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9 Cosmological dynamics
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Cosmological field equations - vector branch

o Tetrad field equations for the vector branch 39}%:

—9¢, (H2 + %) — Z¢? — 252V = 2K%p, (1a)
. k .
3¢y <2H +3H? + ﬁ> — Z¢? + 2r2V = 2k%p. (1b)
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. k .
3¢y <2H +3H? + ﬁ> — Z¢? + 2r2V = 2k%p. (1b)

e Scalar field equation for the vector branch 5%:

2z (gz; + 3H¢'>) + 2007 + 262V = 0. )
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Cosmological field equations - vector branch

o Tetrad field equations for the vector branch 39}%:

—9¢, (H2 + %) — Z¢? — 252V = 2K%p, (1a)
. k .
3¢y <2H +3H? + ﬁ> — Z¢? + 2r2V = 2k%p. (1b)

e Scalar field equation for the vector branch 55’”:
2z (gz; + 3H¢'>) + 2007 + 262V = 0. )

= Pseudo-scalar field becomes minimally coupled.
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Cosmological field equations - axial branch

o Tetrad field equations for the axial branch éAau:

—9¢c,H? + 4ca% — Z¢? — 22V = 2%, (3a)
3, (2H +3H°) - %ca% + 2% 24?4262V = 2x2p, (3b)
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Cosmological field equations - axial branch

o Tetrad field equations for the axial branch (943“;

—9¢c,H? + 4ca% — Z¢? — 22V = 2%, (3a)
: 4 Kk bug :
2\ _ T e Z2 2y) _n,.2
30V<2H+3H) SCagp + 2 — 2 +2x7V = 2, (3b)
o Scalar field equation for the axial branch é‘aﬂ:
. : PR H
22 ($+8H3 ) + 2507 + 242V, — 6bu— = 0. (4)
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Cosmological field equations - axial branch

o Tetrad field equations for the axial branch (943“;

—9¢c,H? + 4ca% — Z¢? — 22V = 2%, (3a)
: 4 Kk bug :
2\ _ T e Z2 2y) _n,.2
ch<2H+3H) SCagp + 2 — 2 +2x7V = 2, (3b)
o Scalar field equation for the axial branch é‘aﬂ:
. . PR H
22 ($+8H3 ) + 2507 + 242V, — 6bu— = 0. (4)

= Pseudo-scalar field obtains additional non-minimal coupling to gravity.
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Cosmological axions as effective fluid

e Restrict constant parameters to general relativity values:

3 2 2
Ca= 5 Cv=—3 Ct=§'

- =3 ©)
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Cosmological axions as effective fluid

e Restrict constant parameters to general relativity values:

3 2 2
Ca:§, Cv=—§, Ct=§' (5)
= Effective fluid form of cosmological field equations:
k
3 (H2 + ﬁ) = r2(p+ py), (6a)
: k
— (ZH +3H? + ﬁ) = mz(p + ,0¢) . (6b)
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Cosmological axions as effective fluid

e Restrict constant parameters to general relativity values:

3 2 2
Ca:§, Cv=—§, Ct=§' (5)

= Effective fluid form of cosmological field equations:

3(H+ g ) =20+ 00). (6a)
- (zH +3H? + %) = k2(p+ Pg) - (6b)

o Effective energy density and pressure of axion field:

] A
1 . 1 . bué  for the axial tetrad 62, ,
po =520 +V, Py= 552 -V —{ A o 7)
2k 2K 0  forthe vector tetrad 62, .
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Cosmological axions as effective fluid

e Restrict constant parameters to general relativity values:

3 2 2
Ca:§, CV=_§7 Ct=§- (5)

= Effective fluid form of cosmological field equations:

3(H+ g ) =20+ 00). (6a)
- (zH +3H? + %) = k2(p+ Pg) - (6b)

o Effective energy density and pressure of axion field:

] A
1 . 1 . bué  for the axial tetrad 62, ,
po =520 +V, Py= 552 -V —{ A o 7)
2k 2K 0  forthe vector tetrad 62, .

= Additional parity-odd pressure contribution for axial tetrad only.
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Dynamical system analysis

¢ Introduce phase space coordinates («, §) for vacuum case p = p = 0:

-1
b= ZRZXL H= 2 ———Vcosf, A=u s ———Vsinf . (8)
ZV1-a2’ 3 —3a? ’ 3 — 302
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Dynamical system analysis

¢ Introduce phase space coordinates («, §) for vacuum case p = p = 0:

1
(;'5:\/2/@22L H= 2 ———VcosB, A=u G ———Vsinf . (8)
ZV1—a2’ 3 —3a? ’ 3 —3a?

e Ranges of the phase space given by —1 < « < 1 and sgn u = sgnsin 3.
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1
(;'5:\/2/@22L H= 2 ———VcosB, A=u G ———Vsinf . (8)
ZV1—a2’ 3 —3a? ’ 3 —3a?

e Ranges of the phase space given by —1 < « < 1 and sgn u = sgnsin 3.
« Consider only simple case V = A/x? of cosmological constant A and Z = 1.
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Dynamical system analysis

¢ Introduce phase space coordinates («, §) for vacuum case p = p = 0:

1
b= ZHZXL H= 2 ———VcosB, A=u G ———Vsinf (8)
ZV1—a2’ 3 —3a? ’ 3 —3a? ’

e Ranges of the phase space given by —1 < « < 1 and sgn u = sgnsin 3.

« Consider only simple case V = A/x? of cosmological constant A and Z = 1.
= Autonomous dynamical system:

%: (%sinﬁ—\/ga) V1 —a2cosf, (9a)
B 302 — 1 b sin 3
A= ) o0
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Cosmological phase space

o, 4 Big Bang / Big Crunch singularities:

a==+1. (10)
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Cosmological phase space

o, 4 Big Bang / Big Crunch singularities:
a==+1. (10)
o, e Infinite expansion / contraction:

a=sing=0. (11)
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Cosmological phase space

o, 4 Big Bang / Big Crunch singularities:
oa=+1. (10)
o, e Infinite expansion / contraction:
a=sinf=0. (11)
* Saddle points:

bivw+

Y- sgnu, cosf=0. (12)
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Cosmological phase space
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Figure 1: minimal coupling b = 0. ‘:5_.;:‘7‘ ‘\Q{::L__,.j
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Cosmological phase space

Figure 2: weak coupling 0 < b < /8/3.
o, 4 Big Bang / Big Crunch singularities:

a==+1. (10)

o, e Infinite expansion / contraction:

B
o1

a=sinf=0. (11)
* Saddle points:
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Cosmological phase space

Figure 3: critical coupling b = /8/3.
o, 4 Big Bang / Big Crunch singularities:

a==+1. (10)
o, e Infinite expansion / contraction:
a=sinB=0. (11)
* Saddle points:

o b+vb%+8

ngnu, cosp=0. (12)
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Cosmological phase space

Figure 4: strong coupling b > /8/3.
o, 4 Big Bang / Big Crunch singularities:

a==+1. (10)
o, e Infinite expansion / contraction:
a=sinf=0. (11)
* Saddle points:

o b+vb?+38

ngnu, cosf=0. (12)
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Outline

e Extensions and alternatives
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Multiple axions

« Replace single axion by a multiplet ¢ = (¢*,A=1,...,n):
o For each axion, include pair by and ba of coupling parameters.

o Parameter functions V and Z depend on all pseudo-scalar fields ¢A.
o Single kinetic coupling function replaced by an indexed quantity Zas.
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Multiple axions

« Replace single axion by a multiplet ¢ = (¢*,A=1,...,n):
o For each axion, include pair by and ba of coupling parameters.

o Parameter functions V and Z depend on all pseudo-scalar fields ¢A.
o Single kinetic coupling function replaced by an indexed quantity Zas.

= Generalized action for multi-axion teleparallel gravity:

1 ~ -
Solt. 061 = 15 [ A0 [0 Tuso + CaTax + 0 Tin + bad P+ Bag#P

+ Zan(9)9" 0,6°0,0° + 262V(¢)] . (13)
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Dynamical couplings

¢ Replace constant parameters in the action by dynamical coupling functions of ¢:

o Axion couplings b and b replaced by functions B(¢) and B(¢).
o Even terms governed by ¢, receive non-minimal coupling through Ca ¢, ().
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Dynamical couplings

e Replace constant parameters in the action by dynamical coupling functions of ¢:

o Axion couplings b and b replaced by functions B(¢) and B(¢).
o Even terms governed by ¢, receive non-minimal coupling through Ca ¢, ().

= Generalized action with dynamical, non-minimal couplings:

Sglb, w, ¢] = /d4X9 55 Cv(¢) Tvec + Ca(®) Taxi + Ct(#) Tien

B(6)6P + B(6)oP + Z(6)9" 0,00,6 +2x2V(3)| . (14)
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Dynamical couplings

* Replace constant parameters in the action by dynamical coupling functions of ¢:
o Axion couplings b and b replaced by functions B(¢) and B(¢).
o Even terms governed by ¢, receive non-minimal coupling through Ca ¢, ().

= Generalized action with dynamical, non-minimal couplings:

’
Sylf,w, @) = /d4X9 5.2 [Cv(¢) Tvec + Ca(@) Taxi + Ct(9) Tten
+ B(6)oP + B(9)oP + Z(6)g" 0,00,6 + 262V(9)| . (14)
= Further generalization to multiple axion fields:
1
Solt.. 6] = 55 [ 40 [Cul)Tuoo + Cal @) Tar + Ci( ) T

+ BA(@)6"P + Ba(¢)6" P + Zap()9" 0,0/ 0,6° + 262V(9)| . (15)
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Symmetric teleparallel axions

L] Symmetric teleparallel graVity: [Nester, Yo '98; Beltran Jiménez, Heisenberg, Koivisto '17/18]
o Consider metric g,., and independent connection '*,, as dynamical variables.
o I'*,, required to have vanishing torsion, T*,, = 0, and curvature, R*,,, = 0.
o Gravitational interaction mediated by non-vanishing non-metricity Q,,., = V, g
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Symmetric teleparallel axions

° Symmetric teleparallel graVity: [Nester, Yo '98; Beltran Jiménez, Heisenberg, Koivisto '17/18]

o Consider metric g,., and independent connection '*,, as dynamical variables.

o I'*,, required to have vanishing torsion, T*,, = 0, and curvature, R*,,, = 0.

o Gravitational interaction mediated by non-vanishing non-metricity Q,,., = V, g
e Scalar and pseudo-scalar invariants:

o Five scalar invariants quadratic in non-metricity:

Q1 = Op;tl/QpMV’ QZ = QP PV QS = Qp#quVy7 Q4 = Qﬂupol/ypv QS = Q#upopyl/ . (16)

o One pseudo-scalar invariant: A
Q = ' Q/UJA Opa)\ . (1 7)
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Symmetric teleparallel axions

° Symmetric teleparallel graVity: [Nester, Yo '98; Beltran Jiménez, Heisenberg, Koivisto '17/18]

o Consider metric g,., and independent connection '*,, as dynamical variables.

o I'*,, required to have vanishing torsion, T*,, = 0, and curvature, R*,,, = 0.

o Gravitational interaction mediated by non-vanishing non-metricity Q,,., = V, g
e Scalar and pseudo-scalar invariants:

o Five scalar invariants quadratic in non-metricity:

Q1 = OPHVQPMV’ QZ = O;Al/prMV7 QS = Qp#quVy7 Q4 = Qﬂupol/ypv QS = Q#upopyl/ . (16)
o One pseudo-scalar invariant:

Q = ' Q/UJA Opa)\ . (1 7)

= Action for symmetric teleparallel gravity with axion field:

Solg. T, 6] = / d*X V=05 lz GiQi + bs0 + Z(9)g" 00,6 + 262V(9) | . (18)
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Symmetric teleparallel axions

° Symmetric teleparallel graVity: [Nester, Yo '98; Beltran Jiménez, Heisenberg, Koivisto '17/18]

o Consider metric g,., and independent connection '*,, as dynamical variables.

o I'*,, required to have vanishing torsion, T*,, = 0, and curvature, R*,,, = 0.

o Gravitational interaction mediated by non-vanishing non-metricity Q,,., = V, g
e Scalar and pseudo-scalar invariants:

o Five scalar invariants quadratic in non-metricity:

Q1 = Qpﬂyopuua QZ = OMVpruuy QS = Qp#qul/y7 Q4 = Qﬂupol/ypv QS = QMHPOPDV . (16)
o One pseudo-scalar invariant: A
Q = e Quua Qo™ (17)
= Action for symmetric teleparallel gravity with axion field:

Solg. T, 6] = / d*X V=05 lz GiQi + bs0 + Z(9)g" 00,6 + 262V(9) | . (18)

e May also be generalized to multiple axions and dynamical couplings.
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General teleparallel axions

[ General te|epara||e| graVity: [Beltran Jiménez, Heisenberg, losifidis, Jiménez-Cano, Koivisto '19]
o Combine features from metric and symmetric teleparallel gravity.
o Connection '*,,, has vanishing curvature, R*, ;.
o Gravity mediated by non-vanishing torsion T*,, and non-metricity Q.. .
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General teleparallel axions

[ ] General te|epara||e| graVity: [Beltran Jiménez, Heisenberg, losifidis, Jiménez-Cano, Koivisto '19]

o Combine features from metric and symmetric teleparallel gravity.
o Connection '*,,, has vanishing curvature, R*, .
o Gravity mediated by non-vanishing torsion T*,, and non-metricity Q.. .

e Further scalar and pseudo-scalar invariants combining torsion and non-metricity:
o Three additional scalar invariants:

Om/p TP ’ Quup TVVp ) qu“ Tuyp . (1 9)
o Three additional pseudo-scalar invariants:

e OMVT T(-rp)o— ) enre QTTM TVpO' ) e O,LLTT Tupo ) (20)
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General teleparallel axions

[ ] General te|epara||e| graVity: [Beltran Jiménez, Heisenberg, losifidis, Jiménez-Cano, Koivisto '19]

o Combine features from metric and symmetric teleparallel gravity.
o Connection '*,,, has vanishing curvature, R*, .
o Gravity mediated by non-vanishing torsion T*,, and non-metricity Q.. .

e Further scalar and pseudo-scalar invariants combining torsion and non-metricity:
o Three additional scalar invariants:

Om/p TP ’ Quup Tqu ) qu“ Tuyp . (1 9)
o Three additional pseudo-scalar invariants:

e OMVT T(-rp)o— ) enre QTTM TI/p(T ) e O,LLTT Tupo ) (20)

= General teleparallel gravity allows 6 different terms to couple to axions.
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Outline

e Conclusion
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1. Teleparallel gravity:
o Describes gravity in terms of torsion instead of curvature.
o Dynamical fields are tetrad 62, and flat, metric-compatible spin connection w?,,.
o Local Lorentz invariance allows using Weitzenbdck gauge w?p,, = 0.
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o Describes gravity in terms of torsion instead of curvature.
o Dynamical fields are tetrad 62, and flat, metric-compatible spin connection w?,,.
o Local Lorentz invariance allows using Weitzenbdck gauge w?p,, = 0.
2. Teleparallel axions:
o Teleparallel gravity action from terms quadratic in the torsion tensor.
o Parity-even terms form theories called new general relativity.
o Parity-odd terms may introduce coupling to pseudo-scalar fields.
= Possibility to couple gravitational axions to (generalizations of) general relativity.
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1. Teleparallel gravity:

o Describes gravity in terms of torsion instead of curvature.
o Dynamical fields are tetrad 62, and flat, metric-compatible spin connection w?p,,.
o Local Lorentz invariance allows using Weitzenb6ck gauge w?,, = 0.

2. Teleparallel axions:

o Teleparallel gravity action from terms quadratic in the torsion tensor.
o Parity-even terms form theories called new general relativity.
o Parity-odd terms may introduce coupling to pseudo-scalar fields.
= Possibility to couple gravitational axions to (generalizations of) general relativity.
3. Teleparallel axion cosmology:

o Teleparallel geometry has two homogeneous and isotropic branches.
o For the “vector” branch, axion coupling does not contribute to background dynamics.
o For the “axial” branch, new non-minimal coupling breaks parity invariance.
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1. Teleparallel gravity:

o Describes gravity in terms of torsion instead of curvature.
o Dynamical fields are tetrad 62, and flat, metric-compatible spin connection w?p,,.
o Local Lorentz invariance allows using Weitzenb6ck gauge w?,, = 0.

2. Teleparallel axions:

o Teleparallel gravity action from terms quadratic in the torsion tensor.
o Parity-even terms form theories called new general relativity.
o Parity-odd terms may introduce coupling to pseudo-scalar fields.
= Possibility to couple gravitational axions to (generalizations of) general relativity.
3. Teleparallel axion cosmology:
o Teleparallel geometry has two homogeneous and isotropic branches.
o For the “vector” branch, axion coupling does not contribute to background dynamics.
o For the “axial” branch, new non-minimal coupling breaks parity invariance.
4. Extensions and alternatives:
o Possible to use non-metricity instead of or in addition to torsion.
o Possible generalization with multiple axion fields or dynamical couplings.
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