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0 3 + 1 decomposition of teleparallel geometry
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Globally hyperbolic spacetime

@ Consider globally hyperbolic manifold M = R x X.
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Globally hyperbolic spacetime

@ Consider globally hyperbolic manifold M = R x X.
@ Denote diffeomorphism i : R x ¥ — M.
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Globally hyperbolic spacetime

@ Consider globally hyperbolic manifold M = R x X.
@ Denote diffeomorphism i : R x ¥ — M.
@ Introduce projection maps:

t=eroi_1 tM-R, 5=pr):oi_1 M- Y.
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Globally hyperbolic spacetime

@ Consider globally hyperbolic manifold M = R x X.
@ Denote diffeomorphism i : R x ¥ — M.
@ Introduce projection maps:

t=eroi_1 tM-R, 5=pr):oi_1 M- Y.

@ Introduce time translation vector field:
o Curve through every point x € M:

Y :R—->M
ti(t(x)+t,s(x))"

o Vector field at x: q
(at)x = E’Yx(t) o0
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Globally hyperbolic spacetime

@ Consider globally hyperbolic manifold M = R x X.
@ Denote diffeomorphism i : R x ¥ — M.
@ Introduce projection maps:
t=eroi_1 tM-R, 5=pr):oi_1 M- Y.

@ Introduce time translation vector field:
o Curve through every point x € M:

Y :R—->M
ti(t(x)+t,s(x))

o Vector field at x: q
(at)x = E’Yx(t) o0

@ Notethat 9 —dt = 9t = 1.

Manuel Hohmann (University of Tartu) Hamiltonian formulation of TG Friedmann2019 - 24. 6. 2019



Globally hyperbolic spacetime

@ Consider globally hyperbolic manifold M = R x X.
@ Denote diffeomorphism i : R x ¥ — M.
@ Introduce projection maps:

t=eroi_1 tM-R, 5=pr):oi_1 M- Y.

@ Introduce time translation vector field:
o Curve through every point x € M:

Y :R—->M
ti(t(x)+t,s(x))

o Vector field at x: q
(at)x = E’Yx(t) o0

@ Notethat 9 —dt = 9t = 1.
@ NB! 9y is not a unit normal vector field - no metric used!
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Split of vector fields and differential forms

@ Split of a vector field X € I'( TM):
o Temporal part:

o Spatial part:
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Split of vector fields and differential forms

@ Split of a vector field X € I'( TM):
o Temporal part:

o Spatial part:

@ Split of a differential k-form :
o Temporal part:
F=dtAF=dtA(0¢~T).

o Spatial part:
T=T—-F%=0~(dtAT).
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Pullback to spatial geometry on ©

@ Definition of time slice ¥; for t € R:

Y=t ({t}) ={xeMt(x)=t}c M.
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Pullback to spatial geometry on ©

@ Definition of time slice ¥; for t € R:
Y=t ({t}) ={xeMt(x)=t}c M.
@ Diffeomorphism between X and time slice:

it:Z—)ZtCM
X i(t,x) -
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Pullback to spatial geometry on ©

@ Definition of time slice ¥; for t € R:
Y=t ({t}) ={xeMt(x)=t}c M.
@ Diffeomorphism between X and time slice:

it:Z—)ZtCM
X i(t,x) -

@ Time dependent spatial geometry on ¥:
o Pullback of (spatial) vector fields X € I( T°M):

X(t) =5* OXO it (S r(TZ)
o Pullback of (spatial) differential forms 7 € ka(M):

(1) = ifr e Q" ().
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Tetrads and teleparallel geometry

@ Define the tetrad (coframe) and its dual (frame):

0°c Q' (M), e,el(TM), e,—0°=6".
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Tetrads and teleparallel geometry

@ Define the tetrad (coframe) and its dual (frame):
0°c Q' (M), e,el(TM), e,—0°=6".
@ Raise and lower a, b, ... =0,...,3 with Minkowski metric

77ab=diag(_1,1a1;1)-

Manuel Hohmann (University of Tartu) Hamiltonian formulation of TG Friedmann2019 - 24. 6. 2019



Tetrads and teleparallel geometry

@ Define the tetrad (coframe) and its dual (frame):
0°c Q' (M), e,el(TM), e,—0°=6".
@ Raise and lower a, b, ... =0,...,3 with Minkowski metric
nap = diag(-1,1,1,1).
@ Define metric (and Hodge star x on M):

-1

g=n40"06", g =n"e,0ep.
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Tetrads and teleparallel geometry

@ Define the tetrad (coframe) and its dual (frame):
0°c Q' (M), e,el(TM), e,—0°=6".
@ Raise and lower a, b, ... =0,...,3 with Minkowski metric
nap = diag(-1,1,1,1).
@ Define metric (and Hodge star » on M):

-1

g=n40"06", g =n"e,0ep.

@ Flat spin connection:

Wi e Q1(M), dw?p + wic AW, = 0.
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Tetrads and teleparallel geometry

@ Define the tetrad (coframe) and its dual (frame):
0°c Q' (M), e,el(TM), e,—0°=6".
@ Raise and lower a, b, ... =0,...,3 with Minkowski metric
nap = diag(-1,1,1,1).
@ Define metric (and Hodge star » on M):

-1

g=n40"06", g =n"e,0ep.

@ Flat spin connection:
Wi e Q1(M), dw?p + wic AW, = 0.

@ Torsion:
T?=D6% = do? + wip A 6°.
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Tetrads and teleparallel geometry

@ Define the tetrad (coframe) and its dual (frame):
0°c Q' (M), e,el(TM), e,—0°=6".
@ Raise and lower a, b, ... =0,...,3 with Minkowski metric
nap = diag(-1,1,1,1).
@ Define metric (and Hodge star » on M):

-1

g=n40"06", g =n"e,0ep.

@ Flat spin connection:
Wi e Q1(M), dw?p + wic AW, = 0.

@ Torsion:
T?=D6% = do? + wip A 6°.

@ Here: use Weitzenbdck gauge w?p, = 0.
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Space-time split of tetrad geometry

@ Decomposition and pullback of the tetrad:

a ~a

0% =d%dt + 6%, (1) =i'8%, d(t)=i'86"
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Space-time split of tetrad geometry

@ Decomposition and pullback of the tetrad:
0% =d%dt + 6%, (1) =i'8%, d(t)=i'86"
@ Spatial metric defines hodge star * on ¥:

Manuel Hohmann (University of Tartu) Hamiltonian formulation of TG Friedmann2019 - 24. 6. 2019



Space-time split of tetrad geometry

@ Decomposition and pullback of the tetrad:
0% =d%dt + 6%, (1) =i'8%, d(t)=i'86"

@ Spatial metric defines hodge star * on ¥:

q=n0°® 8.

@ Define the basis complement:

fa = —%naeeebcd * (éb A éc A éd) .
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Space-time split of tetrad geometry

@ Decomposition and pullback of the tetrad:
0% =d%dt + 6%, (1) =i'8%, d(t)=i'86"

@ Spatial metric defines hodge star * on ¥:

q=n0°® 8.

@ Define the basis complement:
1 b e
&% = 1" eebod * (8° A G° A G%.

@ Properties of the basis complement:
o Orthonormality:

b€ 0° =0, naps?e” = 1.
o Completeness:
™ = -+ g (7%,0°).
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Lapse, shift and unit normal vector field

@ Basis decomposition of the temporal tetrad part:

0% =+~ 6%
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Lapse, shift and unit normal vector field

@ Basis decomposition of the temporal tetrad part:
0% = ac?+p5-06°.
@ Lapse and shift:

olt) =ifae CP(X), ABt)=iBel(TY).

Manuel Hohmann (University of Tartu) Hamiltonian formulation of TG Friedmann2019 - 24. 6. 2019



Lapse, shift and unit normal vector field

@ Basis decomposition of the temporal tetrad part:
0% =+ 5-6°.
@ Lapse and shift:
a(t) =ifa e CP(T), B(t)=iBerl(TT).
@ Unit normal vector field N € ['(TM):

3t=aN+,3.
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Lapse, shift and unit normal vector field

@ Basis decomposition of the temporal tetrad part:
0% =+ 5-6°.
@ Lapse and shift:
olt) =ifae CP(X), ABt)=iBel(TY).
@ Unit normal vector field N € ['(TM):
d¢=aN+ 3.
@ Relation between unit normal vector field and basis complement:

() =if (N=8%.
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Irreducible decomposition

o For a time-dependent one-form 72 : R - Q' (X) define:
= —r,
2= g7 () - g (.7
2 a7 P00 + 67 7)) - 30 o N,

1 4~ pos
2a _ 39 (G, 70)0° .
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Irreducible decomposition

o For a time-dependent one-form 72 : R - Q' (X) define:
= —r,
2= g7 () - g (.7
R G S GRS VA B Pl T
77 = %q“(éb,Tb)éa.
@ Consider scalar product

a a -1, a
T ANkog=0aA*7 =q (77,04) % 1.
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Irreducible decomposition

o For a time-dependent one-form 72 : R - Q' (X) define:

= =,

1r 1,22 » 4, = o
79_3 = § [q 1(9‘3’ eb)Tb -q 1(637 Tb)ab] )

1 —_ e g — -, pd 1 — - -
7= 5[0 (0%, 0)7" + ¢ (67, 7")b] - 397 (B, 77,
77 = %q“(éb,Tb)éa.
@ Consider scalar product

TN %o =04 A KT = q_1(7'a,aa) * 1.

@ Components are orthogonal and complete:

a Oa © ©a S} Da (] ®a ®
T N%0g=T AN*%03+T AN*%0a+T7T A*X0g+7T A *04.
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e New General Relativity action and Lagrangian
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Teleparallel action

@ Irreducible decomposition of the torsion:
V= %oa A(ep =T,
1 a

Aa=§e —'(Ob/\Tb),

TE=T-V- A%

Friedmann2019 - 24. 6. 2019
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Teleparallel action

@ Irreducible decomposition of the torsion:

Vo= %oa A (ep=T7),

A? = %ea = (0, AT,
TE=T-V- A%
@ Action with three free constants Ct, Cy, Cr:

S[6°] = J’Mﬁ = J’M (CTTa A*xT 2+ CyVI A%V, + CaA% A *Aa)
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Teleparallel action

@ Irreducible decomposition of the torsion:

Vo= %oa A (ep=T7),

Aa=%ea—'(0b/\Tb),

TE=T-V- A%
@ Action with three free constants Ct, Cy, Cr:

S[6°] = J’ L= J’ (CTTa A*xT 2+ CyVI A%V, + CaA% A *Aa)
M M

@ Equivalent expression for the Lagrangian:

=== T axT,

C

+%C‘/(Ta/\Gb)/\*(Tb/\ea)+w(TaAGa)/\*(Tb/\Gb).
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Space-time split of the Lagrangian

@ Decomposition of the Lagrangian:

L=L=dtAL=dtr(d;~L).
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Space-time split of the Lagrangian

@ Decomposition of the Lagrangian:
L=L=dtAL=dtr(d;~L).

@ Pullback to X:

£ = 2000 1137 d(ag®) - 250 | ax[ —d(aga)—£56]+ad§aAﬂd§a:
6°

+%[— (0 Ay + E b)/\*( A4+ )+a(d0 AGp) AK(dF° A D)
+%[_E(é’ NG, + ) ( NGy + E b) + (0% AGa) AK(AEP AGy)
where

E®, = —d(ag®) A G, + ag,dd® — (£50°) A G

Manuel Hohmann (University of Tartu) Hamiltonian formulation of TG Friedmann2019 - 24. 6. 2019 13/22



e Calculating the New General Relativity Hamiltonian
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Canonical momenta

@ Write velocities as v? = 6.
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Canonical momenta

o Write velocities as v? = 4.
o Define momenta p, via 6,£ = 6v? A p,.
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Canonical momenta

o Write velocities as v? = 4.
o Define momenta p, via 6,£ = 6v? A p,.

@ Write momenta as ’
Pa =7 * (Ta+ Sa),

o 7, is linear in the velocities v?;
e s, does not depend on the velocities v
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Canonical momenta

o Write velocities as v? = 4.
o Define momenta p, via 6,£ = 6v? A p,.

@ Write momenta as ’

Pa =7 * (Ta+ Sa),

o 7, is linear in the velocities v?;
e s, does not depend on the velocities v

@ Simple relation between velocities and momenta:

o)
Ta

~2(2Cr + Cy)Va.
2 e
Ta = _E(ZCA + Cr)va,

®
Ta = _2CTVa7

®
7Ta = _2CVVa .
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Canonical momenta

o Write velocities as v? = 4.
o Define momenta p, via 6,£ = 6v? A p,.

@ Write momenta as ’

Pa =7 * (Ta+ Sa),

o 7, is linear in the velocities v?;
e s, does not depend on the velocities v

@ Simple relation between velocities and momenta:

o)
Ta

2 10
—§(ZCT+ Cv)va,

[S]

2 o
Tg = _E(ZCA + C1)Va,

[23) (2]
Ta = _2CTVa7

® ®
7Ta = _2CVVa .

@ Solve for velocities and use momenta instead.
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General structure of the Hamiltonian

@ Bare Hamiltonian %y = v? A p, — £ takes the form

A~ ~ © ~ (<] ~ (3] A ®

Ho = Holp] + Hol[p] + Hol[p] + Holp]
+ GAZCT o [ a6 A #i® — i A 03 A %(d° £.05)]
+ wa(éﬁ, = d?) A x(6% = di®) — Cradd® A xdd,

— (ag® + B = 6%)dp, — di” A (B = pa) +d[ (at® + B = 07)pa] .
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General structure of the Hamiltonian

@ Bare Hamiltonian %y = v? A p, — £ takes the form

A A~ 0] A~ e ~ &3] N ®
Ho = Holp] + Holp] + Holp] + HolP]
Ca-Cr

+“5"Ta [£a65067 A %d° — A6 A 6 A %(d6° A 6) ]

+ wa(éﬁ = d?) A x(6F = dI®) — Cradd® A xdd,
— (&% + B = 0%)dpa — di” A (8~ pa) + d[(a® + B = 67)p,] .

o Types of appearing terms:
o Terms linear in lapse a.
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General structure of the Hamiltonian

@ Bare Hamiltonian %y = v? A p, — £ takes the form

A~ ~ O ~ O ~ D ~ ®
Ho = Holp] + Holp] + Holp] + HolP]
+ GO CT T atnd® A 5dd® — 67 A 04 A (00 A 6)]

3
+ wa(éﬁ = d?) A x(6% = di®) — Cradd® A xdd,

— (o€ + 3 = 07)dp, = di” A (8 = pa) +d[ (a® + B = 07)pa] .

o Types of appearing terms:

o Terms linear in lapse a.
o Terms linear in shift 5.
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General structure of the Hamiltonian

@ Bare Hamiltonian %y = v? A p, — £ takes the form

A~ ~ © ~ (<] ~ (3] A ®

Ho = Holp] + Hol[p] + Hol[p] + Holp]
+ GAZCT o [ a6 A #i® — i A 03 A %(d° £.05)]
+ wa(éﬁ = d?) A x(6% = di®) — Cradd® A xdd,

— (ag® + B = 6%)dp, — di® A (B = pa) +d[ (ac™ + 5= 07)pa] .

o Types of appearing terms:
o Terms linear in lapse a.
o Terms linear in shift 5.
o Total derivative (does not contribute).
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Terms quadratic in the momenta

@ Vector part:

. ® 0 for2Cr+ Cy =0,
Holp] = 3a

Ca A %G otherwi
—mca/\*c otherwise.
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Terms quadratic in the momenta

@ Vector part:

. o 0 for2Cr+ Cy =0,
Holp] = 3a  © 04 .
—mca N *C otherwise.
@ Antisymmetric part:
S 0 for2Ca+ Cy =0,
olp] = 3 © Sa :
—mca A *C otherwise.
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Terms quadratic in the momenta

@ Vector part:

0 for2Cr+ Cy =0,
O ®a .
ca A x¢”  otherwise.

—__Ba
4(2Cr+Cy)
@ Antisymmetric part:

° 0 for2Cs+ Cr =0,
Holp] =

8a__ & Sa .
33C,+CyCa N ¥C* otherwise.

@ Symmetric trace-free part:
. 0 for Cr =0,
Holp] = { N

Ca A %62 otherwi
—Eca/\*c otherwise.
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Terms quadratic in the momenta

@ Vector part:

. o 0 for2Cr+ Cy =0,
Holp] = 30 © % therwi
—mca A *C  otherwise.
@ Antisymmetric part:
S 0 for2Cs+ Cr =0,
Holp] = a9 .9 stherwi
—mca A *%C” otherwise.
@ Symmetric trace-free part:

. 0 for Cr =0,
Holpl=4 Lo e, :
~3c;Ca A *C otherwise.
@ Trace part:
. ® 0 forCy =0,

—-—2-c5 A *xCc” otherwise.
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Possible additional primary constraints

@ Vector constraint: if 2Ct + Cy = 0, then

® ® 2 o
O0=ca=%ps— §(CT - Cv)§a9?; ~dd’.
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Possible additional primary constraints

@ Vector constraint: if 2Ct + Cy = 0, then
o) o) 2 o
0=0Ca=%pa— §(CT - Cv)§a9?; ~dd”.

@ Antisymmetric constraint: if Cr = 0, then
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Possible additional primary constraints

@ Vector constraint: if 2Ct + Cy = 0, then
0= & = %Pa— o(Cr — Cy)eally ~ 0.
@ Antisymmetric constraint: if Cr = 0, then
0=Ca=*Pa- g(CA - Cr)ft - (éb A dﬁb) :
@ Symmetric trace-free constraint: if 2Cy + Cy = 0, then

@ ®
0=Ca=*pa.
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Possible additional primary constraints

@ Vector constraint: if 2C+ + Cy = 0, then
o) o) 2 ~b
O0=ca=%ps— §(CT - Cv)faég —~do”.
@ Antisymmetric constraint: if Cr = 0, then
e ) 2 ~b
0=Ca=%pa—75(Ca- Cr)dt - (9 /\dﬁb) :
@ Symmetric trace-free constraint: if 2Cy + Cy = 0, then
0 = ga = *ga .
@ Trace constraint: if Cy = 0, then

® ®
0=ca=*pa.
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Visualization of constraints




Outline

e Conclusion
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@ Teleparallel geometry:

o Based on a tetrad #% and flat spin connection w?.
o Possible to work in Weitzenbéck gauge w?, = 0.
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@ Teleparallel geometry:
o Based on a tetrad #% and flat spin connection w?.
o Possible to work in Weitzenbéck gauge w?, = 0.
@ 3 + 1 split of the geometry:
Assume globally hyperbolic spacetime M =R x ¥.
Obtain vector field 9¢ and spatial-temporal decomposition.
Pullback to time-dependent geometry on ¥.
Tetrad yields ¢ = lapse « and shift 3.
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@ Teleparallel geometry:

o Based on a tetrad #% and flat spin connection w?.
o Possible to work in Weitzenbéck gauge w?, = 0.
@ 3 + 1 split of the geometry:
o Assume globally hyperbolic spacetime M = R x %.
o Obtain vector field 8, and spatial-temporal decomposition.
o Pullback to time-dependent geometry on ¥.
o Tetrad yields ¢% = lapse « and shift 3.
@ Application to New General Relativity
Use eector-axial-tensor decomposition in the action.
Easy to derive, decompose and invert canonical momenta.
Kinematic Hamiltonian obtained from Similar decomposition.
Appearance of constraints depend on parameters.
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