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1. Metric-affine and teleparallel geometry
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Definition of metric-affine geometry

o Metric tensor g,
o Defines length of and angle between tangent vectors.
o Defines length of curves and proper time.
o Defines causality (spacelike and timelike directions).
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Definition of metric-affine geometry

» Metric tensor g,,,.:
o Defines length of and angle between tangent vectors.
o Defines length of curves and proper time.
o Defines causality (spacelike and timelike directions).
o Connection with coefficients I'*,
o Defines covariant derivative V, of tensor fields.

o Defines parallel transport along arbitrary curves.
o Defines autoparallel curves via parallel transport of tangent vector.
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Definition of metric-affine geometry

» Metric tensor g, :
o Defines length of and angle between tangent vectors.
o Defines length of curves and proper time.
o Defines causality (spacelike and timelike directions).
» Connection with coefficients I'*,,,:
o Defines covariant derivative V, of tensor fields.
o Defines parallel transport along arbitrary curves.
o Defines autoparallel curves via parallel transport of tangent vector.

I In general the connection is defined independently of the metric.
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Properties of metric-affine geometry

» Three characteristic quantities:
o Curvature:

Rﬂypa = 8prﬂuo - aar'uup + rﬂrpr‘ruo - r'u'rorTVp . (1)

o Torsion:
T#I/p = r”pl/ - rﬂup . (2)

o Nonmetricity:

QIWP = V9o =0u9vp = T70u90p — 17 puGvo - 3)
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Properties of metric-affine geometry

» Three characteristic quantities:
o Curvature:

Rﬂupo = 8prﬂuo - aar'uup + rﬂrpr‘ruo - r'u'rorTVp . (1)

o Torsion:
Tﬂl/p = r#pu - r”up . (2)

o Nonmetricity:

pr = V9o =0u9vp = T70u90p — 17 puGvo - 3)

« Some special classes of connections used in gravity theory:
o Levi-Civita connection: T=Q = 0.
o Metric teleparallelism: R = Q = 0.
o Symmetric teleparallelism: R =T = 0.
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Decomposition of the connection

« Affine connection can be decomposed:

M, =Tr,p,+ K+ LYy, (4)
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Decomposition of the connection

o Affine connection can be decomposed:
rul/p = r“l/p + K“l/p + Lul/p . (4)

o Parts of the decomposition:
o Levi-Civita connection of the metric:

° 1
ruup = EQHU (al/gap + apgucr - acrgl/p) . (5)
o Contortion: ]
K#Vﬂ = 2 (TVMP + TPMV - THVp) : (6)
o Disformation:
1
L“,,p — 5 (Quyp _ Qyup _ p",,) ) (7)
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Decomposition of the connection

o Affine connection can be decomposed:
rul/p = r“l/p + K“I/p + Lul/p . (4)

o Parts of the decomposition:
o Levi-Civita connection of the metric:

° 1
ruup = EQHU (al/gap + apgucr - acrgl/p) . (5)
o Contortion: ]
K#Vﬂ = 2 (TVMP + TPHV - THVp) : (6)
o Disformation:
1
L“,,p — 5 (Quyp _ Qyup _ p",,) ) (7)

¢ All three components depend on the metric.
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Tetrad and spin connection formulation

« Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: 62 = 62 ,dx* with inverse e, = €;0,,.
o Spin connection: w?, = w,,dx*.
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Tetrad and spin connection formulation

« Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: 62 = 62 ,dx* with inverse e, = €;0,,.
o Spin connection: w?, = w,,dx*.
¢ Induced metric-affine geometry:
o Metric:
Ouv = nabgauebu . (8)
o Affine connection:

[, = et (0,07, + wip,0°,) . 9)
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Tetrad and spin connection formulation

« Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: 62 = 62 ,dx* with inverse e, = €;0,,.
o Spin connection: w?, = w,,dx*.
¢ Induced metric-affine geometry:
o Metric:
Ouv = nabaauebu . (8)
o Affine connection:

[, = et (0,07, + wip,0°,) . 9)

« Conditions on the spin connection:
o Flatness R =0:

aﬂwabl/ - auwabp + Wac,uwcbu - waCVWCbu =0. (1 0)
o Metric compatibility Q = 0:

nacwcbu + nbcwcau =0. (11)
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Local Lorentz invariance

¢ Local Lorentz transformation of the tetrad only:
02, 03, = N30°, . (12)

v Metric is invariant: g,,, = g,..-
4 Connection is not invariant: "*,, # .
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Local Lorentz invariance

¢ Local Lorentz transformation of the tetrad only:
02, 03, = N30°, . (12)
v Metric is invariant: g,,, = g,..-

/ Connection is not invariant: ['#,, #T*,,.
¢ Perform also transformation of the spin connection:

Wiy 5 w3, = NN, + A0, (N, (13)

v Metric is.invgri_e\nt: gl’w = Q-
v~ Connection is invariant: ['*,, =T#,,,.
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Local Lorentz invariance

¢ Local Lorentz transformation of the tetrad only:
02, 03, = N30°, . (12)

v Metric is invariant: g,,, = g,..-
/ Connection is not invariant: ['#,, #T*,,.
¢ Perform also transformation of the spin connection:

Wiy 5 w3, = NN, + A0, (N, (13)

v Metric is invariant: g, = g..-
v~ Connection is invariant: ['*,, =T#,,,.
= Metric-affine geometry equivalently described by:
o Metric g,., and affine connection ', ..
o Equivalence class of tetrad 62, and spin connection w?,,.
o Equivalence defined with respect to local Lorentz transformations.
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Local Lorentz invariance

¢ Local Lorentz transformation of the tetrad only:
02, 03, = N30°, . (12)

v Metric is invariant: g,,, = g,..-
/ Connection is not invariant: I'*,,, # '*,,.
¢ Perform also transformation of the spin connection:

Wiy 5 w3, = NN, + A0, (N, (13)

v Metric is invariant: g, = g..-
v~ Connection is invariant: ['*,, =T#,,,.
= Metric-affine geometry equivalently described by:
o Metric g,,, and affine connection ', ,.
o Equivalence class of tetrad 6, and spin connection w?,,.
o Equivalence defined with respect to local Lorentz transformations.

o Teleparallel geometry admits Weitzenbdck gauge: w?p,, = 0.
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2. Symmetries of metrics, tetrads and connections
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Symmetry transformations of metric-affine geometry

¢ Finite spacetime transformation:
o Action ¢ : G x M — M of symmetry group G with X’ = ¢, (x).
o Transformations of fundamental geometric objects:

+* Metric:
axl'r axlw

ox+ oxv

(209w (X) = gru(X)
+« Connection coefficients:
Ox* OX'T Ox'  Ox* 9Px'C
* )2 _ o !
(Pul) wp(x) =T ru(x )ax“’ Axv 9xP ' Ox'7 OxvOxr

(14)

(15)
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Symmetry transformations of metric-affine geometry

¢ Finite spacetime transformation:
o Action ¢ : G x M — M of symmetry group G with X’ = ¢, (x).
o Transformations of fundamental geometric objects:

* Metric: .
N _ , X'r X/w
(i) (X) = Gre () G G (14)
+« Connection coefficients:
. - ;L OXM OX'T OX'Y Oxt 9Px'C
(il vp(x) = T7rus(X) (15)

ox'e 9xv 9xe ~ OX'° OXvOxr

¢ Infinitesimal spacetime transformation:
o Generating vector fields X; on M with ¢ € g.
o Lie derivatives of fundamental geometric objects are tensor fields:
* Metric:
(£X§ Duv = Xgpapgiw + auxgpgpv + avxggup . (16)
+ Connection coefficients:
(LX) 0 = XE0aT 0y — D XETT 1y + DX T 0+ D XETH o + 0,0, X 17)
= VoV Xt — XER po — Vo(XET o) .
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Symmetry transformations of metric-affine geometry

« Finite spacetime transformation is symmetry:
o Action ¢ : G x M — M of symmetry group G with x’ = ¢,(x).
o Transformations of fundamental geometric objects:

* Metric:
aX/-r ax/w

OxH* Oxv

(009) v (X) = Grus(X') = Guv(X).- (14)

« Connection coefficients:

ax* 9xX'T Ox'C  9x* 9Px'°

* 1 _ro ! I 7
(Sour) VP(X) =T TW(X )8)(,0- ax,j 8Xp 8X’U 3XV8XP =T VP(X)' (15)

« Infinitesimal spacetime transformation is symmetry:

o Generating vector fields X; on M with £ € g.

o Lie derivatives of fundamental geometric objects are tensor fields:
* Metric:

(Lxe Duv = X{0pGuv + OuXE Gpv + 00 XEGup = 0. (16)

*« Connection coefficients:

(Lx D) vp = XE0aTH 1y — 0o XET 0y + O XE T 0y + 0o XE T vy + 0,0, X -

=V VXt = XERYpe — Vo(XETH,6) = 0.
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Symmetry of tetrad and spin connection

¢ Finite spacetime transformation:
o Action ¢ : G x M — M of symmetry group G with x’ = ¢, (x).
o Transformations of fundamental geometric objects:
* Tetrad:

* a _pa / 8XIV
(9uf)"u(%) = 0% () 5 - (18)
* Spin connection:
. N
(puw)bu(X) = wa(x') (19)

ox+

Manuel Hohmann (University of Tartu)  Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 11/58



Symmetry of tetrad and spin connection

¢ Finite spacetime transformation:
o Action ¢ : G x M — M of symmetry group G with x’ = ¢, (x).
o Transformations of fundamental geometric objects:

* Tetrad: ox
* a _pa / X
(u)"u(0) = 0% () G- (18)
* Spin connection:
. N
(i) o (X) = wa (X ) (19)
« Infinitesimal spacetime transformation:
o Generating vector fields X; on M with £ € g.
o Lie derivatives of fundamental geometric objects:
* Tetrad:
(Lx.0)% = X£0,0%, + 0, XL 0%, . (20)
* Spin connection:
(ﬁXg"")abu = Xﬁual"’-’abu + auxﬁywab'/ : (21)
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Symmetry of tetrad and spin connection

» Finite spacetime transformation is symmetry:
o Action ¢ : G x M — M of symmetry group G with x’ = ¢, (x).
o Transformations of fundamental geometric objects:
+ Tetrad:
axll/
OXH

(950) u(x) = 07,(X') = (AS)*(x)6°u(x) . (18)
* Spin connection:

O = (A5 [(A) b)) + 0, (AL)5()] - (19)

(pow)?pu(X) = wCan(X')

¢ Infinitesimal spacetime transformation is symmetry:
o Generating vector fields X; on M with ¢ € g.
o Lie derivatives of fundamental geometric objects:

* Tetrad:
(Lxe0)%n = XE0,0%, + 0uXE 0%, = —AZb0”, . (20)
* Spin connection:
(Lxew) b = XE Ouw®ou + 0uXE Wby = OuAip + wiepAlp — wpuAic. @1

o Symmetry requires Ay(x) € SO(1,3) and A¢(x) € so(1,3).
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From symmetry group to Lorentz transformations

» Consider two elements u, v € G of the symmetry group.
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From symmetry group to Lorentz transformations

» Consider two elements u, v € G of the symmetry group.
« Group action property: puy = pu o py.
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From symmetry group to Lorentz transformations

» Consider two elements u, v € G of the symmetry group.
« Group action property: puy = pu o py.
= Consistency condition if tetrad is symmetric w.r.t. u and v:

(M) = (9in0)% = (030i0)% = (A1) 5(A; 1) % (22)

Manuel Hohmann (University of Tartu)  Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 12/58



From symmetry group to Lorentz transformations

» Consider two elements u, v € G of the symmetry group.
« Group action property: puy = pu o py.
= Consistency condition if tetrad is symmetric w.r.t. u and v:

(AZ)20° = (Pin0) = (£390) % = (AV)?(A1)e6°, (22)
= A must be local group homomorphism:

Ay = AyAy. (23)
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From symmetry group to Lorentz transformations

» Consider two elements u, v € G of the symmetry group.
« Group action property: puy = pu o py.
= Consistency condition if tetrad is symmetric w.r.t. u and v:

(A;‘) )abobu = (@Zve)au = (90*%029)&1# = (A;1)ab(A¢71)bcecu (22)
= A must be local group homomorphism:
Aupw = AyA,. (23)
= X must be local Lie algebra homomorphism:

Ale.c) = [Aer A (24)
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Lorentz transformations and Weitzenbdck gauge

» Recall Weitzenbtck gauge in metric teleparallelism: w?,, = 0.

Manuel Hohmann (University of Tartu)  Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 13/58



Lorentz transformations and Weitzenbdck gauge

» Recall Weitzenbdck gauge in metric teleparallelism: w?,, = 0.
= Symmetry condition for finite transformations:

" 8XIV
(03)uX) = P (X)

= (A5")2e(0) [(A)p(x)wa(x) + Bu(Au)s(x)| (D)
(AG")2e(X)9u(A0)°b(x)

0
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Lorentz transformations and Weitzenbdck gauge

» Recall Weitzenbdck gauge in metric teleparallelism: w?,, = 0.
= Symmetry condition for finite transformations:

8XIV
o
= (A5")2e(0) [(A)p(x)wa(x) + Bu(Au)s(x)| (D)

= (AZ")%e(x)9u(Au)°6(x) -

= Symmetry condition for infinitesimal transformations:

0 = (0yw)pu(X) = wan(X')

0= (»Cng)abu = Xga,,wabu + 8MX£"wabV
= 6,U,A§b + waC}LAgb - wchAgc (26)
= (%}\gb .
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Lorentz transformations and Weitzenbdck gauge

» Recall Weitzenbdck gauge in metric teleparallelism: w?,, = 0.
= Symmetry condition for finite transformations:

8XIV
o
= (A5")2e(0) [(A)p(x)wa(x) + Bu(Au)s(x)| (D)

= (AZ")%e(x)9u(Au)°6(x) -

= Symmetry condition for infinitesimal transformations:

0 = (0yw)pu(X) = wan(X')

0= (‘Cng)abu = Xg&,wam + 8MX£"wabV
= 6,LLAgb + waC}LAgb - wchAgc (26)
= 8,)\21, .

= Homomorphisms A and A are constant in Weitzenbdck gauge.
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3. Cosmological symmetry: state of the art
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Generators of cosmological symmetry

» Use spherical coordinates t, r, 9, ¢.
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Generators of cosmological symmetry

» Use spherical coordinates t, r, ¢, ¢.
» Generating vector fields:

o Rotations:
Ry = sin dy + C°S“”a (27a)
Re = —cospdy + - sin 30 Lo, (27b)
Rs = —0,, (27¢)
o Translations:
. X X sinp
T = xsint¥ cos pd; + 7c0519cosg08g — m@,, (28a)
To = xsin¥sin pd, + Kcos¢95|n w0y + )ﬁclc;s;oaw (28b)
T3 = x cos 90, — 7 sin 90y . (28c)
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Generators of cosmological symmetry

» Use spherical coordinates t, r, ¢, ¢.
» Generating vector fields:

o Rotations:
Ry = sin dy + C°S“”a (27a)
Re = —cospdy + - sin 30 Lo, (27b)
R3 = -0, (27¢)
o Translations:
. X X sinp
Ty = xsin ¥ cos oy + 7c0519cosg08g — m@,, (28a)
To = xsin¥sin pd, + Kcosﬁsm w0y + );clc:]s;vaw (28b)
T3 = x cos 90, — 7 sin 90y . (28c)
e Here x = /1 — (ur)?, and u can be real or imaginary.
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Symmetry group and algebra

o Commutation relations of symmetry generators:

[Ri, Rj] = € Rk , (29a)
[Ti, T} = UPej R, (29b)
[T,', R/] = €k Tk . (290)
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Symmetry group and algebra

o Commutation relations of symmetry generators:

[Ri, Rj] = €k Rk , (29a)
[Ti, Tj] = UPepc R, (29Db)
[T,', R/] = €k Tk . (290)

o Symmetry group depends on u:
o u? > 0: positive spatial curvature, symmetry group SO(4).
o u? < 0: negative spatial curvature, symmetry group SOq(3, 1).
o u? = 0: vanishing spatial curvature, symmetry group ISO(3).
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Symmetry group and algebra

o Commutation relations of symmetry generators:

[Ri, Rj] = €k Rk , (29a)
[Ti, Tj] = UPepc R, (29Db)
[T,', R/] = €k Tk . (290)

o Symmetry group depends on u:
o u? > 0: positive spatial curvature, symmetry group SO(4).
o u? < 0: negative spatial curvature, symmetry group SOq(3, 1).
o u? = 0: vanishing spatial curvature, symmetry group ISO(3).

¢ Helpful to compare with Lorentz algebra:

[Ji, Jj] = €k (30a)
[Ki, Kil = —€ijk (30b)
[Ki, Jj] = €K - (30c)
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Cosmologically symmetric Riemannian geometry

¢ Most general metric with cosmological symmetry:

A2 .
g = —N?, grr:?7 Goo = Ar%, Gyp = APrsin® 0 (31)
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Cosmologically symmetric Riemannian geometry

¢ Most general metric with cosmological symmetry:

A2 .
g = —N?, grr:?7 Goo = Ar%, Gyp = APrsin® 0 (31)

e Metric depends on two functions of time t:

o Lapse function N/ (t).
o Scale factor A(t).
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Cosmologically symmetric Riemannian geometry

¢ Most general metric with cosmological symmetry:

A2 .
g = —N?, er:?7 Goo = Ar%, Gyp = APrsin® 0 (31)

e Metric depends on two functions of time t:

o Lapse function N/ (t).
o Scale factor A(t).

« Totally antisymmetric tensor €, 0

3,2 ;
€rgp = \/—detg = w . (32)
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3 + 1 split of Riemannian geometry

o Canonical 3 + 1 split of the metric:
o Unit normal (co-)vector field:

o, n=N =—Ndt. (33)

o Spatial metric (gives projection onto spatial slices):

+ r?(d¥ ® d9 + sin? ¥dyp @ dp) | . (34)

h—g+non— A2 drf)dr
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3 + 1 split of Riemannian geometry

o Canonical 3 + 1 split of the metric:
o Unit normal (co-)vector field:

o, n=N =—Ndt. (33)

o Spatial metric (gives projection onto spatial slices):

+ r?(d¥ ® d9 + sin? ¥dyp @ dp) | . (34)

h—g+non— A2 drf)dr

¢ Induced spatial volume form via

Epvp = n° €ouvpy €Euvpo = 4e[ﬂl,pn,,] . (35)

so that -
A°resin
Ergp = T , e =0. (36)
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Curvature of Levi-Civita connection

o Riemann tensor:

A2 + UPN?
A2N2

AN — AN
hp,[pha]u +4 n[uh,,][pngl . (37)

o AN
Ruvps =2 NG
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Curvature of Levi-Civita connection

e Riemann tensor:

A2 + UPN?
A2N2

o AN — AN
Ruvpor =2 Mutphow + 4 Muhpha) - (37)

¢ Ricci tensor:

B AN A RUEN 4 2PN — AN + AN,
T AZN3 b
(38)
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Curvature of Levi-Civita connection

e Riemann tensor:

A2 + UPN?
A2N2

Ruvpor =2 Mutphow + 4 Muhpha) - (37)

¢ Ricci tensor:

B AN A RUEN 4 2PN — AN + AN,
T AZN3 b
(38)

e Ricci scalar:

UPN3 + APN — AAN + AAN

R=6 A2N3

(39)
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Curvature of Levi-Civita connection

e Riemann tensor:

A2 + UPN?
A2N2

Ruvpor =2 Mutphow + 4 Muhpha) - (37)

¢ Ricci tensor:

B AN A RUEN 4 2PN — AN + AN,
T AZN3 b
(38)

e Ricci scalar:

UPN3 + APN — AAN + AAN
A2N3 '

= Simple equations for cosmological dynamics and perturbations.

R=6

(39)
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Curvature of Levi-Civita connection

e Riemann tensor:

A2 + UPN?
A2N2

o AN — AN
Ruvpor =2 Mutphow + 4 Muhpha) - (37)

¢ Ricci tensor:

° AN — AN 2UBN® + 2APN — AAN + AAN
R/JV == SWI’]MHV -+ A2N3 v -
(38)

« Ricci scalar:
WPN3 + PN — AAN + AAN
A2N3 '
= Simple equations for cosmological dynamics and perturbations.
e Similar expressions for relevant teleparallel quantities?

R=6 (39)
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Cosmologically symmetric teleparallel geometry

« What do we know so far?

Most general cosmologically symmetric metric.

Most general cosmologically symmetric, flat, metric connection.
Examples of tetrads and spin connections for u? € {—1,0,1}.
Friedmann equations for those tetrads and several theories.

O O O O
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Cosmologically symmetric teleparallel geometry

¢ What do we know so far?

Most general cosmologically symmetric metric.

Most general cosmologically symmetric, flat, metric connection.
Examples of tetrads and spin connections for u? € {—1,0,1}.
Friedmann equations for those tetrads and several theories.

e What is commonly used and why?

Most often spatially flat (u = 0) tetrad in Weitzenbdck gauge.
Symmetric tetrad is diagonal in Cartesian coordinates.

Easy to calculate, e.g., perturbations around this tetrad.

Tetrads with u # 0 given by cumbersome component expressions.

O O O

[¢]

O O O O
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Cosmologically symmetric teleparallel geometry

¢ What do we know so far?
Most general cosmologically symmetric metric.
Most general cosmologically symmetric, flat, metric connection.
Examples of tetrads and spin connections for u? € {—1,0,1}.
Friedmann equations for those tetrads and several theories.
e What is commonly used and why?
Most often spatially flat (u = 0) tetrad in Weitzenbdck gauge.
Symmetric tetrad is diagonal in Cartesian coordinates.
Easy to calculate, e.g., perturbations around this tetrad.
Tetrads with u # 0 given by cumbersome component expressions.
o What are open questions?

o Are there more tetrads with cosmological symmetry?

o Can we characterize them as in Riemannian geometry?
o How can we effectively work with u # 0 tetrads?
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Cosmologically symmetric teleparallel geometry

¢ What do we know so far?
Most general cosmologically symmetric metric.
Most general cosmologically symmetric, flat, metric connection.
Examples of tetrads and spin connections for u? € {—1,0,1}.
Friedmann equations for those tetrads and several theories.
e What is commonly used and why?
Most often spatially flat (u = 0) tetrad in Weitzenbdck gauge.
Symmetric tetrad is diagonal in Cartesian coordinates.
Easy to calculate, e.g., perturbations around this tetrad.
Tetrads with u # 0 given by cumbersome component expressions.
o What are open questions?

o Are there more tetrads with cosmological symmetry?

o Can we characterize them as in Riemannian geometry?
o How can we effectively work with u # 0 tetrads?

O O O O O O O

[¢]

o We will now answer these questions.
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4. Three approaches to teleparallel cosmology
4.1 The tetrad & representation approach

4.2 The metric-affine approach

4.3 The torsion decomposition approach
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4. Three approaches to teleparallel cosmology
4.1 The tetrad & representation approach
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General idea

» Work in Weitzenbdck gauge: w?p,,, = 0.
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General idea

» Work in Weitzenbdck gauge: w?p,,, = 0.
= Need to find global group homomorphism A : G — SO(1, 3).
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» Work in Weitzenbdck gauge: w?p,,, = 0.
= Need to find global group homomorphism A : G — SO(1, 3).
= A is four-dimensional linear representation of G.
~ Determine all four-dimensional representations of G.
~ Check which representations preserve the Minkowski metric.
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» Work in Weitzenbdck gauge: w?p,,, = 0.
= Need to find global group homomorphism A : G — SO(1, 3).
= A is four-dimensional linear representation of G.
~ Determine all four-dimensional representations of G.
~ Check which representations preserve the Minkowski metric.
» Solve symmetry condition for Weitzenbdck tetrad.
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General idea

» Work in Weitzenbdck gauge: w?p,,, = 0.
= Need to find global group homomorphism A : G — SO(1, 3).
= A is four-dimensional linear representation of G.
~ Determine all four-dimensional representations of G.
~ Check which representations preserve the Minkowski metric.
» Solve symmetry condition for Weitzenbdck tetrad.
e Perform Lorentz transformation to diagonal gauge.
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General idea

» Work in Weitzenbdck gauge: w?p,,, = 0.

Need to find global group homomorphism A : G — SO(1, 3).
A is four-dimensional linear representation of G.

Determine all four-dimensional representations of G.

Check which representations preserve the Minkowski metric.
» Solve symmetry condition for Weitzenbdck tetrad.

Perform Lorentz transformation to diagonal gauge.

» Read off spin connection in diagonal gauge.

¢ f 4l
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Step 1: irreducible reps. of the symmetry group

e u # 0: use “unitary trick” and complexification.
o Irreps labeled by (m, n) with {2m,2n, m+ n} C N.
o Dimension given by (2m+1)(2n+1).
o lIrreps with dimension at most 4:

(0,0), (0,1), (1,0), (%%) (40)
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Step 1: irreducible reps. of the symmetry group

e u # 0: use “unitary trick” and complexification.
o Irreps labeled by (m, n) with {2m,2n, m+ n} C N.
o Dimension given by (2m+1)(2n+1).
o lIrreps with dimension at most 4:

(0,0), (0,1), (1,0), (%%) (40)

e u = 0: use induced representations of Euclidean group.

Irreps induced by representations of SO(3).
Irreps labeled by spin / € N.

Dimension given by 2/ + 1.

Irreps with dimension at most 4: / € {0, 1}.

O O O O
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Step 2: four-dimensional reps. of the symmetry group

e u # 0: four inequivalent representations.
1. Trivial representation: (0,0) @ (0,0) & (0,0) @ (0, 0).
2. Anti-self-dual two-form: (0,0) & (0, 1).
3. Self-dual two-form: (0,0) & (1,0).

4. Vector representation: (3, 3).
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Step 2: four-dimensional reps. of the symmetry group

e u # 0: four inequivalent representations.
1. Trivial representation: (0,0) @ (0,0) & (0,0) @ (0, 0).
2. Anti-self-dual two-form: (0,0) & (0, 1).
3. Self-dual two-form: (0,0) & (1,0).
4. Vector representation: (3, 3).
e u = 0: two inequivalent representations.
1. Trivial representation: 0 0® 0® 0.
2. Vector representation: 0 9 1.
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Step 2: four-dimensional reps. of the symmetry group

e u # 0: four inequivalent representations.
1. Trivial representation: (0,0) @ (0,0) & (0,0) @ (0, 0).
2. Anti-self-dual two-form: (0,0) & (0, 1).
3. Self-dual two-form: (0,0) & (1,0).
4. Vector representation: (3, 3).
e u = 0: two inequivalent representations.
1. Trivial representation: 0 0® 0® 0.
2. Vector representation: 0 9 1.

= Obtain explicit representation matrices:

®:G— GL4)
u— ®,
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Step 2: four-dimensional reps. of the symmetry group

e u # 0: four inequivalent representations.
1. Trivial representation: (0,0) @ (0,0) & (0,0) @ (0, 0).
2. Anti-self-dual two-form: (0,0) & (0, 1).
3. Self-dual two-form: (0,0) & (1,0).
4. Vector representation: (3, 3).
e u = 0: two inequivalent representations.
1. Trivial representation: 0 0® 0® 0.
2. Vector representation: 0 9 1.

= Obtain explicit representation matrices:

®:G— GL4)
U B, (41)
= Easier to work with Lie algebra representation:
¢:9— g[(4) ) (42)

§ > @
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Step 3: preservation of the Minkowski metric

e Need to find basis transformation P such that for all u € G:

Ay=P'®,PcSO1,3). (43)
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Step 3: preservation of the Minkowski metric

e Need to find basis transformation P such that for all u € G:
Ay=P'®,PcSO1,3). (43)

» Consider Minkowski metric n = diag(—1,1,1,1).

Manuel Hohmann (University of Tartu)  Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 26/58



Step 3: preservation of the Minkowski metric

e Need to find basis transformation P such that for all u € G:
Ay=P'®,PcSO1,3). (43)

» Consider Minkowski metric n = diag(—1,1,1,1).
= Transformed representation matrices must satisfy

n=AnA,=Po P 1P ®,P. (44)
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Step 3: preservation of the Minkowski metric

e Need to find basis transformation P such that for all u € G:
Ay=P'®,PcSO1,3). (43)

» Consider Minkowski metric n = diag(—1,1,1,1).
= Transformed representation matrices must satisfy

n=AnA, = PO PP 1D,P. (44)
= Lie algebra representation matrices must satisfy

0=An+nAe = P'otP "ty +nP peP. (45)
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Step 3: preservation of the Minkowski metric

e Need to find basis transformation P such that for all u € G:
Ay=P'®,PcSO1,3). (43)

» Consider Minkowski metric n = diag(—1,1,1,1).
= Transformed representation matrices must satisfy

n=AnA, = PO PP 1D,P. (44)
= Lie algebra representation matrices must satisfy
0=An+nAe = P'otP "ty +nP peP. (45)
~ Solve for transformations P satisfying

0 = PnP'¢f + ¢ PnP. (46)
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Step 3: preservation of the Minkowski metric

e Need to find basis transformation P such that for all u € G:
Ay=P'®,PcSO1,3). (43)

» Consider Minkowski metric n = diag(—1,1,1,1).
= Transformed representation matrices must satisfy

n=AnA, = PO PP 1D,P. (44)
= Lie algebra representation matrices must satisfy
0 =X +nXe = PP~y + 0P~ e P (45)
~ Solve for transformations P satisfying
0 = PnP'¢f + ¢ PnP. (46)

v Transformations exist for all four-dimensional representations.
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Step 4: explicit form of (algebra) homomorphisms

e u # 0: four inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Anti-self-dual two-form: XA(R;) = J;, A\(T;) = ud,.
3. Self-dual two-form: A(R;) = J;, A(T;) = —ud;.
4. Vector representation: A(R;) = J;, A(T;) = LiukK;.
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Step 4: explicit form of (algebra) homomorphisms

e u # 0: four inequivalent homomorphisms.

1. Trivial representation: A(R;) = A(T;) = 0.

2. Anti-self-dual two-form: XA(R;) = J;, A\(T;) = ud,.

3. Self-dual two-form: A(R;) = J;, A(T;) = —ud;.

4. Vector representation: A(R;) = J;, A(T;) = LiukK;.
e u = 0: two inequivalent homomorphisms.

1. Trivial representation: A(R;) = A(T;) = 0.

2. Vector representation: A(R;) = J;i, A(T;) = 0.
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Step 4: explicit form of (algebra) homomorphisms

e u # 0: four inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Anti-self-dual two-form: XA(R;) = J;, A\(T;) = ud,.
3. Self-dual two-form: A(R;) = J;, A(T;) = —ud;.
4. Vector representation: A(R;) = J;, A(T;) = LiukK;.
e u = 0: two inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Vector representation: A(R;) = J;, A(T;) = 0.
o Observations:
o Homomorphisms determined only up to Lorentz transformation.
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Step 4: explicit form of (algebra) homomorphisms

e u # 0: four inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Anti-self-dual two-form: X(R;) = J;, A(T;) = ud;.
3. Self-dual two-form: A(R;) = J;, A(Ti) = —ud;.
4. Vector representation: A(R;) = J;, A(T;) = +iukK;.
e u = 0: two inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Vector representation: A(R;) = J;, A(T;) = 0.
o Observations:
o Homomorphisms determined only up to Lorentz transformation.
o Smooth limit u — 0 connects different homomorphisms.
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Step 4: explicit form of (algebra) homomorphisms

e u # 0: four inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Anti-self-dual two-form: A(R;) = J;, A(T;) = ud,.
3. Self-dual two-form: A(R;) = J;, A(T;) = —ud;.
4. Vector representation: A(R;) = J;, A(T;) = LiukK;.
e u = 0: two inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Vector representation: A(R;) = J;, A(T;) = 0.
o Observations:
o Homomorphisms determined only up to Lorentz transformation.
o Smooth limit u — 0 connects different homomorphisms.
o Two-form case: u — —u not equivalent, since A(T;) = £uX(R;).
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Step 4: explicit form of (algebra) homomorphisms

e u # 0: four inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Anti-self-dual two-form: XA(R;) = J;, A\(T;) = ud,.
3. Self-dual two-form: A(R;) = J;, A(T;) = —ud;.
4. Vector representation: A(R;) = J;, A(T;) = +iukK;.
e u = 0: two inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Vector representation: A(R;) = J;, A(T;) = 0.
o Observations:
o Homomorphisms determined only up to Lorentz transformation.
o Smooth limit u — 0 connects different homomorphisms.
o Two-form case: u — —u not equivalent, since A(T;) = £uX(R;).
o Vector case: u— —u equivalent via time reflection K; — —K;.
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Step 4: explicit form of (algebra) homomorphisms

e u # 0: four inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Anti-self-dual two-form: X(R;) = J;, A(T;) = ud;.
3. Self-dual two-form: A(R;) = J;, A(Ti) = —udi.
4. Vector representation: A(R;) = J;, A(T;) = +iukK;.
e u = 0: two inequivalent homomorphisms.
1. Trivial representation: A(R;) = A(T;) = 0.
2. Vector representation: A(R;) = J;, A(T;) = 0.
o Observations:
o Homomorphisms determined only up to Lorentz transformation.
o Smooth limit u — 0 connects different homomorphisms.
o Two-form case: u — —u not equivalent, since A(T;) = £uX(R;).
o Vector case: u— —u equivalent via time reflection K; — —K;.
4 Some homomorphisms become complex depending on sign of 12,
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Step 5: symmetric tetrads / spin connections

« Solve symmetry conditions in Weitzenbdck gauge:
o Solve three conditions for R; to get spherical symmetry:

4 Trivial case A(R;) = 0 has no solutions (topological obstruction).
v Non-trivial case A(R;) = J; gives six-parameter family of solutions.
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Step 5: symmetric tetrads / spin connections

« Solve symmetry conditions in Weitzenbdck gauge:
o Solve three conditions for R; to get spherical symmetry:
4 Trivial case A(R;) = 0 has no solutions (topological obstruction).
v Non-trivial case A(R;) = J; gives six-parameter family of solutions.
o Solve remaining conditions for T; to get cosmological symmetry:
v Two-parameter families of solutions for remaining homomorphisms.
« Parameter functions N/ (t), A(t) are lapse and scale factor.
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Step 5: symmetric tetrads / spin connections

« Solve symmetry conditions in Weitzenbdck gauge:
o Solve three conditions for R; to get spherical symmetry:

4 Trivial case A(R;) = 0 has no solutions (topological obstruction).
v Non-trivial case A(R;) = J; gives six-parameter family of solutions.

o Solve remaining conditions for T; to get cosmological symmetry:
v Two-parameter families of solutions for remaining homomorphisms.
« Parameter functions N/ (t), A(t) are lapse and scale factor.
o Transformation to diagonal gauge:
o Use diagonal tetrad

0° = Ndt, 0" = éolr, 02 = Ardy, 6% = Arsinddp. (47)
X
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Step 5: symmetric tetrads / spin connections

« Solve symmetry conditions in Weitzenbdck gauge:
o Solve three conditions for R; to get spherical symmetry:

4 Trivial case A(R;) = 0 has no solutions (topological obstruction).
v Non-trivial case A(R;) = J; gives six-parameter family of solutions.

o Solve remaining conditions for T; to get cosmological symmetry:

v Two-parameter families of solutions for remaining homomorphisms.
« Parameter functions N/ (t), A(t) are lapse and scale factor.

o Transformation to diagonal gauge:
o Use diagonal tetrad

0° = Ndt, 0" = %dr, 02 = Ardy, 6% = Arsinddp. (47)

o Calculate Lorentz transformation such that 6’2, = A2,0°,,.
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Step 5: symmetric tetrads / spin connections

« Solve symmetry conditions in Weitzenbdck gauge:
o Solve three conditions for R; to get spherical symmetry:

4 Trivial case A(R;) = 0 has no solutions (topological obstruction).
v Non-trivial case A(R;) = J; gives six-parameter family of solutions.

o Solve remaining conditions for T; to get cosmological symmetry:
v Two-parameter families of solutions for remaining homomorphisms.
« Parameter functions N/ (t), A(t) are lapse and scale factor.
o Transformation to diagonal gauge:
o Use diagonal tetrad

0° = Ndt, 0" = %dr, 02 = Ardy, 6% = Arsinddp. (47)

o Calculate Lorentz transformation such that 6’2, = A2,6°,,.
o Calculate spin connection: w'@p,, = A2:0,,(A~")%.
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Outline

4. Three approaches to teleparallel cosmology

4.2 The metric-affine approach
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General idea

» Start from the most general metric and connection.
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General idea

» Start from the most general metric and connection.
¢ Impose cosmological symmetry on metric and connection.
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General idea

» Start from the most general metric and connection.

¢ Impose cosmological symmetry on metric and connection.
o Further restrict the connection:
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General idea

» Start from the most general metric and connection.

¢ Impose cosmological symmetry on metric and connection.
o Further restrict the connection:
o Impose compatibility with the cosmological (FLRW) metric.

Manuel Hohmann (University of Tartu)  Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu



General idea

» Start from the most general metric and connection.
e Impose cosmological symmetry on metric and connection.

e Further restrict the connection:

o Impose compatibility with the cosmological (FLRW) metric.
o Impose flatness (vanishing curvature).
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General idea

» Start from the most general metric and connection.
e Impose cosmological symmetry on metric and connection.
e Further restrict the connection:

o Impose compatibility with the cosmological (FLRW) metric.
o Impose flatness (vanishing curvature).

= Most general cosmological teleparallel spacetime.
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General idea

» Start from the most general metric and connection.

¢ Impose cosmological symmetry on metric and connection.
o Further restrict the connection:

o Impose compatibility with the cosmological (FLRW) metric.
o Impose flatness (vanishing curvature).

= Most general cosmological teleparallel spacetime.
o Consider tetrad of the FLRW metric in diagonal gauge:

0° = Ndt, 0" = Adr, 02 = Ard9, 0" = Arsinddy. (48)
X

Manuel Hohmann (University of Tartu)  Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 30/58



General idea

» Start from the most general metric and connection.

¢ Impose cosmological symmetry on metric and connection.
o Further restrict the connection:

o Impose compatibility with the cosmological (FLRW) metric.
o Impose flatness (vanishing curvature).

= Most general cosmological teleparallel spacetime.
o Consider tetrad of the FLRW metric in diagonal gauge:

0° = Ndt, 0" = Adr, 02 = Ard9, 0" = Arsinddy. (48)
X

¢ Read off spin connection in diagonal gauge.
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General idea

» Start from the most general metric and connection.

¢ Impose cosmological symmetry on metric and connection.
o Further restrict the connection:

o Impose compatibility with the cosmological (FLRW) metric.
o Impose flatness (vanishing curvature).

= Most general cosmological teleparallel spacetime.
o Consider tetrad of the FLRW metric in diagonal gauge:

0° = Ndt, 0" = Adr, 02 = Ard9, 0" = Arsinddy. (48)
X

¢ Read off spin connection in diagonal gauge.
» Find Lorentz transformation to Weitzenbdck gauge.
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Step 1: most general connection

« Solve symmetry condition for cosmological generators:

0= (Lx. M)y = VoV Xt = XER:,po — Vp(XETH ). (49)
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Step 1: most general connection

« Solve symmetry condition for cosmological generators:
0= (Lx. M)y = VoV Xt = XER:,po — Vp(XETH ). (49)
= Most general connection:

M=K, Tp=T"=T%,=Ks, Mp=T"9=T%4=Ks,

2
ur Ko .
Ffrr:7, rtrr:?’ rtﬂﬂ:K2r2, rt¢¢:K2r25|n219,
. K5 sin
rr<p19 = _rrﬁ(p = /C5I’2XS|n ¥, I_ﬂw = —I'ﬁw = » ,
R LR B N -
X sin v r
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Step 1: most general connection

« Solve symmetry condition for cosmological generators:
0= (Lx. M)y = VoV Xt = XER:,po — Vp(XETH ). (49)
= Most general connection:

M=K, Tp=T"=T%,=Ks, TMp=T"9=T%4=Ka,

2
ur K .
M = 2 My = X_s , Tloy =Kaor?, T, =Kar?sin?d,
. K5 sin
rr<p19 = _rrﬁ(p = /C5I’2XS|n ¥, I_ﬂw = —I'ﬁw = SXI ,
ICS 9 9 1
[P =—T%y = — I =TI =%, =%, =—,
ro 9r Xsin 9’ ry 9r reo Qr r
rwﬂnp = r(pcpﬁ =cotd, T pp = — sint cos?,
Mgg = —rx%, T[Top=—rx?sin®¥, (50)

= Depends on five free functions IC1(1), ..., Ks(f) of time.
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Step 2: impose metric compatibility

» Calculate nonmetricity:

quy = 204 NpNuny + 2Q2nph;w + 2Q3hp(unu) ) (51)
where
N K e A Ky KN
Q1_N2 N—7 QZ_N—(’C4 A)) QS_N Az'
(52)
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Step 2: impose metric compatibility

» Calculate nonmetricity:

quy = 204 NpNuny + 2Q2nph;w + 2Q3hp(unu) ) (51)
where
N K e A Ky KN
Q1_N2 N—7 QZ_N—(K4 A)7 QS_N ./42‘
(52)

— Metric-affine geometry satisfies Q,,,, = 0 if and only if

KN =N =KsA—A=KoN?—K34%>=0. (53)
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Step 2: impose metric compatibility

» Calculate nonmetricity:

Qp/,u/ = 204 NpNuny + 2Q2nphp,1/ + 2Q3hp([.l,nl/) ) (51)
where
N K e A Ky KN
Q1—N2 N—7 QZ_N(K4 A>7 QS_N ./42‘
(52)

— Metric-affine geometry satisfies Q,,,, = 0 if and only if
KAN =N = K4A— A= KoN? — K3 A = 0. (53)

= Metricity determines K4, K4 and ratio between K, and 5.
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Step 3: impose flatness

o Calculate curvature of most general connection:

Ka(Ka — K1) + K3 K3Ks
Ruvps =2 e Ny, — 22—+ NA NyE ypo
Ka(Kq — K1) — K2
+2 12 nun[ph(,],, — N,—Asw,[png] (54)
KoKs N U? + KoKs — K2
+ QTnMEVpo- + 2 AZ h}t[pha']l/ .
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Step 3: impose flatness

o Calculate curvature of most general connection:

Ka(Ka — K1) + K3 K3Ks
Ruvps =2 e Ny, — 22—+ NA NyE ypo
Ka(Kq — K1) — K2
+2 12 nun[ph(,],, — A/,—Aé‘uylpng] (54)
KokCs N U? + KoKs — K2
+ QTnMEVpo- + 2 _,42 h}t[pha']l/ .

= Connection is flat if and only if

0 = Ks = KoKs = K3Ks = U? + KoKz — K2

. . (55)
:IC3(IC4—’C1)+’C3 :KQ(IC4—IC1)—IC2.
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Step 3: impose flatness

o Calculate curvature of most general connection:

Ka(Ka — K1) + K3 K3Ks
Ruvps =2 e Ny, — 22—+ /\/A NyE ypo
Ka(Kq — K1) — K2
+2 12 nun[ph(,],, — A/,—Aé‘uylpng] (54)
KokCs N U? + KoKs — K2
+ ZTHMEVPU + 2 A2 h}t[pha']l/ .

= Connection is flat if and only if

0 = Ks = KoKs = K3Ks = U? + KoKz — K2

. . (55)
:IC3(IC4—’C1)+’C3 :KQ(IC4—IC1)—IC2.

= Several coupled conditions, whose solution depends on u.
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Step 4: flat, metric, cosmological connection

o Two of three metricity conditions solved immediately:
N A

’C1:/T/" ICA':Z'

(56)

Manuel Hohmann (University of Tartu)  Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 34/58



Step 4: flat, metric, cosmological connection

o Two of three metricity conditions solved immediately:
N A
N T A

o Distinguish two cases for flathess condition:

K (56)
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Step 4: flat, metric, cosmological connection

o Two of three metricity conditions solved immediately:
N A
N T A

o Distinguish two cases for flathess condition:
1. u=0: only solution given by K> = K3 = K5 =0.

K
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Step 4: flat, metric, cosmological connection

o Two of three metricity conditions solved immediately:
N A
N T A

o Distinguish two cases for flathess condition:
1. u=0: only solution given by 1, = K3 = K5 = 0.
2. u # 0 admits two distinct solutions:
2.1 “Axial” solution: Ko = K3 = 0 and Ks = +u.
2.2 “Vector” solution: Ks = 0 and KoN /A = K3 A/N = +iu.

K

Manuel Hohmann (University of Tartu)  Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu



Step 4: flat, metric, cosmological connection

o Two of three metricity conditions solved immediately:

N A
= > ’C4 = - (56)
N A
o Distinguish two cases for flathess condition:
1. u=0: only solution given by 1, = K3 = K5 = 0.
2. u # 0 admits two distinct solutions:
2.1 “Axial” solution: Ko = K3 = 0 and Ks = +u.
2.2 “Vector” solution: Ks = 0 and KoN /A = K3 A/N = +iu.

— Solutions become complex depending on sign of u?.

K
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Step 4: flat, metric, cosmological connection

o Two of three metricity conditions solved immediately:
N A
N T A

o Distinguish two cases for flathess condition:

1. u=0: only solution given by K> = K3 = K5 =0.
2. u # 0 admits two distinct solutions:
2.1 “Axial” solution: Ko = K3 = 0 and Ks = +u.

K

2.2 “Vector” solution: Ks = 0 and KoN /A = K3 A/N = +iu.

— Solutions become complex depending on sign of u?.
= Smooth limit v — 0 of solutions.
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Step 5: diagonal tetrad and spin connection

» Start from diagonal tetrad:

0° = Ndt, 0" = %dr, 02 = Ard9, 6" = Arsinddy. (57)

Manuel Hohmann (University of Tartu)  Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 35/58



Step 5: diagonal tetrad and spin connection

» Start from diagonal tetrad:

0° = Ndt, 0" = %dr, 02 = Ard9, 6" = Arsinddy. (57)

« Calculate spin connection w'@,,, from “tetrad postulate”:

0=V,0%,=0,0% +uw3,0° —T1°,0%,. (58)
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Step 5: diagonal tetrad and spin connection

» Start from diagonal tetrad:

0° = Ndt, 0" = %dr, 02 = Ard9, 6" = Arsinddy. (57)

« Calculate spin connection w'@,,, from “tetrad postulate”:

0=V,0%,=0,0% +uw3,0° —T1°,0%,. (58)

v Find same spin connections as using first approach.

Manuel Hohmann (University of Tartu)  Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 35/58



Step 5: diagonal tetrad and spin connection

» Start from diagonal tetrad:

0° = Ndt, 0" = %dr, 02 = Ard9, 6" = Arsinddy. (57)

« Calculate spin connection w'@,,, from “tetrad postulate”:
0=V,0%, = 9,0%, + 3,00 — 0%, (58)

v~ Find same spin connections as using first approach.
~» Perform Lorentz transformation to Weitzenbdck gauge.
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Step 5: diagonal tetrad and spin connection

» Start from diagonal tetrad:

0° = Ndt, 0" = %dr, 02 = Ard9, 6" = Arsinddy. (57)

« Calculate spin connection w'@,,, from “tetrad postulate”:
0=V,0%, = 0,02 +u3,0%, —17,.0%,. (58)

v~ Find same spin connections as using first approach.
~ Perform Lorentz transformation to Weitzenbdck gauge.
v Obtain same non-diagonal tetrads as using first approach.
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4. Three approaches to teleparallel cosmology

4.3 The torsion decomposition approach
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General idea

« Start from cosmological (FLRW) metric.
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General idea

« Start from cosmological (FLRW) metric.
« General metric-compatible connection defined by its torsion.
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General idea

« Start from cosmological (FLRW) metric.

« General metric-compatible connection defined by its torsion.
e Irreducible decomposition of torsion w.r.t. Lorentz group:

o vector torsion (4 components),
o axial (pseudo-vector) torsion (4 components),
o pure tensor torsion (16 components).
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General idea

Start from cosmological (FLRW) metric.

General metric-compatible connection defined by its torsion.
Irreducible decomposition of torsion w.r.t. Lorentz group:

o vector torsion (4 components),
o axial (pseudo-vector) torsion (4 components),
o pure tensor torsion (16 components).

Impose cosmological symmetry on torsion components.
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General idea

« Start from cosmological (FLRW) metric.

« General metric-compatible connection defined by its torsion.
e Irreducible decomposition of torsion w.r.t. Lorentz group:
o vector torsion (4 components),

o axial (pseudo-vector) torsion (4 components),
o pure tensor torsion (16 components).

¢ Impose cosmological symmetry on torsion components.
= Most general cosmological Riemann-Cartan spacetime.
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General idea

« Start from cosmological (FLRW) metric.

« General metric-compatible connection defined by its torsion.
e Irreducible decomposition of torsion w.r.t. Lorentz group:

o vector torsion (4 components),
o axial (pseudo-vector) torsion (4 components),
o pure tensor torsion (16 components).

¢ Impose cosmological symmetry on torsion components.
= Most general cosmological Riemann-Cartan spacetime.
« Impose flatness (vanishing curvature).
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General idea

« Start from cosmological (FLRW) metric.

« General metric-compatible connection defined by its torsion.
e Irreducible decomposition of torsion w.r.t. Lorentz group:

o vector torsion (4 components),
o axial (pseudo-vector) torsion (4 components),
o pure tensor torsion (16 components).

¢ Impose cosmological symmetry on torsion components.
= Most general cosmological Riemann-Cartan spacetime.
« Impose flatness (vanishing curvature).
= Most general cosmological teleparallel spacetime.
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General idea

« Start from cosmological (FLRW) metric.

« General metric-compatible connection defined by its torsion.
e Irreducible decomposition of torsion w.r.t. Lorentz group:

o vector torsion (4 components),
o axial (pseudo-vector) torsion (4 components),
o pure tensor torsion (16 components).

¢ Impose cosmological symmetry on torsion components.
= Most general cosmological Riemann-Cartan spacetime.
« Impose flatness (vanishing curvature).
= Most general cosmological teleparallel spacetime.
» Proceed as before to determine cosmological tetrad.
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Step 1: decomposition of the connection

» Recall decomposition of the connection:
r'uyp = r'uz/p + Kuz/p + L'ul/p . (59)
o Levi-Civita connection F“,,p of the metric.

o Contortion K*,,,.
o Disformation L*,,,.
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Step 1: decomposition of the connection

» Recall decomposition of the connection:

[Py =T, + Ky, 4 L, (59)

o Levi-Civita connection F“,,p of the metric.
o Contortion K*,,,.
o Disformation L*,,,.

» Metric compatibility imposes vanishing disformation: L*,, = 0.
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Step 1: decomposition of the connection

» Recall decomposition of the connection:

r,uyp = Ii'uyp + Kuup + L'uup . (59)

o Levi-Civita connection F“,,,, of the metric.
o Contortion K*,,,.
o Disformation L*,,,.

» Metric compatibility imposes vanishing disformation: L*,, = 0.
« Contortion expressed in terms of torsion and metric:

1
Kty = > (TF,+ T, —TH,) . (60)
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Step 2: irreducible torsion decomposition

« Torsion decomposes into three irreducible parts:
o Vector torsion:

o, =T",, = 2I,= J[Vu (61a)

3
o Axial torsion:
1
a, = éem,p,, T = Ay = €upoa’ . (61b)
o Tensor torsion:

1 ” ” 4
tuwp = Ty + 3 (T7uGvyo = T7opGuv) = Ty = §w[l/p]' (61c)
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Step 2: irreducible torsion decomposition

« Torsion decomposes into three irreducible parts:
o Vector torsion:

o, =T",, = 2I,= élyu (61a)

3
o Axial torsion:
1
a, = éem,pa T = Ay = €upoa’ . (61b)

o Tensor torsion:

1 ” ” 4
tuwp = Ty + 3 (T7uGvyo = T7opGuv) = Ty = §w[l/p]' (61c)

¢ Unique decomposition T#,, = 0*,, +2A*,, + T, such that

A =0 =0, By = Tpup =0 (62)
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Step 3: impose cosmological symmetry

o Most general torsion with cosmological symmetry:

Tovp = 2Ti My + 2728 0y (63)
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Step 3: impose cosmological symmetry

o Most general torsion with cosmological symmetry:
Tuwp = 2T1hyp g + 272810 - (63)
e Irreducible decomposition:

QIW,) = Qﬂ h”[,,np] R v, = 3ﬂ Ny, (643)
Wwp = 2T 10p a, = —272n,. (64b)
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Step 3: impose cosmological symmetry

o Most general torsion with cosmological symmetry:
Tuwp = 2T1hyp g + 272810 - (63)
e Irreducible decomposition:

‘IIW,) = 2'T1 hu[,,np] R v, = 3ﬂ Ny, (643)
Wwp = 2T 10p a, = —272n,. (64b)

= Tensor torsion always vanishes in cosmological symmetry.
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Step 3: impose cosmological symmetry

o Most general torsion with cosmological symmetry:
Tuwp = 2T1hyp g + 272810 - (63)
e Irreducible decomposition:

Q]w,p = 2'T1 hu[,,np] R v, = 3ﬂ Ny, (643)
Wwp = 2T 10p a, = —272n,. (64b)

= Tensor torsion always vanishes in cosmological symmetry.
= Torsion fully determined by scalar 77 (t) and pseudo-scalar 7»(t).
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Step 4: impose flatness

o Calculate connection coefficients:

| o | |
L K=t AT K= A NTL Ke=T ks = AT

K N2 TN A
(65)
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Step 4: impose flatness

o Calculate connection coefficients:

N AA 2T A A
’C1ZJT/., K2ZW_T1, K3:Z—Nﬂ, K4:Z, }C5:A7E

(65)

¢ Flatness given by two solutions:

1. “Pure vector” solution:
A iu

ﬂ_mij’ To=0. (66)

2. “Axial” solution: )

A u

ﬂ—m, E—iz- (67)
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Step 4: impose flatness

o Calculate connection coefficients:

N Ad AT A

TN TPTNETN A

IC3_ _Nﬂ) IC4_

9

K1 Ko

¢ Flatness given by two solutions:
1. “Pure vector” solution:

A

=V 0.

Ti T2

iu
+ )
A

2. “Axial” solution:

u
E_iz.

A
Ti= 2w

)

Ks = ATz.
(65)

bl

SNBS

(66)

(67)

v Obtain same solutions as if started from general connection.
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Step 4: impose flatness

o Calculate connection coefficients:

N AA 2T A A
’C1ZJT/., K2:m_T1, K3:Z—Nﬂ, K4:Z, K:5:A7E

(65)

¢ Flatness given by two solutions:

1. “Pure vector” solution:
A iu

ﬂ_mij’ To=0. (66)

2. “Axial” solution: )

A u

ﬂ—m, E—iz- (67)

v Obtain same solutions as if started from general connection.
~+ Apply same procedure as before to obtain symmetric tetrads.
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5. Two branches of cosmological teleparallel geometries
5.1 The “vector” branch
5.2 The “axial” or “two-form” branch
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5. Two branches of cosmological teleparallel geometries
5.1 The “vector” branch
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Solution in Weitzenbdck gauge

e Homomorphism of the symmetry algebra:
Ri—Ji, T~ iuk;. (68)
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Solution in Weitzenbbck gauge

e Homomorphism of the symmetry algebra:
Ri— Ji, T iukK;. (68)
= Symmetric tetrad in Weitzenbdck gauge:
6° = N'xdt + iuAdr, (69a)
i X
0! = A |sind cos p (dr + iu'%[rdt) + rcos ¥ cos pdd — rsindsin godga]
) (69b)

02 = A |sindsing (dr + iu'%/rdt) + rcos ¥ sin pdd + rsin19cos<pd<p}
) (69¢)

0% = A |cosd (dr+ iu%/rdt) — rsinﬁdz?] , (69d)
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Solution in Weitzenbbck gauge

e Homomorphism of the symmetry algebra:
Ri—Ji, T iukK;. (68)
= Symmetric tetrad in Weitzenbdck gauge:
6° = N'xdt + iuAdr, (69a)
i X
0! = A |sind cos p (dr + iu'%[rdt) + rcos ¥ cos pdd — rsindsin godga]
) (69b)

02 = A |sindsing (dr + iu'%/rdt) + rcos ¥ sin pdd + rsin19cos<pd<p}
) (69¢)

0% = A |cosd (dr+ iu%/rdt) — rsinﬁdz?] , (69d)

= Real for u? < 0, complex for u® > 0.
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Transformation to diagonal gauge

« Diagonalizing Lorentz transformation:

X  —lursindcose —iursindsinyp —iurcosv
A2, —iur  xsindcosp xsindsing X cos ¥ (70)
b 0 cos ¥ cos cos¥sin —sind '
0 —sing cos 0
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Transformation to diagonal gauge

« Diagonalizing Lorentz transformation:

X  —lursindcose —iursindsinyp —iurcosv
a —iur  xsindcosp xsindsing X cos ¥
Ny = . . (70)
0 cos ¥ cos cos¥sin —sind
0 —sing cos 0
¢ Spin connection in diagonal gauge:
10 " iu 10 2 .
WHr=w or=—", Wy=woy= M,
w'03¢ = w’3o({, = —iursind, w” 29 = —w/210 = —X,
w'13@ = —w’31¢ = —xsind, w’23¢ = —w'szw = —cosd. (71)
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Induced affine connection

o Parameter functions in the connection:
N A

K= Ke=-iuls, Ks=-iu m:%, Ks=0. (72)

Z ;
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Induced affine connection

o Parameter functions in the connection:

N A , A
e —_- — — = — _ = — = . 72
K4 N Ko IUN , Ks IUA , Ky A’ Ks=0 ( )
= Torsion: _
A+ iuN
Tuyp - ZThM[Vnp] . (73)
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Induced affine connection

o Parameter functions in the connection:

K1:A,/Tf[’ Ing—iU%, IC3:—iuZ, IC4:§, Ks=0. (72)
= Torsion: .

Twp = z%hu[vnp] : (73)
= Contortion: .

Kuvp = 2%[hp[unl'] : (74)
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5. Two branches of cosmological teleparallel geometries

5.2 The “axial” or “two-form” branch
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Solution in Weitzenbdck gauge

e Homomorphism of the symmetry algebra:

R,' — J,', T, — UJ,'. (75)
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Solution in Weitzenbdck gauge

e Homomorphism of the symmetry algebra:
R — J,', Ti— ud;. (75)

= Symmetric tetrad in Weitzenbdck gauge:

0° = Ndt, (76a)
o' = 4 [Si"ﬂ%dr + r(xcos cos + ursin)dd — rsind(x sing — Ur cosd cos cp)dcp} ,
(76b)
0% = A [Sinﬁ%dr + r(x cosVsin  — urcos )dd + rsin ¥ cos  + Ur cos I sin go)dga] ,
(76c)
0 = A [C";ﬂdr — rysinddd — ur sin? 9dy | | (76d)
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Solution in Weitzenbdck gauge

e Homomorphism of the symmetry algebra:
R — J,', Ti— ud;. (75)

= Symmetric tetrad in Weitzenbdck gauge:

0° = Ndt, (76a)
o' = 4 [Si"ﬂ%dr + r(x cos cos + Ursin)dd — rsind(x sing — Ur cosd cos cp)dcp} ,
(76b)
0% = A [Sinﬁ%dr + r(x cosVsin  — Urcos)dd + rsind(x cos  + Ur cos I sin go)dga] ,
(76c)
0 = A [C";ﬂdr — rysinddd — ur sin2 9dy | | (76d)

= Real for u? > 0, complex for u? < 0.
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Transformation to diagonal gauge

» Diagonalizing Lorentz transformation:

1 0 0 0
A2, 0 sin cos sind sin ¢ cos
b 0 xcos¥cosp+ ursing xcosdsing —urcose —xsind

0 urcosd¥cosp — xsing xcosp+ Urcosidsing —uUrsind
(77)
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Transformation to diagonal gauge

» Diagonalizing Lorentz transformation:

1 0 0 0

0 sin cos sind sin ¢ cos
0 xcos¥cosp+ ursing xcosdsing —urcose —xsind
0 urcosd¥cosp — xsing xcosp+ Urcosidsing —uUrsind

N2, =

(77)
» Spin connection in diagonal gauge:
Al 2 " 2 .
Wigg = w9 =—X, W 2,=-Ww,=Ursind,
Al /3 al 13 :
Wigg = —w g =—Ur, Wia,=-w"%,=—xsind,
2 13 u 2 /3
W 3r = —w 2,—:;, W 3y =W 2¢:—C0519. (78)
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Induced affine connection and torsion

o Parameter functions in the connection:
N

K1:/Tf’ Ko=Ks3=0, Kg=-, Ks=-u. (79)

B
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Induced affine connection and torsion

o Parameter functions in the connection:

N A
Ki==—, Ko=K3=0, Ks4==, Kg=-uU. 79
1= Ke=Ks » Ka=7, Ks u (79)
= Torsion: ]
A u
Tuyp = thu[unp] - ZZEV‘VP . (80)
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Induced affine connection and torsion

o Parameter functions in the connection:

IC1:AJT[[, Ko=K3=0, IC4:§, Ks=—-u. (79)
= Torsion: ]
A u
TMVP = thu[unp] - ZZEV‘VP . (80)
= Contortion: )
A u
Kl“jp = ZWhp[un,,] + J—4€l“/p . (81)
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6. Properties & applications
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Coordinate independent torsion properties

« Torsion of general cosmological connection:

Ka—Ks Ks

0, =3 NG n,, a,= —Zjnu. (82)
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Coordinate independent torsion properties

« Torsion of general cosmological connection:

Ka — Kg Ks_

UIL = STnﬂ, a, = —2— A N (82)
= Torsion of teleparallel cosmological connections:
“vector” “axial”
a, 0 29,
Buwp ZAJFWW'MhM[V Mp) thu[v ol
Awp 0 ZAEWP
real? <0 U >0
complex? u? >0 ¥ <0
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Coordinate independent torsion properties

« Torsion of general cosmological connection:

K4 — K3 IC5
UIL = STnﬂ, a, = —2— A N (82)
= Torsion of teleparallel cosmological connections:
“vector” “axial”
a, 0 24 nu
Buwp ZAJFWW'MhM[V Mp) thu[v ol
Awp 0 ZAEWP
real? <0 U >0
complex? u? >0 ¥ <0

v' Full characterization of torsion (analogous to Riemann tensor).
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Coordinate independent torsion properties

« Torsion of general cosmological connection:

Kq — K3 IC5

UIL = STnﬂ, a, = —2— A N (82)
= Torsion of teleparallel cosmological connections:
“vector” “axial”
a, 0 29,
Buwp ZAJFWW'A_/hM[V Mp) thu[v ol
Awp 0 2A6Wp
real? <0 U >0
complex? u? >0 ¥ <0

v Full characterization of torsion (analogous to Riemann tensor).
v" May now calculate cosmological dynamics, perturbations, ...
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Coordinate independent torsion properties

« Torsion of general cosmological connection:

Kq — K3 Ks

0, =3 NG n,, a,= —27@. (82)
= Torsion of teleparallel cosmological connections:
“vector” “axial”
a, 0 29,
Buwp ZMWW'A_/hM[V Mp) thu[v ol
Awp 0 2A6Wp
real? <0 >0
complex? u? >0 ¥ <0

v Full characterization of torsion (analogous to Riemann tensor).
v~ May now calculate cosmological dynamics, perturbations, ...
v Not necessary to work with cumbersome coordinate expressions.
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Cosmological dynamics

» Consider tetrad field equations of some teleparallel theory:

E. = K*0,, . (83)
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Cosmological dynamics

» Consider tetrad field equations of some teleparallel theory:
E. = K*0,, . (83)

» Consequences of cosmological symmetry:
o Energy-momentum tensor takes perfect fluid form:

Ouv = (p+ P)N.Ny + PGur = pNuny + Phy, . (84)
o Gravitational part of the field equations decomposes analogously:
E,, =MNn,n, + Hh,, . (85)
= Two scalar field equations in analogy to Friedmann equations:

N==r2p, H=rp. (86)
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Cosmological dynamics

» Consider tetrad field equations of some teleparallel theory:
E. = K*0,, . (83)

» Consequences of cosmological symmetry:
o Energy-momentum tensor takes perfect fluid form:

O = (p+P)NuNy + PGy = pNuny + Phy, . (84)
o Gravitational part of the field equations decomposes analogously:
E,, =MNn,n, + Hh,, . (85)
= Two scalar field equations in analogy to Friedmann equations:

N==r2p, H=rp. (86)

= Calculate 91(t) and $(t) for any given teleparallel theory.
= There exist only two branches of cosmological solutions.
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Parity transformation and violation

» Consider spatial reflection / parity transformation:

Y—=m—19, p—14+0. (87)
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Parity transformation and violation

o Consider spatial reflection / parity transformation:
Y—=m—1, @e—r4+¢. (87)
o Effect on geometric quantities in 3 + 1 spilt:

Ne= Ny, B = hu, cup— =€, (88)
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Parity transformation and violation

o Consider spatial reflection / parity transformation:
Y—=m—1, @e—r4+¢. (87)
o Effect on geometric quantities in 3 + 1 spilt:
Ne= Ny, B = hu,  cup—= —€up. (88)
« Effect on torsion components:
Oy 0, A, =0y (89)
= Axial torsion pseudo-vector reverses sign under reflection.

= “Vector” branch of tetrads is parity-invariant, a, = 0.
= “Axial” branch of tetrads is not parity-invariant, a, = 2%n, # 0.
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Outline

7. Conclusion
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« Metric-affine and teleparallel geometry:

Based on metric and independent connection.

Connection may exhibit curvature, torsion, nonmetricity.
Metric teleparallel geometry characterized by torsion only.
More conventional to work with tetrad and spin connection.
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o Spacetime symmetry of teleparallel geometry:

o Defined by symmetry group / algebra acting on spacetime.
o Tetrad and spin connection invariant up to Lorentz transformation.
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o Teleparallel geometry with cosmological symmetry:
o May be derived in (at least) three different ways.
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o Defined by symmetry group / algebra acting on spacetime.
o Tetrad and spin connection invariant up to Lorentz transformation.
o Teleparallel geometry with cosmological symmetry:
o May be derived in (at least) three different ways.
o Two branches of solutions depending on lapse and scale factor.
o Simple formulas for torsion in terms of defining functions.
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e Answered a few questions:
v Determined most general cosmological teleparallel geometries.
v Torsion & field equations expressed like in Riemannian geometry.
v’ Effective way to work with perturbations in teleparallel cosmology.
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« Cosmological (background) dynamics:

Study theories which distinguish vector and axial torsion.
Different dynamics for different branches when u # 0?

Effects of parity violation? Involve pseudo-tensor fields?

One branch is complex when the other is real - trouble or insight?
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« New path towards teleparallel u # 0 cosmological perturbations:

o Perform gauge-invariant decomposition of tetrad perturbations.
o Use coordinate-independent formulas for background geometry.
o Calculate perturbed field equations.
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« Extend to more general cosmological geometries:

o Study Riemann-Cartan geometry?
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« Cosmological (background) dynamics:
Study theories which distinguish vector and axial torsion.
Different dynamics for different branches when u # 0?
Effects of parity violation? Involve pseudo-tensor fields?
One branch is complex when the other is real - trouble or insight?
« New path towards teleparallel u # 0 cosmological perturbations:
o Perform gauge-invariant decomposition of tetrad perturbations.
o Use coordinate-independent formulas for background geometry.
o Calculate perturbed field equations.
« Extend to more general cosmological geometries:
o Study Riemann-Cartan geometry?
o Study symmetric teleparallel geometry?
o Similar approach to metric-affine gravity + perturbations?
o Apply method to more general symmetries:

o Spherical symmetry: black holes and quasinormal modes.
o Planar symmetry: gravitational wave propagation.

O O O O
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