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E(2) classes

Perturbation around flat metric:

uv = nyv+€hyv- (1)
Plane wave in z direction:
hyy = Hype 2. (2)
Possible modes:
1
\IJZ — _ERnlnl/ (33-)
1 1
W3 = —Ruimm = —=Ruium, (3D
3= —5Ru SR (3b)
W, = _Rnn‘fmm — _annmr (3C)
(DZZ — _annm . (3d)

E(2) classes are combinations:
M I 6 polarizations, all
modes are allowed.

M III5: 5 polarizations, W, = 0,
all other modes are allowed.

] N3: 3 polarizations, ¥V, =
W, = 0, tensor and breath-
ing modes are allowed.

B N,: 2 polarizations, V¥V, =
\Ijg = Oy = 0, onIy tensor
modes are allowed.

[10;: 1 polarization, W, =
W; = W, = 0, only breathing
mode is allowed.

B Oy: no gravitational waves.

References

[1] M. Hohmann, “Polarization of
gravitational waves in general
teleparallel theories of grav-
ity,” Astron. Rep. 62 (2018)
no.12, 890 [arXiv:1806.10429

[gr-qc]].

[2] M. Hohmann, M. Krs8ak,
C. Pfeifer and U. Ua-
likhanova, “Propagation
of gravitational waves in
teleparallel gravity theories,’
Phys. Rev. D 98 (2018) no.12,
124004 [arXiv:1807.04580

[gr-qc]l.

[3] M. Hohmann, C. Pfeifer,
J. L. Sad and U. Ua-
likhanova, “Propagation
of gravitational waves in
symmetric teleparallel grav-
ity theories,” Phys. Rev. D
99 (2019) no.2, 024009
[arXiv:1808.02894 [gr-qc]].

Investing
in your future

* X ¥
* *
* *
* *

***

European Union
European Regional
Development Fund

Polarizations in the Newman-Penrose formalism

Re W,: + mode Im W,;: X mode d,,: b mode
Ny Ny N

Re W5: X mode Im W3: y mode V,: | mode
4+ X Ny £ X Y

N

A

Torsion teleparallel gravity [1, 2]

The fundamental fields are a tetrad 0”, and a flat Lorentz spin connection «";,. We denote by
e,t' the inverse tetrad, which satisfies 0”,¢e," = 5‘;1 and 0% et = 0. We further use the metric

g = Nap0",0%, and the torsion TP, = 2e,f (a“ﬁ”v] - wab[bev])- The action we consider is of the
form

510, w, x] = 5416, w] + 5ml6, x1, (4)
where y denotes matter fields. The gravitational part takes the form
1
S.[6, w] = 5 fM F(TPTyp, THPT y, TH,, TP) det 0 d*x, (5)
with a free function . The relevant field equations obtained from this action are
1 2 (0} (0}
KOy = S G +2V° (FaToup + FaTioun + FaT otp8uw) + FaTu (Tupo = 2Tipo1)

(6)
+ %7:,2 [Typg (ZTpav - Tvpa) + Tpgy (ZT[pa]v - Tvpa)] _ %fBTOGp (prv + 2T(yv)p) 7

where ©,, is the energy-momentum tensor. Using the linear perturbation
0" = A" +et’,, el = (A" — e, W’y = €9y, (7)

around the diagonal tetrad A", = diag(1,1,1,1) and the Taylor expansion
F = Flre,—0 + O€’) =F+ O, F;=TFilrr,-0+0E€)=F;+0(), (8)

as well as the symmetric-antisymmetric decomposition s, = 7(,) and a,, = T — A, and
assuming F = 0, one finds the linearized vacuum equations

0= E‘uv = oF [2(21:,1 — Flz)a[vap]y + (ZF,Z + FI3)ayaPV]
+ 29F [(21:,1 + F,2)a[p5v]y + F 3 (ny[v&p]s% - 8050[,0771/]#)] /

For the plane wave s, = S,,¢**~? and a,, = A, one finds in the Newman-Penrose basis
the components

(9)

mn = (2F 1 + Fo + F3)8y + 2F 38 + (2F 1 + F 2 + F3)dyy, (10a)
mn = Emn = 2F 1 + F2)8 + (2F 1 — F2)du, (10b)
O0=Euu=Eun=-F35u+ QF,+F3)iyu, (10c)
(10d)
(10e)

0 = Eym = Em = —F 3511,
0=E;=QF1+F2)3.

This yields the following polarizations:

B 2F, + F, = F3 = 0: None of the six possible modes is restricted by the linearized field
equations. Theories satisfying these conditions belong to the E(2) class Ils, shown in blue
in the figure.

M 2F(F>+F3)+F5 =0and2F 1 +F,+F3 # 0: In this case the field equations enforce ¥, = 0,
so that there is no longitudinal mode. All other modes are unrestricted. Theories of this
type belong to the E(2) class IlI5. This case is represented by the green line in the figure.

[12F(Fo+F3)+F% # 0and 2F 1 + F, + F 3 # 0: From the field equations follows ¥, = W5 = 0,
while the breathing mode ®,, and tensor modes W, are unrestricted. This wave has the
E(2) class N3. Almost all points of the parameter space, shown in white in the figure,
belong to this class.

Bm2F,+F,+F3;=0andFs# 0: The only mode which is allowed to be nonzero is given by
the two tensor polarizations W,. The E(2) class of this wave is N,. This case is shown as
a red line in the figure. Also TEGR, marked as a red point, belongs to this class.

Introducing polar coordinates

F1=Csindcosqp, Fp,=Csindsing, F3z=Ccos?, (11)

with C = \/le + F22 + F23 + 0, one can visualize the modes:

Non-metricity teleparallel gravity [1, 3]

The fundamental fields are a metric g, and a flat, symmetric affine connection I'*,,. They
define the non-metricity Q,., = V,g.. The action we consider is of the form

S[g, 1, x1 = Selg, T1+ Sulg, x1, (12)
where y denotes matter fields. The gravitational part takes the form
1
Sg[g/ ['= 52 f]\;{ ¢(QHVprvp, Q‘Wpryw qu#vav, Q‘u,uvavp/ Q'uprpvv) Vi detg d*x , (13
with a free function 7. The relevant field equations obtained from this action are

‘ o o 7:/5 o o
K2®yv = _va [lepyv + 7:,2Q(yv)p + ff%Qp oSuv T f4Q a(luéfj) + 7 (QG pgyv + 5&@1/)0 )]

1
i 57: Suv = F3Qup" Que” + F (ZQPGMQGPV — Q" Qupo — ZQPG(HQV)W)
1
T f2 (QPGyQva — Qypanpo o QPG([JQv)po) + EfS [Qpaa (prv - ZQ(yv)p) _ Q,uprvch]

+ F 4| Qo (Qupw = 2Qquo) + Q7puQ v = Q%puQua” | (14)
where O, is the energy-momentum tensor. Using the linear perturbation
Suv = Nuw +€hy,, TP, =€d,d,EF (15)
around the Minkowski metric 1), = diag(-1,1,1,1) and the Taylor expansion
F = Flopu=0 + O€) = F+OE), Fi=Filgpu=0+0() = F;i+ 0, (16)

as well as the gauge-invariant perturbation b,, = h,, — 2d(,¢,), and assuming F = 0, one finds
the linearized vacuum equations

0=E,, =2F 0b,, + (F2 + F4)n™ (%%bm + 3a9vbou)

17
+ 2F 31,1 “0beg, + F 51,0 1% 0000bsy, + F 51*70,,0,b4s - (7)

For the plane wave b, = B,,¢“~? one finds in the Newman-Penrose basis the components

0 =E,, = 2F5b,m — 2(F» + F 4 + F5)by,, (18a)
0= Ewm = Ewn = —=(F2+ F )by, (18b)
O0=E,;; = F/5Bll, (1 8C)
0=Epu=—(Fa+Faby. (18d)

This yields the following polarizations:

BmF,+F,=F5=0:Inthis case the linearized field equations are satisfied identically for
an arbitrary plane null wave and there are no restrictions on the allowed polarizations.
Theories of this type belong to the E(2) class 14, shown in blue in the figure.

BmF,+F;=0andFs5 # 0: The longitudinal mode W, is prohibited in this case, while the
remaining modes are unrestricted. This corresponds to the E(2) class Ills, shown as a
green line in the figure.

[ 1F,+F4s+0and F,+ F4+ F5 # 0: The only allowed modes in this case are the breathing
mode ®,, and the two tensor modes Wy, while the longitudinal mode W, and the two vector
modes W; are prohibited. These theories have the E(2) class N3, occupying most of the
parameter space shown in the figure in white.

BFr,+F;+Fs=0andFs+0: The only allowed polarizations are the two tensor modes W,.
These theories belong to the E(2) class N»,, shown as a red line in the figure. This includes
STEGR, marked as a red point.

Introducing polar coordinates

F,=Csindcosqp, F4=Csindsingp, Fs=Ccos?, (19)

with C = \/Fzz + F24 + F25 + 0, one can visualize the modes:
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