Definitions

The fundamental fields on M are
e a coframe field

0" = 0", dx", (1)
e a flat spin connection
" = "y dxt,  (2)

e N scalar fields ¢,

e arbitrary matter fields y'.
These fields further define

e a frame field e, = e,*d,, with
,0'=6, (3
a metric
Qv = Na0°,0%,  (4)
e a volume form
Od*x = °AOLAO*NE?, (5)

e the Levi-Civita connection

(@)

1
Wyp = —E(Lebtecdﬁa + Lo, Lo, d O
- Lealebdec)ecr (6)

e the torsion

=do"+ " A6, (7)

e the affine connections

rpyv — eap(aveay + Ct)abveb,u) ’ (8)

(@)

FPHV — eap(avea# + C?)abvgby)
1
— Egpg(&‘ugm/ + 51/8#0 — &og(uv) . (9)

We call a teleparallel geometry
the triple

(M, 0, ®). (10)
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Symmetries in teleparallel gravity [2]

Symmetries under group actions

Definition. A symmetry of a teleparallel geometry (M, 0, c:)) IS a group action ¢ : GXM —
M,x — x’ of a Lie group G such that the induced metric (4) and affine connection (8) are
invariant, i.e., ¢;,¢ = gand ¢;I' =T for all u € G, where

ox'P ox’° Oxt Ix’@ox’®  oxt 9%x’°
* * y — T /
((Pug)pv(x) gPCT(x ) xl a v 7 ((Pur) Vp(x) r a)a(x )5’x’7 8xv axp + ax’g axvgxp .

The teleparallel geometry is then called symmetric under the group action .

(11)

Proposition. A teleparallel geometry (M, 0, c:)) Is symmetric under a group action ¢ : G X M —
M if and only if there exists a local Lie group homomorphism A : G x M — SO(1, 3) such that

((Pze)au — (A;l)a beby/ (GDZC:))”by = ( ) Adbw du ( ;1)(1 cauAZb (12)
for allu € G, where

/V ° ° 8 Ay
@LOFW0) = o, () ) = ) o

(13)

Infinitesimal symmetries

A Lie group action ¢ : G X M — M induces a Lie algebra homomorphism X : ¢ — Vect M (the
fundamental vector fields). For £ € g we then have

(Lx:Quv = Xgapguv +d ngpv +0 ngup (14)

and
(Lx, DM = XT06TH,p — ac,xgravp + 0, X{T¥, + 0pXITH,5 + avapxg . (15)

Tetrad and spin connection transform as
(Lx,0)" = X00,0% + 9, X00%,  (Lx, @) = X4dy@ by + 9y X0 (16)

Proposition. For a teleparallel geometry (M, 0, c:)) which is symmetric under a group action,
there exists a local Lie algebra homomorphism A : g x M — so(1, 3) defined by

d

As(x) = d exP(Et)(x) N (17)
such that
(Lx,0)" = —A%0",,  (Lx,@) s = DA%, (18)
where we used the total covariant derivative
DpAgb = ay/\%b + C:)acyﬂgb a) bluAa (1 9)

Scalar-torsion gravity [1]

Action and field equations

A generic, but simple class of scalar-torsion theories of gravity is given by the action

5= - [ (T, ) + Zap(p) g”"gbflqbf/] Od*x + S,[6%, x']. (20)
M

212

We call it minimally coupled if fr,a = 0. The field equations are the symmetric part

1 ° 1 o
Efguv +V, (fTS(#V)p) - EfTS(#p Tyypo = Zap® HCP v _Z B P(P 08" guv = Kz@“v ’ (21)

the antisymmetric part
a[prpr] =0 L= ayfT [5’1/ (9 e[a“eb]v) + 260 ec[”e[av]c:)"b]v] =0 (22)

and the scalar field equation

fq;A - (ZZAB,qu - ZBC,(/)A) g“"qbiqbf/ - 2ZABD<]5B =0. (23)

Solving the antisymmetric field equation

There are different ways to solve the antisymmetric equations (22):

1. For theories with frr = 0 and fry4 = 0, so that f(T, ¢) = kT — V(¢), the equations (22) are
solved identically for any field configuration.

2. Field configurations with 9,T = 0 and d,¢* = 0, i.e., constant torsion scalar and constant
scalar fields, always solve the equations (22), independently of the function f. The remain-
Ing field equations (21) reduce to general relativity with cosmological constant.

3. Field configurations where T and ¢* depend only on a single coordinate y satisfy d, fr o
d.y. They solve the equations (22) if the six vector fields, which are defined by the terms
In square brackets in (22) for the six values of [ab], are tangent to the hypersurfaces of
constant y, independently of the function f.

4. In the general case, the solutions depend on f. A general field configuration solves the
equations (22) if the six vector fields mentioned above are tangent to the hypersurfaces of
constant fr.

Cosmological dynamics

Scalar field equation

Scalar field equation for the shown cosmological tetrads (single scalar field case):

fo—2Z¢ — 6ZHp — Zyp* = 0. (24)

Tetrad field equations: k = —1, real tetrad

With the Weitzenbock tetrad (34) or diagonal tetrad (29) and spin connection (35) we have

1

%f +6frH (H = E) - 1292)2 =«’p, (25a)

%f+2fT¢(H—%)qb—24fTT(H+%)(H_1)2+6fTH( —1)+sz(H+1)+ “7¢% = -, (25b)

a a

Tetrad field equations: k = -1, complex tetrad

With the Weitzenbo6ck tetrad (36) or diagonal tetrad (29) and spin connection (37) we have

fH6fiH -2 =%, (26a)
% f+2froH — 24 frr (H + %)H2 +6frH* + 2f7 (H - %) + %quz = —x’p. (26b)
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Tetrads and spin connections with cosmological symmetry

Generating vector fields and metric

The cosmological symmetry is generated by the vector fields (with y = V1 — kr?)

. X X Sln(p

= s+ = — 27

Xy = xsind cos @d, + - cos 9 cos pdy i’g(l)l‘sl %2 o (27a)
. : X .
X, = xsin 9sin @d, +  cos 9 sin pdg + Py do (27b)
X3 = xcosdd, — % sin 9dg, (27¢)
, Ccos @

= 27

X, =sin@dy + ansa (27d)
sin @
X, = —cos@dy + ansa (27e)
X, =—0d,. (271)
The most general compatible metric is the Friedmann-Lemaitre-Robertson-Walker metric
2

guvdxtdx” = —n?(H)dt* + a*(b) 7 frkrz + rA(d9? + sin” 9d¢?) | . (28)

The symmetry conditions (18) can be solved either in the Weitzenbdck gauge with non-diagonal
tetrad 6% and vanishing spin connection @%, = 0, or in the diagonal gauge by the tetrad

a(t)
Ny

and non-vanishing spin connection w’%,

00 =n)dt, 0= dr, 0% =atrdd, 07 =a(t)rsindde. (29)

Proposition. Any tetrad / spin connection combination which possesses cosmological symmetry
under the vector fields (27), i.e., satisfies the invariance conditions (18), identically solves the
antisymmetric part of the field equations of any generic teleparallel gravity theory.

1ISO(3): flat space k =0

Weitzenbock gauge

6" = n(H)dt, (30a)
0' = a(t) [sin 9 cos pdr + r cos O cos pd¥ — rsin 9 sin pd] , (30b)
6% = a(t) [sin 9 sin dr + r cos O sin pd Y + 7sin 3 cos pdg] , (30c)
0° = a(t) [cos 9dr — rsin 9d9] . (30d)
Diagonal gauge
c:)’lzs = —c:)’zw =-1, C:)llggg = —c:)’31¢ = —sin Y, C:)/23(P — 32¢ = —Cos, (31)
SO(4): positively curved space k =1
Weitzenbock gauge
L= n(t)dt (32a)

sin O cos @
0L =a(t) : dr + r(x cos 0 cos @ = rsin )dd — rsin I(x sing F rcosdcosp)dp|, (32b)

5 sin ¥ sin @ . : :
01 = a(t) X dr + r(x cos Osin@ F rcos ¢)dd + rsin d(x cosp + rcos dsinp)dp|, (32C)

Ccos ¥
X

07 =a(t) dr — rysin 9d9 F r*sin® 9dg | , (32d)

Diagonal gauge

v ®*n ® /1 ®

. ’
Wy29 = —Wi19 = =X, Wyop = —Wilp = 2rsind,  wizy = —wi1s = F7,
® 1 . . ®*n _  *3 1 °*n  _  *3

X

SO(1, 3): negatively curved space k = —1, real solution

Weitzenbock gauge

00 = +n(t)ydt + ia(t)idr, (34a)
0L = a(t)|sin 9 cos ¢ (dr + %))rdt) + 1 cos I cos pdd — rsin Y sin (pdgp] , (34b)
0% = a(t) |sin 9 sin ¢ (dr + %rdt) + rcos I sinpdd + rsin 9 cos (pdgo] , (34c)
SN ()
01 = a(t)[cos 9 |dr + T )rdt — rsin 9dd (34d)
Diagonal gauge
®0 ®1 1 ®0 ®n2 ®0 ®/3 .
w+1r:w+0r:}/ Wy 29 = Wips =71 Wy3p = Wiop =TSN,
c:):_}zg = —c:)fls =—X, ’+13g0 = —a)f’l(p = —xsind, ’+23(P —a)’fzq) = —Ccos 9. (35)

SO(1, 3): negatively curved space k = —1, complex solution

Weitzenbock gauge

= n(t)dt, (36a)

. sin O cos @
0, = a(t) X dr + r(x cos O cos @ + ir sin )dd — rsin I(x sin @ F ir cos ¥ cos p)de |, (36b)

5 sin ¥ sin @ L : . :
01 = a(t) Y dr + r(x cos O sin @ F ir cos )dd + rsin I(x cos ¢ + ircos Jsinp)de|, (36¢C)

Ccos 9

0> =a(t)
N | X

dr — ry sin 9d9 F ir’ sin” 9de | . (36d)

Diagonal gauge

®,1 . *n ®,1 . ® 0 . . 71 . ®*3

Wy29 = —Wi19 = =X, Wyop = —Wi1p = 2irsind Wy39 = —Wi1e = Fir,

®*1 . ®,3 . *n ®*3 1 ®n _ ®/3 _

Wy3p = —Wi1p = —XsINY, Wy3r = —Wi2r = i)—( p Wi3p = —Wi2p = —COS VI, (37)
Conclusion

Extended teleparallel gravity theories, such as scalar-torsion gravity, allow for different tetrad /
spin connection combinations with cosmological symmetry, which yield the same metric, but dif-
ferent cosmological dynamics. Hence, the cosmological dynamics depend on degrees of freedom
“hidden” from observations of the metric.



