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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
o How to quantize gravity?
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@ Scalar field non-minimally coupled to torsion (ceng 11:

o Possibly arises from more fundamental theory.
o Differs from non-minimal coupling to curvature.
o Possible model for so far unexplained observations.
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@ Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
o How to quantize gravity?
o Teleparallel gravity oler s1:
o Based on tetrad and flat spin connection.
Describes gravity as gauge theory of the translation group.
o Gravitational field strength is torsion.
o First order action, second order field equations.
@ Spin connection as Lorentz gauge degree of freedom.

@ Scalar field non-minimally coupled to torsion (ceng 11:

o Possibly arises from more fundamental theory.
o Differs from non-minimal coupling to curvature.
o Possible model for so far unexplained observations.

@ Arising questions:

o Most general class of scalar-torsion gravity theories?
@ Behavior under conformal transformations?
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Ingredients of scalar-torsion gravity

@ Fundamental fields:

Coframe field 6% = 62, dx*.

o Flat spin connection &2, = &2, dx".
o N scalar fields ¢ = (¢*; A=1,...,N).
o Arbitrary matter fields /.
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Ingredients of scalar-torsion gravity

@ Fundamental fields:
o Coframe field 6% = 62 ,dx*.
o Flat spin connection &2, = &2, dx".
o N scalar fields ¢ = (¢*; A=1,...,N).
o Arbitrary matter fields /.

@ Derived quantities:
o Frame field e; = €20, with 1,6° = 2.
o Metric g, = nap0?,.60°,.
o Volume form 8d*x = 6° A 0" A 62 A 63,
o Levi-Civita connection

o

1
Wap = —E(Lebl,ecdea + LecLeadeb - Leal/ebdec)ac .

Torsion T2 = df2 + 53, A 6b.
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Overview

Sg [037 (:)aba (Z)A] + Sm [Haa (Z)A? XI]
( L(T, X, Y,9) )

A(9)T + B(¢)0,00" ¢ + C(¢) THu¢ + V(¢)

( )

A(9)T + B(¢)0,90"¢ + V()

KT, )+ 2(¢)0,90"¢
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General scalar-torsion gravity - action

@ Structure of the action m+ 1s:

S [Qa’(zjab, d)A,XI} =5, [aa,(:}ab’qu] + S, [03, qu,XI} .
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General scalar-torsion gravity - action

@ Structure of the action m+ 1s:
S [93’ JJab? d)Aa Xl] = Sg |:0a7(:}aba ¢A] + Sm |:0a7 QSA’ Xli| .

@ Variation of the action:
o Gravitational part:

58Sy = / (Aa A 662 + %Eab ASD%p + a A 5¢A>
M

:/M(’T‘a/\503+ﬂa/\5Ta+¢A/\5¢>A).
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General scalar-torsion gravity - action

@ Structure of the action m+ 1s:
S [93, JJab? d)Aa le| = Sg |:0aa(zjaba ¢A] + Sm |:0a7 QSA’ Xli| .

@ Variation of the action:
o Gravitational part:

58Sy = / (Aa A 662 + %Eab ASD%p + a A 5¢A>
M

/M('T‘a/\503+ﬂa/\5Ta+¢A/\5¢A).

o Matter part:
5sm=/ (Za A 02+ Wa NGt +QA6Y) .
M
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General scalar-torsion gravity - field equations

@ Local Lorentz invariance:
o Gravitational part:

TEAP AT =0 « A[a/\ﬁb]—%lsfabzo-

o Matter part: x[2 A %1 = 0.
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General scalar-torsion gravity - field equations

@ Local Lorentz invariance:
o Gravitational part:

TEAP AT =0 « A[a/\ﬁb]—%ISEabZO-

o Matter part: x[2 A %1 = 0.
@ Diffeomorphism invariance:

[O)Za + \UA A Lead¢A =0.
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General scalar-torsion gravity - field equations

@ Local Lorentz invariance:
o Gravitational part:

TEAP AT =0 « A[a/\ﬁb]—%ISEabZO-

o Matter part: x[2 A %1 = 0.
@ Diffeomorphism invariance:
DY+ Wa A te,d¢? =0.

@ Field equations:
o Tetrad field equations:

Aa"’:a:o = Ta_Dna+za:0.
o Antisymmetric part = connection field equations:
D= =0 & DNl 1 nlEATH = 0.

o Scalar field equations: ®4 + W4 = 0.
o Matter field equations: Q; = 0.
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L(T,X,Y,o) theory - action

@ Gravitational part of the action wH, c. preiter 18):

S, [aa,a’;ab,w‘] - /M L(T,XAB, YA,¢A) od*x .

o Torsion scalar: T = 577, S,".
o Superpotential:
1 o (o
Sppv = 5 (Top + Touw = Tuvp) = 9o T 00 + 9o T o -
o Scalar field kinetic term: XA8 = —J g/ 45,

Kinetic coupling term: YA = T,# ¢/,
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L(T,X,Y,¢) theory - action

@ Gravitational part of the action wH, c. preiter 18):
Sy |07, 5%, 6] = / L(T,X"8, ¥4 %) odx.
M

o Torsion scalar: T = 577, S,".
o Superpotential:

1 o (o
Sppv = 5 (Top + Touw = Tuvp) = 9o T 00 + 9o T o -

o Scalar field kinetic term: XA8 = —J g/ 45,
o Kinetic coupling term: YA = T,# ¢/,

@ Matter action variation expressed in components:

3Sm[62, ¢, X' = / (eaﬂ(seaﬂ F9a0R + w,ax’) 0d*x .
M
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L(T,X,Y,¢) theory - field equations

@ Symmetric part of tetrad equations:

Vi (Lyas” y)) o (Lyad’) 07 G + Lya (T oy + T %))

— Lg,w — va (LTS(IW)p) + LTS(MPU Tl,) LXAB(;5 ¢) v = 9.
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L(T,X,Y,¢) theory - field equations

@ Symmetric part of tetrad equations:

V(u (LYA¢ u)) (LYA¢A> 9% Guv + Lya (T(/W)p¢:‘/\7 + Tpp(u¢:?/)>
— Lg/w — va (LTS(IW)p) + LTS(MPU T,,) LXAB(;5 ¢) v =%

@ Antisymmetric part of tetrad equations = connection equations:

3
33[pLTTp#U] + alﬂLyAd)ﬁ\/] — ELyA Tp[”,/(ﬁ;\)] =0.
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L(T,X,Y,¢) theory - field equations

@ Symmetric part of tetrad equations:

V(u (LYA¢ u)) (LYA¢A> 9% Guv + Lya (T(MV)%::\) + Tpp(ugs:?/))
— Lgﬂy — 2Vp (LTS(IW)p) + LTS(MPU Tl,) LXAB(Z5 ¢) v = 9.
@ Antisymmetric part of tetrad equations = connection equations:
3
A A
33[pLTTp”U] + alﬂLyAd),V] - §LyA Tp[w,(ﬁ?p] =0.

@ Scalar field equations:

g“”%ﬂ <LyA Tpp,, - LxABQbf,) - L¢A =94.
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L(T,X,Y,¢) theory - field equations

@ Symmetric part of tetrad equations:

V(u (LYA¢ u)) (LYA¢A> 9% Guv + Lya (T(MV)%::\) + Tpp(ugs:?/))

— Lgﬂ,/ — 2Vp (LTS(IW)p) + LTS(MPU T,,) LXAB(;5 ¢)V =0Ou-

@ Antisymmetric part of tetrad equations = connection equations:
3
A A
33[pLTTp”U] + alﬂLyAd),V] - §LyA Tp[w,(ﬁ?p] =0.
@ Scalar field equations:
s p B —
g VN <LyAT v — LxABQb’V) - L¢A =94.

@ Matter field equations: w; = 0.
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“Scalar-curvature”’-like class - action

@ Action g
o Gravitational part:

S 07,5, 6] = 2%2 [~ A(¢)T + 2Bas($)X"E + 2Ca(d) YA — 262V()] 0 x
M
o Matter part:
Snl6, 6, '] = Sy [0, X'

Manuel Hohmann (University of Tartu) Scalar-torsion theories of gravity TeleGrav2018 Tartu 9/16



“Scalar-curvature”’-like class - action

@ Action g
o Gravitational part:

Sy [0%,0%, 0 = 2%2 | [FAT +2Bas(6) X" + 2Ca(6) Y* — 262V(9)] 0'x.

o Matter part:
Snl6, 6, '] = Sy [0, X'

@ Free functions A, Bag,Ca, V, « of scalar fields.
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“Scalar-curvature”’-like class - action

@ Action g
o Gravitational part:

Sy [0%,0%, 0 = 2%2 | [FAT +2Bas(6) X" + 2Ca(6) Y* — 262V(9)] 0'x.

o Matter part:
Snl6, 6, '] = Sy [0, X'

@ Free functions A, Bag,Ca, V, « of scalar fields.
@ Cy = —A 4 < theory reduces to scalar-curvature gravity.

Manuel Hohmann (University of Tartu) Scalar-torsion theories of gravity TeleGrav2018 Tartu 9/16



“Scalar-curvature™like class - field equation

@ Symmetric part of the tetrad equations:

o 1o 1
(A,A + CA) S(,u,l/)p(b:;\) + A (R;u/ - ERg,uI/) + <§BAB - C(A,B)) qs:i‘)qs,Bo'gpo—g,uV

[e]

~ (Bag — C(a)) % +Ca (vuvuw - D¢Ag,w) + 52V G = KO,
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“Scalar-curvature™like class - field equation

@ Symmetric part of the tetrad equations:
p A £ 12 1 A B o
(A +Ca) Sy &%y + A B — 5 R0 ) + ( 5548~ Clagy ) 95050 g
~ (Bag — C(a)) % +Ca (vuvuw - D¢Ag,w) + 52V G = KO,

@ Antisymmetric part of the tetrad field equations:

3(Aa+Ca) TP ¢’y + 2Cia 50705 = 0.
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“Scalar-curvature™like class - field equation

@ Symmetric part of the tetrad equations:
o 1 o 1
(Aa+Ca) Sy + A (RW - ERQW) + <§BAB - C(A,B)) B 97 G
~ (Bag — C(a)) % +Ca (wvuw - D¢Ag,w) + 52V G = KO,
@ Antisymmetric part of the tetrad field equations:

3(Aa+Ca) TP ¢’y + 2Cia 50705 = 0.

@ Scalar field equation:

1 o 1
E-A,AT — BagOo? — (BAB,C - EBBC,A) g" V¢i¢§/

+CAV T, + 20108 Tu 6B + K2V 4 = 2040
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“Scalar-curvature”-like class - conformal transf.

@ Conformal transformation and scalar field redefinition:
07 =697, By=e"Pe,, ¢ =Fg).
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“Scalar-curvature”-like class - conformal transf.

@ Conformal transformation and scalar field redefinition:
02 =993 gy =ePe,, ¢ =(e).
@ Transformation of geometry:
T=e2 (T+ayayh+12yapX8) , 3 =14,

ZA a97B ZA
000 0oy g0 (g0
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“Scalar-curvature”-like class - conformal transf.

@ Conformal transformation and scalar field redefinition:
07 =697, By=e"Pe,, ¢ =Fg).
@ Transformation of geometry:

T=e2 (T+4paY" +129478X"0) . =14,

_ 3 8(7)'4 aq_sB _ 3 8(EA
AB _ 2’y__XCD YA — 2vYY YB XBC
X e 96 95D , e 8¢B< +67¢c ),
@ Transformation of parameter functions to preserve action:
A=e"A,

B=¢» (Bf’2 _ 642+ 6€f'7’) :
C=e* (Cf —-24Y),

V=6V,

a=a+7y.
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“Scalar-curvature”-like class - invariants

@ Quantities invariant under conformal transformations ~:
o “Scalar” quantities:

e v
Ih=—, Ih=—.
1 A ) 2 Az
o “Covector” quantities:
_Cat+Ana _ Cat2a4A
A= Toa s MT e
o “Metric” quantities:
2ABag —6A (aCs) —3A aA B
Fag = Ve )
BAB — 6@7(,463) — 6a’Aa,B.A
Gag = 5g2a .
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“Scalar-curvature”-like class - invariants

@ Quantities invariant under conformal transformations ~:
o “Scalar” quantities:

e v
Ih=—, Ih=—.
1 A ) 2 Az
o “Covector” quantities:
_Cat+Ana _ Cat2a4A
Ham T MT T
o “Metric” quantities:
2ABag —6A (aCs) —3A aA B
Fag = Ve ,
BAB — 66!7(,463) — 6a’Aa’B.A
Gag = 5g2a .

@ Covariance under scalar field redefinitions:

_ o B - C D
Tie=Tie. (RR)a=55(HK)e. (F.0)s = 55555 (F G)co-
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“Scalar-curvature”-like class - special frames

@ Jordan frame: minimal coupling to matter.

1

A3=1—1, Big=2Gas, Cj=2Ka, V=
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“Scalar-curvature”-like class - special frames

@ Jordan frame: minimal coupling to matter.

1 ~
7, Bis=20a. Ci=2Ka, V=

A =
@ Einstein frame: no coupling to torsion scalar.

1
A€:17 BEB:2fABv CEZZHA, VGZZZ, a€:§|n11.
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“Scalar-curvature”-like class - special frames

@ Jordan frame: minimal coupling to matter.

1 ~ ~
7 Blg =2Gag, C)=2Ka, V=

A =
@ Einstein frame: no coupling to torsion scalar.
1
AS=1, Big=2Fas, Ci=2Ha, V'=Tp, o®=;hT.
@ “Debraiding frame” (for H4 g; = 0): minimal coupling to torsion.
9 2\ A A
(na®) =2Ha, (nB°) 5o =[n(F+3HeH) 50 +208Ho.

2 =0, (lnvﬁ) = (nTe)+4Ha, a® 4= TiKs.

i
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Scalar-torsion gravity without derivative coupling

@ Gravitational action v, L. sarv, u. vaiikhanova 18]

1

S=32

[ [HT. )+ Zuat@)g o402 0+ Snfo. ).

Manuel Hohmann (University of Tartu) Scalar-torsion theories of gravity TeleGrav2018 Tartu 14/16



Scalar-torsion gravity without derivative coupling

@ Gravitational action v, L. sarv, u. vaiikhanova 18]

S= gz [ [f(T.0)+ Zaa(@)g }08] 6" + Snlo®. ).

@ Field equations:
o Symmetric part of the tetrad field equations:

%fg;w + %p (frSuuy”) — %fTS(upa oo — Zapd, 0% + ZAB¢ L2 977 9 = KO
o Antisymmetric part of the tetrad field equations:
Ty =0 & Oufr [0, (Ve en”) + 200 6250, | = 0.
o Scalar field equation:

fon — (2Zag g — Zoo ) 9" 5,0C, — 2245005 = 0.
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Scalar-torsion gravity without derivative coupling

@ Gravitational action v, L. sarv, u. vaiikhanova 18]

S= gz [ [f(T.0)+ Zaa(@)g }08] 6" + Snlo®. ).

@ Field equations:
o Symmetric part of the tetrad field equations:

%fg;w + %p (frSuw)”) — %fTS(upU oo — Zapd, 0% + ZAB¢ L2 977 9 = KO
e Antisymmetric part of the tetrad field equations:
Ty =0 & Oufr [0, (Ve en”) +20ec 65150, | = 0.
o Scalar field equation:

fon — (2Zag g — Zoo ) 9" 5,0C, — 2245005 = 0.

@ Equation possesses generic solutions with spacetime symmetries.
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Conclusion

@ Summary:
o Four new classes of scalar-torsion theories.

general scalar-torsion

L(T,X,Y,9)

no derivative coupling ‘ ’ “scalar-curvature-like”
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Conclusion

@ Summary:
o Four new classes of scalar-torsion theories.
o Formulation is covariant under local Lorentz transformations.
o Antisymmetric tetrad field equations = connection field equations.
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Conclusion

@ Summary:

o Four new classes of scalar-torsion theories.
o Formulation is covariant under local Lorentz transformations.
o Antisymmetric tetrad field equations = connection field equations.
@ Three classes are closed under conformal transformations.
' . N
general scalar-torsion
L(T,X,Y,¢)
no derivative coupling [ ’ “scalar-curvature-like”}
_ J
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Conclusion

@ Summary:
o Four new classes of scalar-torsion theories.
o Formulation is covariant under local Lorentz transformations.
o Antisymmetric tetrad field equations = connection field equations.
o Three classes are closed under conformal transformations.
@ One class formulated in terms of conformal invariants.

general scalar-torsion

L(T,X,Y,9)

no derivative coupling [ ’ “scalar-curvature-like”}

TeleGrav2018 Tartu
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Conclusion

@ Summary:
o Four new classes of scalar-torsion theories.
o Formulation is covariant under local Lorentz transformations.
o Antisymmetric tetrad field equations = connection field equations.
o Three classes are closed under conformal transformations.
@ One class formulated in terms of conformal invariants.

general scalar-torsion

L(T,X,Y,9)

no derivative coupling ‘ ’ “scalar-curvature-like”

@ Outlook - analyze various aspects of these theories:
Cosmological dynamics / dynamical systems analysis.
Post-Newtonian limit.

Gravitational waves - speed and polarisations.
Hamiltonian formulation - degrees of freedom.
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