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Cosmological field equations - vector branch

• Tetrad field equations for the vector branch
V
θa

µ:

−9cv

(
H2 +

k
A2

)
−Zφ̇2 − 2κ2V = 2κ2ρ , (1a)

3cv

(
2Ḣ + 3H2 +

k
A2

)
−Zφ̇2 + 2κ2V = 2κ2p . (1b)

• Scalar field equation for the vector branch
V
θa

µ:

2Z
(
φ̈+ 3Hφ̇

)
+ Zφφ̇

2 + 2κ2Vφ = 0 . (2)

⇒ Pseudo-scalar field becomes minimally coupled.
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Cosmological field equations - axial branch

• Tetrad field equations for the axial branch
A
θa

µ:

−9cv H2 + 4ca
k
A2 −Zφ̇

2 − 2κ2V = 2κ2ρ , (3a)

3cv

(
2Ḣ + 3H2

)
− 4

3
ca

k
A2 + 2

buφ̇
A
−Zφ̇2 + 2κ2V = 2κ2p , (3b)

• Scalar field equation for the axial branch
A
θa

µ:

2Z
(
φ̈+ 3Hφ̇

)
+ Zφφ̇

2 + 2κ2Vφ − 6bu
H
A

= 0 . (4)

⇒ Pseudo-scalar field obtains additional non-minimal coupling to gravity.
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Cosmological axions as effective fluid

• Restrict constant parameters to general relativity values:

ca =
3
2
, cv = −2

3
, ct =

2
3
. (5)

⇒ Effective fluid form of cosmological field equations:

3
(

H2 +
k
A2

)
= κ2(ρ+ ρφ) , (6a)

−
(

2Ḣ + 3H2 +
k
A2

)
= κ2(p + pφ) . (6b)

• Effective energy density and pressure of axion field:

ρφ =
1

2κ2Zφ̇
2 + V , pφ =

1
2κ2Zφ̇

2 − V −

{
buφ̇
κ2A for the axial tetrad

A
θa

µ ,

0 for the vector tetrad
V
θa

µ .
(7)

⇒ Additional parity-odd pressure contribution for axial tetrad only.
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Dynamical system analysis

• Introduce phase space coordinates (α, β) for vacuum case ρ = p = 0:

φ̇ =

√
2κ2 V
Z

α√
1− α2

, H =

√
κ2

3− 3α2V cosβ , A = u

√ κ2

3− 3α2V sinβ

−1

. (8)

• Ranges of the phase space given by −1 < α < 1 and sgn u = sgn sinβ.
• Consider only simple case V = Λ/κ2 of cosmological constant Λ and Z = 1.
⇒ Autonomous dynamical system:

α̇√
Λ

=

(
b√
2

sinβ −
√

3α
)√

1− α2 cosβ , (9a)

β̇√
Λ

=

(
3α2 − 1√

3
− b√

2
α sinβ

)
sinβ√
1− α2

. (9b)
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Cosmological phase space

�,� Big Bang / Big Crunch singularities:

α = ±1 . (10)

◦, • Infinite expansion / contraction:

α = sinβ = 0 . (11)

? Saddle points:

α =
b ±
√

b2 + 8
2
√

6
sgn u , cosβ = 0 . (12)
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Cosmological phase space

Figure 1: minimal coupling b = 0.
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Cosmological phase space

Figure 2: weak coupling 0 < b <
√
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Cosmological phase space

Figure 3: critical coupling b =
√
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Cosmological phase space

Figure 4: strong coupling b >
√
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Multiple axions

• Replace single axion by a multiplet φ = (φA,A = 1, . . . ,n):
◦ For each axion, include pair bA and b̃A of coupling parameters.
◦ Parameter functions V and Z depend on all pseudo-scalar fields φA.
◦ Single kinetic coupling function replaced by an indexed quantity ZAB.

⇒ Generalized action for multi-axion teleparallel gravity:

Sg[θ, ω, φ] =
1

2κ2

∫
d4x θ

[
cv Tvec + caTaxi + ctTten + bAφ

AP + b̃Aφ
AP̃

+ ZAB(φ)gµν∂µφ
A∂νφ

B + 2κ2V(φ)
]
. (13)
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Dynamical couplings

• Replace constant parameters in the action by dynamical coupling functions of φ:
◦ Axion couplings b and b̃ replaced by functions B(φ) and B̃(φ).
◦ Even terms governed by ca,t,v receive non-minimal coupling through Ca,t,v (φ).

⇒ Generalized action with dynamical, non-minimal couplings:

Sg[θ, ω, φ] =

∫
d4x θ

1
2κ2

[
Cv (φ)Tvec + Ca(φ)Taxi + Ct (φ)Tten

+ B(φ)φP + B̃(φ)φP̃ + Z(φ)gµν∂µφ∂νφ+ 2κ2V(φ)
]
. (14)

⇒ Further generalization to multiple axion fields:

Sg[θ, ω, φ] =
1

2κ2

∫
d4x θ

[
Cv (φ)Tvec + Ca(φ)Taxi + Ct (φ)Tten

+ BA(φ)φAP + B̃A(φ)φAP̃ + ZAB(φ)gµν∂µφ
A∂νφ

B + 2κ2V(φ)
]
. (15)
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Symmetric teleparallel axions
• Symmetric teleparallel gravity: [Nester, Yo ’98; Beltrán Jiménez, Heisenberg, Koivisto ’17/18]

◦ Consider metric gµν and independent connection Γµνρ as dynamical variables.
◦ Γµνρ required to have vanishing torsion, Tµ

νρ = 0, and curvature, Rµ
νρσ = 0.

◦ Gravitational interaction mediated by non-vanishing non-metricity Qρµν = ∇ρgµν .

• Scalar and pseudo-scalar invariants:
◦ Five scalar invariants quadratic in non-metricity:

Q1 = QρµνQρµν , Q2 = QµνρQρµν , Q3 = Qρµ
µQρν

ν , Q4 = Qµ
µρQν

νρ , Q5 = Qµ
µρQρν

ν . (16)

◦ One pseudo-scalar invariant:
Q̂ = εµνρσQµνλQρσ

λ . (17)

⇒ Action for symmetric teleparallel gravity with axion field:

Sg[g, Γ, φ] =

∫
d4x
√
−g

1
2κ2

[
5∑

i=1

ciQi + bφQ̂+ Z(φ)gµν∂µφ∂νφ+ 2κ2V(φ)

]
. (18)

• May also be generalized to multiple axions and dynamical couplings.
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◦ Gravitational interaction mediated by non-vanishing non-metricity Qρµν = ∇ρgµν .
• Scalar and pseudo-scalar invariants:

◦ Five scalar invariants quadratic in non-metricity:

Q1 = QρµνQρµν , Q2 = QµνρQρµν , Q3 = Qρµ
µQρν

ν , Q4 = Qµ
µρQν

νρ , Q5 = Qµ
µρQρν

ν . (16)

◦ One pseudo-scalar invariant:
Q̂ = εµνρσQµνλQρσ

λ . (17)

⇒ Action for symmetric teleparallel gravity with axion field:

Sg[g, Γ, φ] =

∫
d4x
√
−g

1
2κ2

[
5∑

i=1

ciQi + bφQ̂+ Z(φ)gµν∂µφ∂νφ+ 2κ2V(φ)

]
. (18)

• May also be generalized to multiple axions and dynamical couplings.
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General teleparallel axions

• General teleparallel gravity: [Beltrán Jiménez, Heisenberg, Iosifidis, Jiménez-Cano, Koivisto ’19]

◦ Combine features from metric and symmetric teleparallel gravity.
◦ Connection Γµνρ has vanishing curvature, Rµ

νρσ.
◦ Gravity mediated by non-vanishing torsion Tµ

νρ and non-metricity Qρµν .

• Further scalar and pseudo-scalar invariants combining torsion and non-metricity:
◦ Three additional scalar invariants:

QµνρT ρµν , Qµ
µρTννρ , Qρµ

µTννρ . (19)

◦ Three additional pseudo-scalar invariants:

εµνρσQµν
τT(τρ)σ , εµνρσQτ

τµTνρσ , εµνρσQµτ
τTνρσ , (20)

⇒ General teleparallel gravity allows 6 different terms to couple to axions.
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Summary

1. Teleparallel gravity:
◦ Describes gravity in terms of torsion instead of curvature.
◦ Dynamical fields are tetrad θa

µ and flat, metric-compatible spin connection ωa
bµ.

◦ Local Lorentz invariance allows using Weitzenböck gauge ωa
bµ = 0.

2. Teleparallel axions:
◦ Teleparallel gravity action from terms quadratic in the torsion tensor.
◦ Parity-even terms form theories called new general relativity.
◦ Parity-odd terms may introduce coupling to pseudo-scalar fields.
⇒ Possibility to couple gravitational axions to (generalizations of) general relativity.

3. Teleparallel axion cosmology:
◦ Teleparallel geometry has two homogeneous and isotropic branches.
◦ For the “vector” branch, axion coupling does not contribute to background dynamics.
◦ For the “axial” branch, new non-minimal coupling breaks parity invariance.

4. Extensions and alternatives:
◦ Possible to use non-metricity instead of or in addition to torsion.
◦ Possible generalization with multiple axion fields or dynamical couplings.
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