•
DΠ[a ∧ θb] + Π[a ∧ T b] = 0 .

Scalar field equations: ΦA + ΨA = 0.
Matter field equations: ΩI = 0.

Manuel Hohmann (University of Tartu) Scalar-torsion theories of gravity TeleGrav2018 Tartu 6 / 16



General scalar-torsion gravity - field equations

Local Lorentz invariance:
Gravitational part:

Υ[a ∧ θb] + Π[a ∧ T b] = 0 ⇔ ∆[a ∧ θb] − 1
2

•
DΞab = 0 .

Matter part: Σ[a ∧ θb] = 0.
Diffeomorphism invariance:

◦
DΣa + ΨA ∧ ιeadφA = 0 .

Field equations:
Tetrad field equations:

∆a + Σa = 0 ⇔ Υa −
•
DΠa + Σa = 0 .

Antisymmetric part ≡ connection field equations:
•
DΞab = 0 ⇔

•
DΠ[a ∧ θb] + Π[a ∧ T b] = 0 .

Scalar field equations: ΦA + ΨA = 0.
Matter field equations: ΩI = 0.

Manuel Hohmann (University of Tartu) Scalar-torsion theories of gravity TeleGrav2018 Tartu 6 / 16



L(T ,X ,Y , φ) theory - action

Gravitational part of the action [MH, C. Pfeifer ’18]:

Sg

[
θa,
•
ωa

b, φ
A
]

=

∫
M

L
(

T ,X AB,Y A, φA
)
θd4x .

Torsion scalar: T = 1
2 T ρ

µνSρµν .
Superpotential:

Sρµν =
1
2

(Tνµρ + Tρµν − Tµνρ)− gρµTσ
σν + gρνTσ

σµ .

Scalar field kinetic term: X AB = − 1
2 gµνφA

,µφ
B
,ν .

Kinetic coupling term: Y A = TµµνφA
,ν .

Matter action variation expressed in components:

δSm[θa, φA, χI ] =

∫
M

(
Θa

µδθa
µ + ϑAδφ

A +$Iδχ
I
)
θd4x .
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L(T ,X ,Y , φ) theory - field equations

Symmetric part of tetrad equations:

◦
∇(µ

(
LY AφA

,ν)

)
−
◦
∇σ
(

LY AφA
,ρ

)
gρσgµν + LY A

(
T(µν)

ρφA
,ρ + T ρ

ρ(µφ
A
,ν)

)
− Lgµν − 2

◦
∇ρ
(
LT S(µν)

ρ
)

+ LT S(µ
ρσTν)ρσ − LX ABφA

,µφ
B
,ν = Θµν .

Antisymmetric part of tetrad equations ≡ connection equations:

3∂[ρLT T ρ
µν] + ∂[µLY AφA

,ν] −
3
2

LY AT ρ
[µνφ

A
,ρ] = 0 .

Scalar field equations:

gµν
◦
∇µ
(

LY AT ρ
ρν − LX ABφB

,ν

)
− LφA = ϑA .

Matter field equations: $I = 0.
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“Scalar-curvature”-like class - action

Action [MH ’18]:
Gravitational part:

Sg

[
θa,

•
ωa

b, φ
A
]

=
1

2κ2

∫
M

[
−A(φ)T + 2BAB(φ)X AB + 2CA(φ)Y A − 2κ2V(φ)

]
θd4x .

Matter part:
Sm[θa, φ, χI ] = SJ

m

[
eα(φ)θa, χI

]
.

Free functions A,BAB, CA,V, α of scalar fields.
CA ≡ −A,A ⇔ theory reduces to scalar-curvature gravity.
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“Scalar-curvature”-like class - field equation

Symmetric part of the tetrad equations:

(
A,A + CA

)
S(µν)

ρφA
,ρ +A

( ◦
Rµν −

1
2

◦
Rgµν

)
+

(
1
2
BAB − C(A,B)

)
φA
,ρφ

B
,σgρσgµν

−
(
BAB − C(A,B)

)
φA
,µφ

B
,ν + CA

(
◦
∇µ

◦
∇νφA −

◦
�φAgµν

)
+ κ2Vgµν = κ2Θµν ,

Antisymmetric part of the tetrad field equations:

3(A,A + CA)T ρ
[µνφ

A
,ρ] + 2C[A,B]φ

A
,µφ

B
,ν = 0 .

Scalar field equation:

1
2
A,AT − BAB

◦
�φB −

(
BAB,C −

1
2
BBC,A

)
gµνφB

,µφ
C
,ν

+ CA
◦
∇µTννµ + 2C[A,B]TµµνφB

,ν + κ2V,A = κ2α,AΘ .
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“Scalar-curvature”-like class - conformal transf.

Conformal transformation and scalar field redefinition:

θ̄a = eγ(φ)θa , ēa = e−γ(φ)ea , φ̄A = f A(φ) .

Transformation of geometry:

T̄ = e−2γ
(

T + 4γ,AY A + 12γ,Aγ,BX AB
)
, φ̄A = f A ,

X̄ AB = e−2γ ∂φ̄
A

∂φC
∂φ̄B

∂φD X CD , Ȳ A = e−2γ ∂φ̄
A

∂φB

(
Y B + 6γ,CX BC

)
,

Transformation of parameter functions to preserve action:

A = e2γĀ ,

B = e2γ
(
B̄f ′2 − 6Āγ′2 + 6C̄f ′γ′

)
,

C = e2γ (C̄f ′ − 2Āγ′
)
,

V = e4γV̄ ,
α = ᾱ + γ .
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Conformal transformation and scalar field redefinition:

θ̄a = eγ(φ)θa , ēa = e−γ(φ)ea , φ̄A = f A(φ) .

Transformation of geometry:

T̄ = e−2γ
(

T + 4γ,AY A + 12γ,Aγ,BX AB
)
, φ̄A = f A ,

X̄ AB = e−2γ ∂φ̄
A

∂φC
∂φ̄B

∂φD X CD , Ȳ A = e−2γ ∂φ̄
A

∂φB

(
Y B + 6γ,CX BC

)
,

Transformation of parameter functions to preserve action:

A = e2γĀ ,

B = e2γ
(
B̄f ′2 − 6Āγ′2 + 6C̄f ′γ′

)
,

C = e2γ (C̄f ′ − 2Āγ′
)
,

V = e4γV̄ ,
α = ᾱ + γ .
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“Scalar-curvature”-like class - invariants

Quantities invariant under conformal transformations γ:
“Scalar” quantities:

I1 =
e2α

A
, I2 =

V
A2 .

“Covector” quantities:

HA =
CA +A,A

2A
, KA =

CA + 2α,AA
2e2α .

“Metric” quantities:

FAB =
2ABAB − 6A,(ACB) − 3A,AA,B

4A2 ,

GAB =
BAB − 6α,(ACB) − 6α,Aα,BA

2e2α .

Covariance under scalar field redefinitions:

Ī1,2 = I1,2 , (H̄, K̄)A =
∂φB

∂φ̄A
(H,K)B , (F̄ , Ḡ)AB =

∂φC

∂φ̄A

∂φD

∂φ̄B
(F ,G)CD .

Manuel Hohmann (University of Tartu) Scalar-torsion theories of gravity TeleGrav2018 Tartu 12 / 16



“Scalar-curvature”-like class - invariants

Quantities invariant under conformal transformations γ:
“Scalar” quantities:

I1 =
e2α

A
, I2 =

V
A2 .

“Covector” quantities:

HA =
CA +A,A

2A
, KA =

CA + 2α,AA
2e2α .

“Metric” quantities:

FAB =
2ABAB − 6A,(ACB) − 3A,AA,B

4A2 ,

GAB =
BAB − 6α,(ACB) − 6α,Aα,BA

2e2α .

Covariance under scalar field redefinitions:
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“Scalar-curvature”-like class - special frames

Jordan frame: minimal coupling to matter.

AJ =
1
I1
, BJAB = 2GAB , CJA = 2KA , VJ =

I2

I2
1
, αJ = 0 .

Einstein frame: no coupling to torsion scalar.

AE = 1 , BEAB = 2FAB , CEA = 2HA , VE = I2 , αE =
1
2

ln I1 .

“Debraiding frame” (for H[A,B] ≡ 0): minimal coupling to torsion.(
lnAD

)
,A

= 2HA ,
(

lnBD
)A

B,C = [ln (F + 3H⊗H)]A B,C + 2δA
BHC ,

CDA = 0 ,
(

lnVD
)
,A

= (ln I2)A + 4HA , αD
,A = I1KA .
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Scalar-torsion gravity without derivative coupling

Gravitational action [MH, L. Järv, U. Ualikhanova ’18]:

S =
1

2κ2

∫
M

[
f (T ,φ) + ZAB(φ)gµνφA

,µφ
B
,ν

]
θd4x + Sm[θa, χI ] .

Field equations:
Symmetric part of the tetrad field equations:

1
2

fgµν +
◦
∇ρ
(
fT S(µν)

ρ
)
− 1

2
fT S(µ

ρσTν)ρσ − ZABφ
A
,µφ

B
,ν +

1
2

ZABφ
A
,ρφ

B
,σgρσgµν = κ2Θµν ,

Antisymmetric part of the tetrad field equations:

∂[ρfT T ρ
µν] = 0 ⇔ ∂µfT

[
∂ν
(
θe[a

µeb]
ν
)

+ 2θec
[µe[a

ν] •ωc
b]ν

]
= 0 .

Scalar field equation:

fφA −
(
2ZAB,φC − ZBC,φA

)
gµνφB

,µφ
C
,ν − 2ZAB

◦
�φB = 0 .

Equation possesses generic solutions with spacetime symmetries.
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Conclusion

Summary:
Four new classes of scalar-torsion theories.

Formulation is covariant under local Lorentz transformations.
Antisymmetric tetrad field equations ≡ connection field equations.
Three classes are closed under conformal transformations.
One class formulated in terms of conformal invariants.

general scalar-torsion

L(T ,X ,Y , φ)

no derivative coupling “scalar-curvature-like”

Outlook - analyze various aspects of these theories:
Cosmological dynamics / dynamical systems analysis.
Post-Newtonian limit.
Gravitational waves - speed and polarisations.
Hamiltonian formulation - degrees of freedom.
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