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Definitions
The fundamental fields on M are

• a coframe field

θa = θa
µdxµ , (1)

• a flat spin connection
•

ωa
b =

•

ωa
bµdxµ , (2)

• N scalar fields φA,

• arbitrary matter fields χI.
These fields further define

• a frame field ea = ea
µ∂µ with

ιeaθ
b = δb

a , (3)

a metric

gµν = ηabθ
a
µθ

b
ν , (4)

• a volume form

θd4x = θ0
∧θ1
∧θ2
∧θ3 , (5)

• the Levi-Civita connection

◦

ωab = −
1
2

(ιebιecdθa + ιecιeadθb

− ιeaιebdθc)θc , (6)

• the torsion

Ta = dθa +
•

ωa
b ∧ θ

b , (7)

• the affine connections
•

Γρµν = ea
ρ(∂νθa

µ +
•

ωa
bνθ

b
µ) , (8)

◦

Γρµν = ea
ρ(∂νθa

µ +
◦

ωa
bνθ

b
µ)

=
1
2

gρσ(∂µgσν + ∂νgµσ − ∂σgµν) . (9)

We call a teleparallel geometry
the triple

(M,θ,
•

ω) . (10)
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Symmetries in teleparallel gravity [2]

Symmetries under group actions

Definition. A symmetry of a teleparallel geometry (M,θ,
•

ω) is a group action ϕ : G × M →

M, x 7→ x′ of a Lie group G such that the induced metric (4) and affine connection (8) are
invariant, i.e., ϕ∗ug = g and ϕ∗uΓ = Γ for all u ∈ G, where

(ϕ∗ug)µν(x) = gρσ(x′)
∂x′ρ

∂xµ
∂x′σ

∂xν
, (ϕ∗uΓ)µνρ(x) = Γτωσ(x′)

∂xµ

∂x′τ
∂x′ω

∂xν
∂x′σ

∂xρ
+
∂xµ

∂x′σ
∂2x′σ

∂xν∂xρ
. (11)

The teleparallel geometry is then called symmetric under the group action ϕ.

Proposition. A teleparallel geometry (M,θ,
•

ω) is symmetric under a group action ϕ : G ×M→
M if and only if there exists a local Lie group homomorphism Λ : G ×M→ SO(1, 3) such that

(ϕ∗uθ)a
µ =

(
Λ−1

u

)a
bθ

b
µ , (ϕ∗u

•

ω)a
bµ =

(
Λ−1

u

)a
cΛ

d
ub
•

ωc
dµ +

(
Λ−1

u

)a
c∂µΛ

c
ub (12)

for all u ∈ G, where

(ϕ∗uθ)a
µ(x) = θa

ν(x′)
∂x′ν

∂xµ
, (ϕ∗u

•

ω)a
bµ(x) =

•

ωa
bν(x′)

∂x′ν

∂xµ
. (13)

Infinitesimal symmetries

A Lie group action ϕ : G ×M → M induces a Lie algebra homomorphism X : g → Vect M (the
fundamental vector fields). For ξ ∈ g we then have

(LXξg)µν = Xρ
ξ∂ρgµν + ∂µXρ

ξgρν + ∂νX
ρ
ξgµρ (14)

and
(LXξΓ)µνρ = Xσ

ξ∂σΓ
µ
νρ − ∂σX

µ
ξΓ

σ
νρ + ∂νXσ

ξΓ
µ
σρ + ∂ρXσ

ξΓ
µ
νσ + ∂ν∂ρX

µ
ξ . (15)

Tetrad and spin connection transform as

(LXξθ)a
µ = Xν

ξ∂νθ
a
µ + ∂µXν

ξθ
a
ν , (LXξ

•

ω)a
bµ = Xν

ξ∂ν
•

ωa
bµ + ∂µXν

ξ

•

ωa
bν . (16)

Proposition. For a teleparallel geometry (M,θ,
•

ω) which is symmetric under a group action,
there exists a local Lie algebra homomorphism λ : g ×M→ so(1, 3) defined by

λξ(x) =
d
dt
Λexp(ξt)(x)

∣∣∣∣∣
t=0

, (17)

such that
(LXξθ)a

µ = −λa
ξbθ

b
µ , (LXξ

•

ω)a
bµ = Dµλ

a
ξb , (18)

where we used the total covariant derivative

Dµλ
a
ξb = ∂µλ

a
ξb +

•

ωa
cµλ

c
ξb −

•

ωc
bµλ

a
ξc . (19)

Scalar-torsion gravity [1]

Action and field equations

A generic, but simple class of scalar-torsion theories of gravity is given by the action

S =
1

2κ2

∫
M

[
f (T,φ) + ZAB(φ)gµνφA

,µφ
B
,ν

]
θd4x + Sm[θa, χI] . (20)

We call it minimally coupled if fTφA ≡ 0. The field equations are the symmetric part

1
2

f gµν +
◦

∇ρ

(
fTS(µν)

ρ
)
−

1
2

fTS(µ
ρσTν)ρσ − ZABφ

A
,µφ

B
,ν +

1
2

ZABφ
A
,ρφ

B
,σgρσgµν = κ2Θµν , (21)

the antisymmetric part

∂[ρ fTTρµν] = 0 ⇔ ∂µ fT
[
∂ν

(
θ e[a

µeb]
ν) + 2θ ec

[µe[a
ν] •ωc

b]ν

]
= 0 (22)

and the scalar field equation

fφA −

(
2ZAB,φC − ZBC,φA

)
gµνφB

,µφ
C
,ν − 2ZAB

◦

�φB = 0 . (23)

Solving the antisymmetric field equation

There are different ways to solve the antisymmetric equations (22):

1. For theories with fTT ≡ 0 and fTφA ≡ 0, so that f (T,φ) = kT − V(φ), the equations (22) are
solved identically for any field configuration.

2. Field configurations with ∂µT = 0 and ∂µφA = 0, i.e., constant torsion scalar and constant
scalar fields, always solve the equations (22), independently of the function f . The remain-
ing field equations (21) reduce to general relativity with cosmological constant.

3. Field configurations where T and φA depend only on a single coordinate y satisfy ∂µ fT ∝
∂µy. They solve the equations (22) if the six vector fields, which are defined by the terms
in square brackets in (22) for the six values of [ab], are tangent to the hypersurfaces of
constant y, independently of the function f .

4. In the general case, the solutions depend on f . A general field configuration solves the
equations (22) if the six vector fields mentioned above are tangent to the hypersurfaces of
constant fT.

Cosmological dynamics

Scalar field equation

Scalar field equation for the shown cosmological tetrads (single scalar field case):

fφ − 2Zφ̈ − 6ZHφ̇ − Zφφ̇
2 = 0 . (24)

Tetrad field equations: k = −1, real tetrad

With the Weitzenböck tetrad (34) or diagonal tetrad (29) and spin connection (35) we have

1
2

f + 6 fTH
(
H −

1
a

)
−

1
2

Zφ̇2 = κ2ρ , (25a)

1
2

f + 2 fTφ
(
H −

1
a

)
φ̇ − 24 fTT

(
Ḣ +

H
a

) (
H −

1
a

)2

+ 6 fTH
(
H −

1
a

)
+ 2 fT

(
Ḣ +

1
a2

)
+

1
2

Zφ̇2 = −κ2p . (25b)

Tetrad field equations: k = −1, complex tetrad

With the Weitzenböck tetrad (36) or diagonal tetrad (29) and spin connection (37) we have

1
2

f + 6 fTH2
−

1
2

Zφ̇2 = κ2ρ , (26a)

1
2

f + 2 fTφHφ̇ − 24 fTT

(
Ḣ +

1
a2

)
H2 + 6 fTH2 + 2 fT

(
Ḣ −

1
a2

)
+

1
2

Zφ̇2 = −κ2p . (26b)

Tetrads and spin connections with cosmological symmetry

Generating vector fields and metric

The cosmological symmetry is generated by the vector fields (with χ =
√

1 − kr2)

X1 = χ sinϑ cosϕ∂r +
χ
r

cosϑ cosϕ∂ϑ −
χ sinϕ
r sinϑ

∂ϕ , (27a)

X2 = χ sinϑ sinϕ∂r +
χ
r

cosϑ sinϕ∂ϑ +
χ cosϕ
r sinϑ

∂ϕ , (27b)

X3 = χ cosϑ∂r −
χ
r

sinϑ∂ϑ , (27c)

Xx = sinϕ∂ϑ +
cosϕ
tanϑ

∂ϕ , (27d)

Xy = − cosϕ∂ϑ +
sinϕ
tanϑ

∂ϕ , (27e)

Xz = −∂ϕ . (27f)

The most general compatible metric is the Friedmann-Lemaître-Robertson-Walker metric

gµνdxµdxν = −n2(t)dt2 + a2(t)
[

dr2

1 − kr2 + r2(dϑ2 + sin2 ϑdϕ2)
]
. (28)

The symmetry conditions (18) can be solved either in the Weitzenböck gauge with non-diagonal
tetrad θa and vanishing spin connection

•

ωa
b ≡ 0, or in the diagonal gauge by the tetrad

θ′0 = n(t)dt , θ′1 =
a(t)
√

1 − kr2
dr , θ′2 = a(t)rdϑ , θ′3 = a(t)r sinϑdϕ . (29)

and non-vanishing spin connection
•

ω′ab.

Proposition. Any tetrad / spin connection combination which possesses cosmological symmetry
under the vector fields (27), i.e., satisfies the invariance conditions (18), identically solves the
antisymmetric part of the field equations of any generic teleparallel gravity theory.

ISO(3): flat space k = 0

Weitzenböck gauge

θ0 = n(t)dt , (30a)
θ1 = a(t)

[
sinϑ cosϕdr + r cosθ cosϕdϑ − r sinϑ sinϕdϕ

]
, (30b)

θ2 = a(t)
[
sinϑ sinϕdr + r cosθ sinϕdϑ + r sinϑ cosϕdϕ

]
, (30c)

θ3 = a(t) [cosϑdr − r sinϑdϑ] . (30d)

Diagonal gauge
•

ω′12ϑ = −
•

ω′21ϑ = −1 ,
•

ω′13ϕ = −
•

ω′31ϕ = − sinϑ ,
•

ω′23ϕ = −
•

ω′32ϕ = − cosϑ , (31)

SO(4): positively curved space k = 1

Weitzenböck gauge

θ0
± = n(t)dt , (32a)

θ1
± = a(t)

[
sinϑ cosϕ

χ
dr + r(χ cosθ cosϕ ± r sinϕ)dϑ − r sinϑ(χ sinϕ ∓ r cosϑ cosϕ)dϕ

]
, (32b)

θ2
± = a(t)

[
sinϑ sinϕ

χ
dr + r(χ cosθ sinϕ ∓ r cosϕ)dϑ + r sinϑ(χ cosϕ ± r cosϑ sinϕ)dϕ

]
, (32c)

θ3
± = a(t)

[
cosϑ
χ

dr − rχ sinϑdϑ ∓ r2 sin2 ϑdϕ
]
, (32d)

Diagonal gauge

•

ω′1± 2ϑ = −
•

ω′2± 1ϑ = −χ ,
•

ω′1± 2ϕ = −
•

ω′2± 1ϕ = ±r sinϑ ,
•

ω′1± 3ϑ = −
•

ω′3± 1ϑ = ∓r ,
•

ω′1± 3ϕ = −
•

ω′3± 1ϕ = −χ sinϑ ,
•

ω′2± 3r = −
•

ω′3± 2r = ±
1
χ
,

•

ω′2± 3ϕ = −
•

ω′3± 2ϕ = − cosϑ . (33)

SO(1, 3): negatively curved space k = −1, real solution

Weitzenböck gauge

θ0
± = ±n(t)χdt + ±a(t)

r
χ

dr , (34a)

θ1
± = a(t)

[
sinϑ cosϕ

(
dr +

n(t)
a(t)

rdt
)

+ r cosϑ cosϕdϑ − r sinϑ sinϕdϕ
]
, (34b)

θ2
± = a(t)

[
sinϑ sinϕ

(
dr +

n(t)
a(t)

rdt
)

+ r cosϑ sinϕdϑ + r sinϑ cosϕdϕ
]
, (34c)

θ3
± = a(t)

[
cosϑ

(
dr +

n(t)
a(t)

rdt
)
− r sinϑdϑ

]
, (34d)

Diagonal gauge

•

ω′0± 1r =
•

ω′1± 0r =
1
χ
,

•

ω′0± 2ϑ =
•

ω′2± 0ϑ = r ,
•

ω′0± 3ϕ =
•

ω′3± 0ϕ = r sinϑ ,
•

ω′1± 2ϑ = −
•

ω′2± 1ϑ = −χ ,
•

ω′1± 3ϕ = −
•

ω′3± 1ϕ = −χ sinϑ ,
•

ω′2± 3ϕ = −
•

ω′3± 2ϕ = − cosϑ . (35)

SO(1, 3): negatively curved space k = −1, complex solution

Weitzenböck gauge

θ0
± = n(t)dt , (36a)

θ1
± = a(t)

[
sinϑ cosϕ

χ
dr + r(χ cosθ cosϕ ± ir sinϕ)dϑ − r sinϑ(χ sinϕ ∓ ir cosϑ cosϕ)dϕ

]
, (36b)

θ2
± = a(t)

[
sinϑ sinϕ

χ
dr + r(χ cosθ sinϕ ∓ ir cosϕ)dϑ + r sinϑ(χ cosϕ ± ir cosϑ sinϕ)dϕ

]
, (36c)

θ3
± = a(t)

[
cosϑ
χ

dr − rχ sinϑdϑ ∓ ir2 sin2 ϑdϕ
]
. (36d)

Diagonal gauge

•

ω′1± 2ϑ = −
•

ω′2± 1ϑ = −χ ,
•

ω′1± 2ϕ = −
•

ω′2± 1ϕ = ±ir sinϑ ,
•

ω′1± 3ϑ = −
•

ω′3± 1ϑ = ∓ir ,
•

ω′1± 3ϕ = −
•

ω′3± 1ϕ = −χ sinϑ ,
•

ω′2± 3r = −
•

ω′3± 2r = ±
i
χ
,

•

ω′2± 3ϕ = −
•

ω′3± 2ϕ = − cosϑ , (37)

Conclusion
Extended teleparallel gravity theories, such as scalar-torsion gravity, allow for different tetrad /
spin connection combinations with cosmological symmetry, which yield the same metric, but dif-
ferent cosmological dynamics. Hence, the cosmological dynamics depend on degrees of freedom
“hidden” from observations of the metric.


