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7 Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe (inflation, dark energy)?
o Relation between gravity and gauge theories / particle physics?
o How to quantize gravity?
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7 Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe (inflation, dark energy)?
o Relation between gravity and gauge theories / particle physics?
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o Based on tetrad and flat spin connection.
o Alternative formulation using metric and flat, metric-compatible connection.
o First order action, second order field equations.
o Spin connection as Lorentz gauge degree of freedom.
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7 Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe (inflation, dark energy)?
o Relation between gravity and gauge theories / particle physics?
o How to quantize gravity?
e Teleparallel gravity:
o Based on tetrad and flat spin connection.
o Alternative formulation using metric and flat, metric-compatible connection.
o First order action, second order field equations.
o Spin connection as Lorentz gauge degree of freedom.
e Cosmological perturbation theory:
o Consider approximation of gravitational field around FLRW background solution.
o Characterizes gravity theories by dynamics of the perturbations.
o Dynamics of perturbations related to observations (CMB, gravitational waves. . .).
~~ General framework invites for generic computer algebra implementation.
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7 Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe (inflation, dark energy)?
o Relation between gravity and gauge theories / particle physics?
o How to quantize gravity?
e Teleparallel gravity:
o Based on tetrad and flat spin connection.
o Alternative formulation using metric and flat, metric-compatible connection.
o First order action, second order field equations.
o Spin connection as Lorentz gauge degree of freedom.
e Cosmological perturbation theory:
o Consider approximation of gravitational field around FLRW background solution.
o Characterizes gravity theories by dynamics of the perturbations.
o Dynamics of perturbations related to observations (CMB, gravitational waves. . .).
~~ General framework invites for generic computer algebra implementation.
e Example discussed here: f(T) class of gravity theories:
o Simple yet general class of teleparallel gravity theories.
o Well-studied cosmological background dynamics and viable models.
o Consistent with post-Newtonian and gravitational wave experiments.
4 Strong coupling around flat FLRW background: missing perturbative modes.
~+ Need to study perturbations around spatially non-flat FLRW background.
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Definition of metric-affine geometry

e Metric tensor g,
o Defines length of and angle between tangent vectors.
o Defines length of curves and proper time.
o Defines causality (spacelike and timelike directions).
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e Metric tensor g,
o Defines length of and angle between tangent vectors.
o Defines length of curves and proper time.
o Defines causality (spacelike and timelike directions).
e Connection with coefficients ['*,:
o Defines covariant derivative V, of tensor fields.
o Defines parallel transport along arbitrary curves.
o Defines autoparallel curves via parallel transport of tangent vector.
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Definition of metric-affine geometry

e Metric tensor g,
o Defines length of and angle between tangent vectors.
o Defines length of curves and proper time.
o Defines causality (spacelike and timelike directions).
e Connection with coefficients I'*,:
o Defines covariant derivative V, of tensor fields.
o Defines parallel transport along arbitrary curves.
o Defines autoparallel curves via parallel transport of tangent vector.

I In general the connection is defined independently of the metric.
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Definition of metric-affine geometry

e Metric tensor g,

o Defines length of and angle between tangent vectors.

o Defines length of curves and proper time.

o Defines causality (spacelike and timelike directions).
e Connection with coefficients I'*,:

o Defines covariant derivative V, of tensor fields.

o Defines parallel transport along arbitrary curves.

o Defines autoparallel curves via parallel transport of tangent vector.
I In general the connection is defined independently of the metric.
e Three characteristic quantities:

o Curvature:

R ypoe = Oplt e — O TH T T e = TH 6T, (1)
o Torsion:
THyp=THpy —TH,,. (2)
o Nonmetricity:
Quvp =V 0.8vp = u8up — T vu8op — T7 pu8uo - (3)
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Teleparallel geometries

e Fundamental fields in the Palatini / metric-affine formulation:

o Metric tensor g, .
o Flat affine connection '*,, = 0: vanishing curvature

R o = 0uT 5 — O TP oy + TP M — TP T, = 0. (4)
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Teleparallel geometries

e Fundamental fields in the Palatini / metric-affine formulation:

o Metric tensor g, .
o Flat affine connection '*,, = 0: vanishing curvature

R o = 0uT 5 — O TP oy + TP M — TP T, = 0. (4)

e The flavors of teleparallel geometries: vanishing curvature
o Metric teleparallel geometry: vanishing nonmetricity

Qpp,u = vpgp,u =0. (5)

o Symmetric teleparallel geometry: vanishing torsion

TPy =170 — TP, =0. (6)

o General teleparallel geometry: allow both torsion T, and nonmetricity Q...
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Metric teleparallel geometry: tetrad and spin connection

e Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: A = HA#dx“ with inverse eq = ea*0,,.
o Spin connection: wig = wAB#dX“.
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Metric teleparallel geometry: tetrad and spin connection

e Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: A = HA#dx“ with inverse eq = ea*0,,.
o Spin connection: wig = wAB#dX“.
e Induced metric-affine geometry:
o Metric:
8w = nast” .08, . (7)
o Affine connection:
T, = ea (9,04, +w’p,08,) . (8)
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Metric teleparallel geometry: tetrad and spin connection

e Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: A = HA#dx“ with inverse eq = ea*0,,.
o Spin connection: wig = wAB#dX“.

e Induced metric-affine geometry:

o Metric:
Buv = nABaA[LHBl/ . (7)
o Affine connection:
My = eat (9,07, + w?p,0%,) . (8)
e Conditions on the spin connection:
o Flatness R = 0:
anABV — &,wABM + wACMwCBZ, — wACVwCBM =0. (9)
o Metric compatibility Q = 0:
nacw ey + necwa, = 0. (10)
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Local Lorentz invariance

e local Lorentz transformation of the tetrad only:

04, — 04, = Ng6B,, . (11)

v Metric is invariant: g/, = g,
4 Connection is not invariant: r’MV,) #IH,,.
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Local Lorentz invariance

e Local Lorentz transformation of the tetrad only:

07, — 04, = NMgo5, . (11)

v Metric is invariant: g/, = g,
4 Connection is not invariant: r’MV,) #IH,,.

e Perform also transformation of the spin connection:

WAB,U, — UJIABM — AAC(A_I)DBWCDM + /\Aca,u,(/\_l)CB ) (12)

T
v' Metric is invariant: g, = g
v" Connection is invariant: ["*,, =T#,,.
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Local Lorentz invariance

e local Lorentz transformation of the tetrad only:

07, — 04, = NMgo5, . (11)

v Metric is invariant: g/, = g,
4 Connection is not invariant: r’MV,) #IH,,.

e Perform also transformation of the spin connection:

WAB,U, — UJIABM — AAC(A_I)DBWCDM + /\Aca,u,(/\_l)CB ) (12)

v Metric is invariant: g, = guy-
v" Connection is invariant: ["*,, =T#,,.
= Metric-affine geometry equivalently described by:
o Metric g, and affine connection '*,,.
o Equivalence class of tetrad 6”4, and spin connection w”g,,.
o Equivalence defined with respect to local Lorentz transformations.
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Local Lorentz invariance

e Local Lorentz transformation of the tetrad only:

07, — 04, = NMgo5, . (11)

v Metric is invariant: g/, = g,
4 Connection is not invariant: r’MV,) #IH,,.

e Perform also transformation of the spin connection:

WAB,U, — UJIABM — AAC(A_I)DBWCDM + /\Aca,u,(/\_l)CB ) (12)

v Metric is invariant: g, = guy-
v" Connection is invariant: ["*,, =T#,,.
= Metric-affine geometry equivalently described by:
o Metric g, and affine connection '*,,.
o Equivalence class of tetrad 6%, and spin connection w”g,,.
o Equivalence defined with respect to local Lorentz transformations.

A

o Teleparallel geometry admits Weitzenbock gauge: w”pg, = 0.
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Linear perturbations of affine connections

o General affine connection perturbation: '*,, = I:“,,p +or+,,.
= Curvature perturbation:

SR 5y = V0T 5y =V, 0T 5y 4+ T 06T 5 (13)

= Torsion perturbation:
OTH,, =6, =o', (14)
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Linear perturbations of affine connections

o General affine connection perturbation: '*,, = I:“,,p +or+,,.
= Curvature perturbation:

OR? gy = N TP 5y = V0T oy + T 0T 5, (13)
= Torsion perturbation:

OTH,, =6, =o', (14)

e Restriction to particular geometries:
o Vanishing torsion T#,, = 0:

0=90T",, & d&M*,,=4",,. (15)
o Vanishing curvature R?,,, = 0:

0=0R"5u, & OI,= @pT"V. (16)
o Vanishing torsion T#,, = 0 and curvature R?,,, = 0:

0 == 5T“yp /\ 0 = 6Rpgl“, 4 6r“1/p - vagﬂ . (17)
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Linear perturbations of affine connections

o General affine connection perturbation: '*,, = I:“,,p +4l#,,. 64 components
= Curvature perturbation:

OR? gy = N TP 5y = V0T oy + T 0T 5, (13)
= Torsion perturbation:

OTH,, =6, =o', (14)

e Restriction to particular geometries:
o Vanishing torsion T#,, = 0: 40 components

0=90T",, & d&M*,,=4",,. (15)
o Vanishing curvature R?,,,, = 0: 16 components

0=0R"5u, & OI,= @pT"V. (16)
o Vanishing torsion T#,, = 0 and curvature R”,,,, = 0: 4 components

0 == 5T“yp /\ 0 = 6Rpgl“, 4 6r“1/p - vagﬂ . (17)
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Linear perturbations of affine connections

o General affine connection perturbation: '*,, = I:“,,p +or+,,.
= Curvature perturbation:

SR 5y = N 00T o — V0T 5y 4+ T 0T 5, (13)
= Torsion perturbation:

OTH,, =6, =o', (14)

e Restriction to particular geometries:
o Vanishing torsion T#,, = 0:

0=90T",, & d&M*,,=4",,. (15)
o Vanishing curvature R”,,, = 0:

0=0R"y,, < OMH,,=V,",. (16)
o Vanishing torsion T#,, =0 and curvature R”,,,, = 0: 4 components

0 == 5T“yp /\ 0 = 6Rpa—l“, 4 6r“1/p - vagﬂ . (17)

e In the following, focus on teleparallel case.
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Linear perturbations of metric-affine geometry

e General metric perturbation: gy, = gu, + 08uu-
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Linear perturbations of metric-affine geometry

e General metric perturbation: gy, = gu, + 08uu-
= Nonmetricity perturbation:

§Qpuv = V081w — Bov0T yp — 8oy - (18)
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Linear perturbations of metric-affine geometry

o General metric perturbation: g, = 8., + 08
= Nonmetricity perturbation:

§Qpuv = V081w — Bov0T yp — 8oy - (18)

e Restriction to particular geometries:
o Riemann-Cartan geometry Q,., = 0:

0=0Quw & Ewdlup+ o070y =V 0gu - (19)
o Riemannian geometry Q,,, =0and T#,, =0:
1 - - -
0=06TF, ) A0=0Qu, < o7, = ng"’ (Vu08ov + Viguo — Vobgu) - (20)
o Metric teleparallel geometry Q,,, =0 and R?;,, = 0:

0= 6Rpo-uy = 6Qp;u} =4 6g;,w = Tuv + T - (21)
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Linear perturbations of metric-affine geometry

o General metric perturbation: g, = gy, + 0gu,. 10 additional components
= Nonmetricity perturbation:

§Qpuv = V081w — Bov0T yp — 8oy - (18)

e Restriction to particular geometries:
o Riemann-Cartan geometry Q,,, = 0: 10 + 24 = 34 components

0=0Quw & Ewdlup+ o070y =V 0gu - (19)
o Riemannian geometry Q,,, =0 and T#,, = 0: 10 components
1 _ _ _
0=06TF, ) A0=0Qu, < o7, = ng"’ (Vu08ov + Viguo — Vobgu) - (20)
o Metric teleparallel geometry Q,,, =0 and R?;,, = 0: 16 components

0= 6Rpo-uy = 6Qp;u} =4 6g;,w = Tuv + T - (21)
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Linear perturbations of metric-affine geometry

e General metric perturbation: gy, = gu, + 08uu-
= Nonmetricity perturbation:

§Qpuv = V081w — Bov0T yp — 8oy - (18)

e Restriction to particular geometries:
o Riemann-Cartan geometry Q,., = 0:

0=0Quw & &l up+8uodT70p = V08 - (19)
o Riemannian geometry Q,,, =0and T#,, =0:
1 - - _
0=06TF, ) A0=0Qu, < o7, = ng (Vu08ov + Viguo — Vobgu) - (20)
o Metric teleparallel geometry Q,,, =0 and R?;,, = 0:

0= 6Rpazw N0 = 5Qﬂ/w <~ 6gul/ = Tuv + Top - (21)

e In the following, focus on metric teleparallel case.
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@ Gauge-invariant cosmological perturbations
o Computer algebra approach
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Cosmological metric teleparallel background geometry

e Friedmann-Lemaitre-Robertson-Walker metric:
Budx! @ dx” = —n,n, + h,, = —N2dt @ dt + A%y,,dx® @ dxP. (22)

= Scale factor A(t) and lapse function N(t) depend on time t, metric 7,5 does not.
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Cosmological metric teleparallel background geometry

e Friedmann-Lemaitre-Robertson-Walker metric:
Budx! @ dx” = —n,n, + h,, = —N2dt @ dt + A%y,,dx® @ dxP. (22)

= Scale factor A(t) and lapse function N(t) depend on time t, metric 7,5 does not.

e Cosmologically symmetric torsion and contortion tensors:

- 2V h,,n, + 29 ¢,, _ 2V h, 0 — e
Ty = ul p]A we. Koy = plp /]4 wp (23)
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Cosmological metric teleparallel background geometry

e Friedmann-Lemaitre-Robertson-Walker metric:
Budx! @ dx” = —n,n, + h,, = —N2dt @ dt + A%y,,dx® @ dxP. (22)

= Scale factor A(t) and lapse function N(t) depend on time t, metric 7,5 does not.

e Cosmologically symmetric torsion and contortion tensors:

- 2V h,,n, + 29 ¢,, _ 2V h, 0 — e
Ty = ul p]A we. Koy = plp /]4 wp (23)

e Two branches of cosmologically symmetric teleparallel geometries: H 2

1. “Vector” branch:
YV =H=xiu, « =0, (24)

2. "Axial” branch:
YV =H, o ==u. (25)

= Torsion depends on constant k = u? and conformal Hubble parameter H = N~19;A.
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Spatial geometry and 3 + 1 decomposition

e Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:

8uv = —nuny + hyy . (26)
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Spatial geometry and 3 + 1 decomposition

e Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:
8uv = —nuny + hyy . (26)

e Unit normal (co-)vector field:
nudx* = —Ndt. (27)
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Spatial geometry and 3 + 1 decomposition

e Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:
8uv = —nuny + hyy . (26)

e Unit normal (co-)vector field:
nudx* = —Ndt. (27)

e Induced metric h,, and constant background metric v, on spatial hypersurfaces:

hudx! @ dx” = A2y,pdx? @ dx?. (28)
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Spatial geometry and 3 + 1 decomposition

e Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:

8w = —Nuny + hyy (26)
e Unit normal (co-)vector field:
nudx* = —Ndt. (27)
e Induced metric h,, and constant background metric v, on spatial hypersurfaces:
hudx! @ dx” = A2y,pdx? @ dx?. (28)
e Totally antisymmetric tensors €,,,, and v,pc on spatial hypersurfaces:

Euvp = N €epup s  Epvpdx! @ dx” @ dx? = Avpedx? @ dx? @ dx€. (29)
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Spatial geometry and 3 + 1 decomposition

e Decomposition of Friedmann-Lemaitre-Robertson-Walker metric:

8w = —Nuny + hyy (26)
e Unit normal (co-)vector field:
nudx* = —Ndt. (27)
e Induced metric h,, and constant background metric v, on spatial hypersurfaces:
hudx! @ dx” = A2y,pdx? @ dx?. (28)
e Totally antisymmetric tensors €,,,, and v,pc on spatial hypersurfaces:

Euvp = N €epup s  Epvpdx! @ dx” @ dx? = Avpedx? @ dx? @ dx€. (29)

Levi-Civita covariant derivative d, of background metric 7,p.
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Projectors and tensor decomposition

e Introduce covariant and contravariant spatial projectors:

N20,® dx" = Ad 0, ® dx®, TH9, @ dx® = A~165 0, ® dx?. (30)

Manuel Hohmann (University of Tartu) Cosmological perturbations in teleparallel gravity 15. November 2021 18 /58



Projectors and tensor decomposition

e Introduce covariant and contravariant spatial projectors:
N20,® dx" = Ad 0, ® dx®, TH9, @ dx® = A~165 0, ® dx?. (30)
= Relation of projectors with temporal and spatial metric components:

na4 =0, n"N3 =0, hMENG =7a, YabM3M2 = hy,. (31)
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Projectors and tensor decomposition

e Introduce covariant and contravariant spatial projectors:

N20,® dx" = Ad 0, ® dx®, TH9, @ dx® = A~165 0, ® dx?. (30)
= Relation of projectors with temporal and spatial metric components:
na4 =0, n"N3 =0, hMENG =7a, YabM3M2 = hy,. (31)
= Decomposition of Kronecker symbol:
0 = —ntn, + h = —ntn, + NENZ I'IZI'I‘; =0p. (32)
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Projectors and tensor decomposition

e Introduce covariant and contravariant spatial projectors:
N20,® dx" = Ad 0, ® dx®, TH9, @ dx® = A~165 0, ® dx?. (30)

= Relation of projectors with temporal and spatial metric components:
na4 =0, n"N3 =0, hMENG =7a, YabM3M2 = hy,. (31)

=- Decomposition of Kronecker symbol:
of = —nfn, + h = —n*n, + NEN5, NN = 67 (32)
e Introduce space-time split of covariant and contravariant tensors:
X=N1X0,+A1X%0, « X0=-nX'=NX", X7=T3X'=AX", (33a)
& Xo=mX,=N1X, Xo=MN:X,=A"1X,. (33b)

X = NXydt + AX, dx?

15. November 2021 18 /58
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Projectors and tensor decomposition

e Introduce covariant and contravariant spatial projectors:
N20,® dx" = Ad 0, ® dx®, TH9, @ dx® = A~165 0, ® dx?. (30)

= Relation of projectors with temporal and spatial metric components:
na4 =0, n"N3 =0, hMENG =7a, YabM3M2 = hy,. (31)

=- Decomposition of Kronecker symbol:
of = —nfn, + h = —n*n, + NEN5, NN = 67 (32)
e Introduce space-time split of covariant and contravariant tensors:
X=N1X0,+A1X%0, « X0=-nX'=NX", X7=T3X'=AX", (33a)
. (33b)

X = NXodt + AX, dx? s Xo=mX,=N1X, X,=NX,=A"X,
= Indices of decomposed components are raised and lowered with Minkowski metric
XH=gX, o X o, X7=7"X,. (34)
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Cosmological perturbations in teleparallel gravity

Manuel Hohmann (University of Tartu)



Derivative decomposition

e Space-time split of Levi-Civita covariant derivative:

VX5 =
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Derivative decomposition

e Space-time split of Levi-Civita covariant derivative:

VaX? = (K] = nan)(hE — nPns)V,(n° X0 4+ NX2)

e Introduce projectors for space-time split.
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Derivative decomposition

e Space-time split of Levi-Civita covariant derivative:
VaX? = (K] = nan)(hE = nPns)V,(n° X0 + N X2)
n ~ P
- Na(nﬂatXO +M%0,.X?)
e Introduce projectors for space-time split.

e |dentify components originating from index choice:
1. Derivative in time direction yields time derivatives.
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Derivative decomposition

e Space-time split of Levi-Civita covariant derivative:
VaX? = (K] = nan)(hE — nPns)V,(n° X0 + NX2)

«a C < rla < <
. "N(nﬁatx0 +MJ0:X%) + (074, X0 + N%d,X®)

e Introduce projectors for space-time split.
e Identify components originating from index choice:
1. Derivative in time direction yields time derivatives.
2. Derivative in spatial direction yields spatial derivatives.
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Derivative decomposition

e Space-time split of Levi-Civita covariant derivative:
VaX? = (K] = nan)(hE — nPns)V,(n° X0 + NX2)
n ¢ o na o ~ N PN
- _ ﬁ(nﬁatxo +N%8,.X?) + f(nﬁdaXO + M0d.XP) + H(BZXO + ~.,N2 07 XP)
(35)
e Introduce projectors for space-time split.

e Identify components originating from index choice:
1. Derivative in time direction yields time derivatives.

2. Derivative in spatial direction yields spatial derivatives.
3. Mixed Christoffel symbols contain Hubble parameter.
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Derivative decomposition

e Space-time split of Levi-Civita covariant derivative:
VaX? = (K] = nan)(hE — nPns)V,(n° X0 4+ NX2)

n ¢ o na o o “ -
= — 1 (070:X0 + NJ0,X2) + 2 (nPd, X0 + N0d.X5) + H(hXO + ~,,M2n° XP)
(35)
e Introduce projectors for space-time split.
e Identify components originating from index choice:
1. Derivative in time direction yields time derivatives.
2. Derivative in spatial direction yields spatial derivatives.
3. Mixed Christoffel symbols contain Hubble parameter.

e Hubble parameter enters through derivative of projectors:
o Eulerian observers move on geodesics = acceleration vanishes:

a, =n"V,n,=0. (36)
o Spatial geometry is maximally symmetric = extrinsic curvature:

KMV = %Mnu + nuay = HhHV : (37)
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Time coordinate and derivatives

e Lapse function N can be fixed by choice of time coordinate:
o Cosmological time t = #: lapse function N = 1.
o Conformal time t = t: lapse function N = A.
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Time coordinate and derivatives

e Lapse function N can be fixed by choice of time coordinate:
o Cosmological time t = #: lapse function N = 1.
o Conformal time t = t: lapse function N = A.

e Relation between different time coordinates:

di = Ndt = Adt. (38)
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Time coordinate and derivatives

e Lapse function N can be fixed by choice of time coordinate:
o Cosmological time t = #: lapse function N = 1.
o Conformal time t = t: lapse function N = A.

e Relation between different time coordinates:
dt = Ndt = Adt. (38)

e Common notation for derivatives of scalar function f = f(t):

o Cosmological time derivative:
df 1

o Conformal time derivative: i A
20 A
fl = m Natf. (40)
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Time coordinate and derivatives

e Lapse function N can be fixed by choice of time coordinate:
o Cosmological time t = #: lapse function N = 1.
o Conformal time t = t: lapse function N = A.

e Relation between different time coordinates:
dt = Ndt = Adt. (38)

e Common notation for derivatives of scalar function f = f(t):

o Cosmological time derivative:
df 1

o Conformal time derivative: i A
20 A
fl = m Natf. (40)

e Example: cosmological and conformal Hubble parameters H, H:

A
H:Z:A:AH’ (41)
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Perturbation decomposition

1. Consider linear perturbation 7, = ’I’]ABH_AM(SQB,, of tetrad.
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Perturbation decomposition

1. Consider linear perturbation 7, = nAgéAM(WBV of tetrad.
2. Perform space-time split Ty ~> 700, 720, T0b, Tab-
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Perturbation decomposition

1. Consider linear perturbation 7, = nAgéAM(WBV of tetrad.
2. Perform space-time split Ty ~> 700, 720, T0b, Tab-
3. Irreducible decomposition of tetrad components:

00 = ¢, (42a)
#ob = dpj + by, (42b)
7,:30 = da)A/ + ‘73 ) (42C)
. ~ n R N 1,

Tab = @ZJ’Yab +dadpd +dpCs + Uabc(dCE + WC) + Eqab . (42d)
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Perturbation decomposition

1. Consider linear perturbation 7, = nAgéAM(WBV of tetrad.
2. Perform space-time split Ty ~> 700, 720, T0b, Tab-
3. Irreducible decomposition of tetrad components:

00 = ¢, (42a)
#ob = dpj + by, (42b)
7,:30 = da)A/ + ‘73 ) (42C)
. ~ n R N 1,

Tab = @ZJ’Yab +dadpd +dpCs + Uabc(dCE + WC) + Eqab . (42d)

4. Conditions on vector and tensor components:

dob? =da07 = da8? = d,W? =0, dad® =0, &y =0, §°=0. (43)
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Perturbation decomposition

1. Consider linear perturbation 7, = nAgéAM(WBV of tetrad.
2. Perform space-time split Ty ~> 700, 720, T0b, Tab-
3. Irreducible decomposition of tetrad components:

00 = ¢, (42a)
#ob = dpj + by, (42b)
7,:30 = da)A/ + ‘73 ) (42C)
. ~ n . N 1,

Tab = @ZJ’Yab +dadpd +dpcs + Uabc(dcg + WC) + Eqab . (42d)

4. Conditions on vector and tensor components:
d,b? =d,0? =d,e? =d,w? =0, d.4?°=0, Gae) =0, Ga"=0. (43)

5. NOte that the term dbea is not SymmetrizedZ [Golovnev, Koivisto 18]
o Antisymmetric part d,¢p = %Uabcvdecdd&e can be absorbed into W?.
o Vanishing divergence follows from Bianchi identity

1
de(v™dge) = v7d[dy e = 5vde‘fref ccdlr = 0. (44)
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Perturbed gravitational field equations

e Perturbative expansion of gravitational field equations:

EA“—F@A“: EA“:@AM:(:)A“—FTA“, (45)
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Perturbed gravitational field equations

e Perturbative expansion of gravitational field equations:
EA“ + Gt = EpF = O4F = éA'u + TA“: (45)
e Structure of background equations determined by cosmological symmetry:

Nn,n, + Hhy = _W = éAMngEAP = §Aug,,p Ta? = (:)W = pnyny + phy, . (46)
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Perturbed gravitational field equations

e Perturbative expansion of gravitational field equations:
Eat + €t = Ept = OpF = OpF + T ", (45)
e Structure of background equations determined by cosmological symmetry:
Nnyny, + Hhy = E;w = éAMngEAP = §Aug,,p Ta? = (:)W = pnyny + phy, . (46)
= Gravitational side of field equations determined by background density and pressure:

F=M, B=9. (47)
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Perturbed gravitational field equations

e Perturbative expansion of gravitational field equations:
Eat + €t = Ept = OpF = OpF + T ", (45)
e Structure of background equations determined by cosmological symmetry:
Nn,n, + Hhy = E;w = éAMngEAP = §Aug,,p Ta? = (:)W = pnyny + phy, . (46)
= Gravitational side of field equations determined by background density and pressure:
p=N, p=9H. (47)
= Perturbed field equations:

Qf;w = éAlugprAp = éAugup‘IAp = T,uu . (48)
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Perturbed gravitational field equations

e Perturbative expansion of gravitational field equations:
Eat + €t = Ept = OpF = OpF + T ", (45)
e Structure of background equations determined by cosmological symmetry:
Nn,n, + Hhy = E;w = éAMngEAP = §Aug,,p Ta? = (:)W = pnyny + phy, . (46)
= Gravitational side of field equations determined by background density and pressure:
p=N, p=9. (47)
= Perturbed field equations:
€ = 0u80pCa" = 0%,8,)TA" = Tuw - (48)

e Quantities 9N, H and €, determined from gravity theory.
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Irreducible decomposition of perturbed equations

e Decomposition of perturbed gravitational field tensor similar to tetrad:

Eoo =, (49a)
Eop = dpJ + By, (49b)
éaO = das\/ + ‘737 (49C)
A A ~ ~ N ~ 1.

Cap = Vyap +dadp2 +daCp + Uabc(dC: + WC) + EQab . (49d)
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Irreducible decomposition of perturbed equations

e Decomposition of perturbed gravitational field tensor similar to tetrad:

Eoo = P, (49a)
Eop = dpJ + By, (49b)
Co=d.¥V + Vs, (49¢)
Eap = Urap + dadp 4 d,Cp + vape(d°= + WE) + %Qab : (49d)
e Decomposition of perturbed energy-momentum around perfect fluid:

Too =&+, (50a)
oo = = [(7+ P)(doL + 2b) + B(¥ + db)] | (50b)
Too = = [(5+ PNdol + &+ 05 + da) + B(ba + daf)] (50)

Tab = Pap + dadpS — %ASA’Yab +d(Ve) + Tab
=B |00 + dodad + duth — vabe(dE + W) 4 50| - (500)
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Gauge transformations and gauge-invariant variables

e Consider infinitesimal coordinate transformation:

X = xt 4 XM (51)
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Gauge transformations and gauge-invariant variables

e Consider infinitesimal coordinate transformation:
XM= xt 4 XP. (51)
= Induced changed of tetrad perturbation around fixed background §AH:

004, — 604, = (Ex0)*, . (52)
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Gauge transformations and gauge-invariant variables

e Consider infinitesimal coordinate transformation:
XM= xt 4 XP. (51)
= Induced changed of tetrad perturbation around fixed background §AH:
004, — 604, = (Ex0)*, . (52)
= Resulting change in perturbation tensor:

Ty — T;“/ = @VXM — :r/“/po = 6VXM + RMVPXP . (53)
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Gauge transformations and gauge-invariant variables
(51)

e Consider infinitesimal coordinate transformation:
x'H = xH 4 XM

= Induced changed of tetrad perturbation around fixed background Q_AH.
004, — 604, = (Ex0)*, . (52)

= Resulting change in perturbation tensor:
Ty — T/.IU/ = @VXM . :r/“/po = 6VXM + RMVPXP . (53)

= Similar relations for gravitational field equations:
Eu — €, = XPV B + Eay VX7 + T755X Eqyy | (54a)
Tw — Ty = XV 0, + Oy VX + T755X00 . (54b)
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Gauge transformations and gauge-invariant variables

e Consider infinitesimal coordinate transformation:

X = xt 4 XM (51)
= Induced changed of tetrad perturbation around fixed background Q_AH:
004, — 604, = (Ex0)*, . (52)
= Resulting change in perturbation tensor:
Tuw — T[w =V, X, — Tw’X, = %VXM + KX, . (53)
= Similar relations for gravitational field equations:
Eu — €, = XPV B + Eay VX7 + T755X Eqyy | (54a)
Tw — Ty = XV 0, + Oy VX + T755X00 . (54b)

e Irreducible decomposition of gauge transforming vector field:

XOZ)I\(J_, f(a:da)A<||+2a. (55)
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Gauge transformations and gauge-invariant variables

e Consider infinitesimal coordinate transformation:

X = xt 4 XM (51)
= Induced changed of tetrad perturbation around fixed background Q_AH:
004, — 604, = (Ex0)*, . (52)
= Resulting change in perturbation tensor:
Tuw — T[w =V, X, — Tw’X, = %VXM + KX, . (53)
= Similar relations for gravitational field equations:
Eu — €, = XPV B + Eay VX7 + T755X Eqyy | (54a)
Tw — Ty = XV 0, + Oy VX + T755X00 . (54b)

e Irreducible decomposition of gauge transforming vector field:
XOZ)I\(J_, f(a:da)A<||+2a. (55)

~> Gauge condition on perturbation variables = fixed choice of X.
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1. “Zero gauge":

{:?:0’ €, =0 (56)
S AT =]+ H-)s, AKX =6, AlZ=4¢ (57)
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1. “Zero gauge":

j=¢=0, £ =0 (56)
A K =]+ (H-V)e, AT =6, A2 =4, (57)
2. Newtonian gauge: A .
£+,§'=¢3=0, b,+V,=0 (58)
= AKX =j+y-08, AKX =6, (ALY =by+1s. (59)
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1. “Zero gauge":
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Gauge-invariant perturbations

e Scalar and pseudo-scalar perturbations:

) =)+ ATHKL g=06-A"X, (62a)
g=y AR, j=i-ATEK e -k (62)
E=évAlaX), $=06- AKX, (62c)
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Gauge-invariant perturbations

e Scalar and pseudo-scalar perturbations:

=P+ ATHEL G=06-A"K|, (62a)
y=y AKX -7, J=i-ATXO (7 =X, (62b)
E=Ev Ak, $=d-ATK, (62¢)
e Vector and pseudo-vector perturbations:
Ea=8— A2, Va=0— AN -7 2a), (63a)
b = b, — ANV - H)Zs, Wo =W, + AN 2, (63b)
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Gauge-invariant perturbations

e Scalar and pseudo-scalar perturbations:

Y =0+ ATTHKL, 6=6-A"1X (62a)
y=y AKX -7, J=i-ATXO (7 =X, (62b)
E=E+ A1), d=0¢—AX] (62c)

e Vector and pseudo-vector perturbations:
Ea=8— A2, Va=0—ANZ-72Z),  (63a)
b, =b,— ATY (Y —H)Z,, Wo =W, + AN 2, (63b)

e Tensor perturbation:

‘:7 = Gap (64)

15. November 2021
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Gauge-invariant components of gravitational side

e Scalar components:

b= b A(MKL - X)), b=U-Atom-a)k, (65)
Y=V -AY 7 —H)NK - 9X4], E=Z+A 97X, (65b)
J=T-AH[(V -H)H-HNK +NX[}, T=2+A1aK|, (65c)
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Gauge-invariant components of gravitational side

e Scalar components:

$=d-AIMNX - X0, b=U-A1oH-95)X, (65)
Y=V - AT - H)NK - HK], E=Z+A 97X, (65b)
J=T-AH[(V -H)H-HNK +NX[}, T=2+A1aK|, (65¢)

e Vector components:
C.=C+A9HZ,, W, =W, +A 9 Z,, (66a)
Vo= Vo ANV —H)NZ:, Bo=B,— AH[(V — H)$H — HN]Zs + NZ,}, (66b)
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Gauge-invariant components of gravitational side

e Scalar components:

$=o - AKX - X)), b=W- A (oH-9)X. (65)
Y=V - AT - H)NK - HK], E=Z+A 97X, (65b)
J=T-AH[(V -H)H-HNK +NX[}, T=2+A1aK|, (65¢)
e Vector components:

C.=C+A9HZ,, W, =W, +A 9 Z,, (66a)
Vo= Vo ANV —H)NZ:, Bo=B,— AH[(V — H)$H — HN]Zs + NZ,}, (66b)

e Tensor component: A A
Qab - Qab (67)
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Gauge-invariant matter variables

e Gauge-invariant density perturbation:

A

E=E+A1X7. (68)
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Gauge-invariant matter variables

e Gauge-invariant density perturbation:
E=E+A1X7. (68)

e Gauge-invariant pressure perturbation:

A

P=P+A X . (69)

? ?
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Gauge-invariant matter variables

e Gauge-invariant density perturbation:

E=E+A7X7. (68)
e Gauge-invariant pressure perturbation:

P=P+AXp. (69)
e Decompose velocity perturbation into transverse and longitudinal part:

L=L+(ATX). Xo=Ht+(A12)). (70)

?
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Gauge-invariant matter variables

e Gauge-invariant density perturbation:
E=E+A7X7. (68)
e Gauge-invariant pressure perturbation:
P=P+AXp. (69)
e Decompose velocity perturbation into transverse and longitudinal part:
L=L+(A'X), X=X +(A'Z). (70)
e Anisotropic stress is gauge-invariant; decompose into scalar, vector, tensor:

N

§=38, ?azf}a, Tab:tb- (71)

?
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Gauge-invariant field equations

e Decompose perturbed field equations into irreducible components:
o Scalar components:

J=—-(p+P)L-py, Y=—(F+p)L+9). (72a)
A N 1 . N N N ~
¥ =P 05-pY, d=£+5d (72¢)
o Vector components:
N R _a N o 1 N
V.= —(7+p)(X,+v.) - pb.. Ws = Pirs — Svancd’V",  (732)
73 = —(p-I-P)Xb—PVb, ¢a Z\?a- (73b)
o Tensor component: . .
?Qab = 2Tab - b‘:’ab . (74)
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Gauge-invariant field equations

e Decompose perturbed field equations into irreducible components:
o Scalar components:

J=—-(p+P)L-py, Y=—(F+p)L+9). (72a)
A N 1 . N N N ~
¥ =P 05-pY, d=£+5d (72¢)
o Vector components:
N R _a N o 1 N
V.= —(7+p)(X,+v.) - pb.. Ws = Pirs — Svancd’V",  (732)
73 = —(p-I-P)Xb—PVb, ¢a Z\?a- (73b)
o Tensor component: . .
?Qab = 2Tab - b‘:’ab . (74)

v Equations are fully gauge-invariant.
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Gauge-invariant field equations

e Decompose perturbed field equations into irreducible components:
o Scalar components:

J=—-(p+P)L-py, Y=—(F+p)L+9). (72a)
A N 1 . N N N ~
¥ =P 05-pY, d=£+5d (72¢)
o Vector components:
N R _a N o 1 N
V.= —(7+p)(X,+v.) - pb.. Ws = Pirs — Svancd’V",  (732)
73 = —(p-I-P)Xb—PVb, ¢a Z\?a- (73b)
o Tensor component: . .
?Qab = 2Tab - b‘:’ab . (74)

v Equations are fully gauge-invariant.

~> Remaining task: determine components of gravity side from gravity theory.
15. November 2021 31/58
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Key features needed from implementation (WIP)

1. Pre-defined geometric objects:

o Tetrad with cosmological symmetry and its perturbation.
o Different connections: Levi-Civita and metric teleparallel.
o Tensors related to curvature and torsion.
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Key features needed from implementation (WIP)

1. Pre-defined geometric objects:

o Tetrad with cosmological symmetry and its perturbation.
o Different connections: Levi-Civita and metric teleparallel.
o Tensors related to curvature and torsion.
2. Variables specific to cosmological perturbations:
o Energy-momentum variables: density, pressure, velocity, anisotropic stress.
o Spatial geometry with metric ., and Levi-Civita derivative d,.
o Projectors M4 and I17, to facilitate 3 + 1 split.
o Time-dependent scalar functions: N, A,H, H, 7V, o, ...
o Irreducible components of tetrad perturbation and perturbed field equations.
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Key features needed from implementation (WIP)

1. Pre-defined geometric objects:
o Tetrad with cosmological symmetry and its perturbation.
o Different connections: Levi-Civita and metric teleparallel.
o Tensors related to curvature and torsion.

2. Variables specific to cosmological perturbations:

o Energy-momentum variables: density, pressure, velocity, anisotropic stress.
o Spatial geometry with metric ., and Levi-Civita derivative d,.

o Projectors M4 and I17, to facilitate 3 + 1 split.
o Time-dependent scalar functions: N, A,H, H, 7V, o, ...
o Irreducible components of tetrad perturbation and perturbed field equations.

3. Algorithms typically used in cosmological perturbations:

o Linear perturbation of all quantities with respect to tetrad perturbation.

o 34 1 decomposition of tensors and connection coefficients into time and space.

@]

O O O

Substitution of background values for cosmologically symmetric tensors.
Irreducible decomposition of perturbations.

Transformation from and to gauge-invariant variables.
Transformation between different choice of time coordinate.

Manuel Hohmann (University of Tartu)
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Work in progress: some known quantities

1. Scalar functions of time:

In[]:= {LapseF[], ScaleF[], Hubble[],
CHubble[], VecTor[], AxiTor[1}
out (1= {N,A,H,H,V o/}
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Work in progress: some known quantities

1. Scalar functions of time:

In[]:= {LapseF[], ScaleF[], Hubble[],
CHubble[], VecTor[], AxiTor[1}
out (1= {N,A,H,H,V o/}

2. Background metric and its decomposition:

In[]:= SMet[-T4x, -T4f] - Orth[-T4x] * Orth[-T4p]
Out [1= —nang + hap

In[]:= ProjectorToMetric[%]

Out [1= gap
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Work in progress: some known quantities

1. Scalar functions of time:

In[]:= {LapseF[], ScaleF[], Hubble[],
CHubble[], VecTor[], AxiTor[1}
out (1= {N,A,H,H,V o/}

2. Background metric and its decomposition:

In[]:= SMet[-T4x, -T4f] - Orth[-T4x] * Orth[-T4p]
Out [1= —nang + hap

In[]:= ProjectorToMetric[%]

Out [1= gap

3. Projector fields:

In[]:= {ProjCon[-T4x, T3al, ProjCov[T4x, -T3al}
Out [1= {I'Ig,l'lg}
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Work in progress: 3 + 1 decomposition of tensors

1. Usual 3 + 1 decomposition g;,, ~ go0, 820, gobs ab Uses lapse and scale factor:

In[]:= SpaceTimeSplits[Met[-T4x, -T4(3],
{-T4x — -T3a, -T4p — -T3b}]
out (1= {{N?8o0, NAZos}, { NAZ:0, A*&ab } }
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Work in progress: 3 + 1 decomposition of tensors

1. Usual 3 + 1 decomposition g;,, ~ go0, 820, gobs ab Uses lapse and scale factor:
In[]:= SpaceTimeSplits[Met[-T4x, -T4(3],
{-T4x — -T3a, -T4p — -T3b}]
out (1= {{N*&oo, NABob}, {NAZa0, A&ab} }
2. Alternative approach using projectors and without explicit factors:
In[]:= SpaceTimeExpand[Met [-T4x, -T4[3]]
Out [1= nanggoo — ngl38oa — nall38oa + ”Zﬂfgéab
In[]:= SpaceTimeSplits[%, {-T4x — -T3a, -T4p3 — -T3b}]
out (1= {{N?8oo, NAob}, { NABa0, A*&ab} }
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Work in progress: 3 + 1 decomposition of tensors

1. Usual 3 + 1 decomposition g;,, ~ go0, 820, gobs ab Uses lapse and scale factor:

In[]:= SpaceTimeSplits[Met[-T4x, -T4(3],
{-T4x — -T3a, -T4p — -T3b}]
out (1= {{N?8o0, NAZos}, { NAZ:0, A*&ab } }

2. Alternative approach using projectors and without explicit factors:

In[]:= SpaceTimeExpand[Met [-T4x, -T4[3]]

Out [1= nanggoo — ngl38oa — nall38oa + ”Zﬂfgéab

In[]:= SpaceTimeSplits[%, {-T4x — -T3a, -T4p3 — -T3b}]
out (1= {{N?go0, NAZob }, { NAZz0, A*Eab } }

3. Use automatic background substitution ggo = —1, 802 = 0, &ap = Vab:

In[]:= SpaceTimeSplits[Met[-T4x, -T4(3],
{-T4x — -T3a, -T43 — -T3b}, UseCosmoRules — True]
Out []= {{N2a0}7{07A2’73b}}
In[]:= SpaceTimeExpand[Met [-T4x, -T4p], UseCosmoRules — True]
Out [1= —neng + ngngyab
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Work in progress: 3 + 1 decomposition of derivatives

1. Partial derivative of scalar

In[]:= DefTensor[S[], {MfSpacetimel}]
In[]:= SpaceTimeSplits[PD[-T4«] [S[]1], {-T4x — -T3al}]
out (1= {05, 0,5}
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Work in progress: 3 + 1 decomposition of derivatives

1. Partial derivative of scalar:

In[]:= DefTensor[S[], {MfSpacetimel}]
In[]:= SpaceTimeSplits[PD[-T4«] [S[]1], {-T4x — -T3al}]
out (1= {05, 0,5}

2. Levi-Civita covariant derivative of vector field:

In[]:= DefTensor [X[T4al, {MfSpacetime}]
In[]:= SpaceTimeSplits[CD[-T4od [X[T431],
{-T4x — -T3a, T43— T3b}]

%0 b 0 b b &
o {{85F, 2] {4+ 20, 680 1 shm
L
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Work in progress: 3 + 1 decomposition of derivatives

1. Partial derivative of scalar:

In[]:= DefTensor[S[], {MfSpacetimel}]
In[]:= SpaceTimeSplits[PD[-T4«] [S[]1], {-T4x — -T3al}]
out (1= {05, 0,5}

2. Levi-Civita covariant derivative of vector field:

In[]:= DefTensor [X[T4al, {MfSpacetime}]
In[]:= SpaceTimeSplits[CD[-T4od [X[T431],
{-T4x — -T3a, T43— T3b}]

%0 b 0 b b &
o {{85F, 2] {4+ 20, 680 1 shm
L

3. Purely spatial part:

In[]:= SpaceTimeSplits[SD[-T4«] [ProjectorSMet [X[T4(3]11],
{-T4x — -T3a, T4p— T3b}]

Out []= {{070} ’ {0’ daj{b }}

L 1
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Work in progress: calculating perturbations

1. Tetrad perturbation is expanded into 7,4:

In[]:= Perturbation[Tet [L4l, -T4al]

Out [1= rﬂaerﬂ

In[]:= Perturbation[InvTet [-L4I", T4x]]
Out [1= —erﬁTalg
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Work in progress: calculating perturbations

1. Tetrad perturbation is expanded into 7,4:

In[]:= Perturbation[Tet [L4l, -T4al]

Out [1= rﬂaerﬂ

In[]:= Perturbation[InvTet [-L4I", T4x]]
Out [1= —erﬁTalg

2. Perturbations of common tensors:

In[]:= Perturbation[Met [-T4x, -T43]1]

Out [1= Tag + Tsa

In[]:= Perturbation[TorsionFD[T4«x, -T4R, -T4y]]
out [1= Vg%, — V, 7%
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Work in progress: calculating perturbations

1. Tetrad perturbation is expanded into 7,4:

In[]:= Perturbation[Tet [L4l, -T4al]

Out [1= Tﬂaerﬂ

In[]:= Perturbation[InvTet [-L4I", T4x]]
Out [1= —erﬁTalg

2. Perturbations of common tensors:

In[]:= Perturbation[Met [-T4x, -T43]1]

Out [1= Tag + Tsa

In[]:= Perturbation[TorsionFD[T4«x, -T4R, -T4y]]
out [1= Vg%, — V, 7%

3. Perturbation of field equations defined from mixed form:

In[]:= Perturbation[GravField[-T4o, -T43]1]
Out []= Qzaﬂ + Ea7757 + E75T,ya + EoﬂTfyﬁ
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Work in progress: irreducible decomposition

1. Spatial part of tetrad perturbation:

In[]:= ExpandTau[CT[Tau] [-T3a, -T3b]]
Out [1= yap + dadpd + dpa + Vapc(d°E + WE) + Ldp
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Work in progress: irreducible decomposition

1. Spatial part of tetrad perturbation:

In[]:= ExpandTau[CT[Tau] [-T3a, -T3b]]
out [1= Pyap + dadpd + dps + Vabc (A€ + W) + 1ap

2. Properties of irreducible components:

In[]:= {BD[T3a] [CT[TauSSt] [-T3a, -T3b]], CT[TauSSt][T3a, -T3a],
CT[TauSsSt] [-T3a, -T3b] - CT[TauSSt] [-T3b, -T3al}

Out []= {daaaba 4%a, Qab — é\]ba}

In[]:= IrrDecomp /@ %

Out []= {0, 0,0}
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Work in progress: irreducible decomposition

1. Spatial part of tetrad perturbation:

In[]:= ExpandTau[CT[Tau] [-T3a, -T3b]]
Out []= ¢'Yab +dydpd + dpCs + Uabc(dcf + WC) + %é\]ab

2. Properties of irreducible components:

In[]:= {BD[T3a] [CT[TauSSt] [-T3a, -T3b]], CT[TauSSt][T3a, -T3a],
CT[TausSSt] [-T3a, -T3b] - CT[TausSSt][-T3b, -T3al}

Out [1= {daaaba ?Jaa, é\Iab - é\]ba}

In[]:= IrrDecomp /@ %

Out []= {0, 0,0}

3. Similar expansions for gravitational field and energy-momentum:

In[]:= ExpandGrav[CT[GravPert] [-T3a, -LI[0]]]

out (1= d,¥Y + V,

In[]:= ExpandEnMom [CT [EnMomPert] [-LI[0], -LI[0]]]
out (1= € + paAﬁ
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Work in progress: gauge-invariant quantities

1. Gauge-invariant tetrad perturbation (zero gauge):

In[]:= ConvFromGaugeInvTaul[CT[GinvTauSSva, "0"][T3al], "0"]
out [1= w? + &/¢?

In[]:= ConvToGaugeInvTaul%, "O"]

Out [1= @/a

Manuel Hohmann (University of Tartu) Cosmological perturbations in teleparallel gravity 15. November 2021 39 /58



Work in progress: gauge-invariant quantities

1. Gauge-invariant tetrad perturbation (zero gauge):

In[]:= ConvFromGaugeInvTaul[CT[GinvTauSSva, "0"][T3al], "0"]
out [1= w? + &/¢?

In[]:= ConvToGaugeInvTaul%, "O"]

Out [1= @/a

2. Gauge-invariant gravitational field perturbation (Newton gauge):

In[]:= ConvFromGaugeInvGrav[CT[GinvGravPertSSsa, "N"][], "N"]
Out[1= =+ NG
In[]:= ConvToGaugeInvGravl[%, "N"]

Out[]= =
N
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Work in progress: gauge-invariant quantities

1. Gauge-invariant tetrad perturbation (zero gauge):

In[]:= ConvFromGaugeInvTaul[CT[GinvTauSSva, "0"][T3al], "0"]
out [1= W? + /¢&?
In[]:= ConvToGaugeInvTaul%, "0"]

A a

Out[]= w
0

2. Gauge-invariant gravitational field perturbation (Newton gauge):

In[]:= ConvFromGaugeInvGrav[CT[GinvGravPertSSsa, "N"][], "N"]
Out[1= =+ NG
In[]:= ConvToGaugeInvGravl[%, "N"]

Out[]= =
L N 1

3. Gauge-invariant time-time component of field equations (comoving gauge):

In[]:= CT[GinvGravPert, "C"][-LI[0], -LI[0]] -
CT[GinvEnMomPert, "C"][-LI[0], -LI[0]];

In[]:= % // ExpandGrav // ExpandEnMom

et & £ pd
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Work in progress: choice of time coordinate

1. Derivatives with respect to cosmological and conformal time:

‘ In[]:= {DCosmTime[ScaleF[]], DConfTime[ScaleF[]]} ‘

e 1= (A AAY

L 1
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Work in progress: choice of time coordinate

1. Derivatives with respect to cosmological and conformal time:

‘ In[]:= {DCosmTime[ScaleF[]], DConfTime[ScaleF[]]} ‘
e 1= (A AAY

L 1

2. Hubble parameter:

In[]:= Hubble[]

out [1= H

In[]1:= HubbleToDScale[%]
Out [1= %
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Work in progress: choice of time coordinate

1. Derivatives with respect to cosmological and conformal time:

‘ In[]:= {DCosmTime[ScaleF[]], DConfTime[ScaleF[]]} ‘

e 1= (A AAY

L 1

2. Hubble parameter:

In[]:= Hubble[]

out [J= H
In[]:= HubbleToDScalel[%]
OQut []= %

3. Conformal Hubble parameter:

In[]:= CHubblel[]

out[1= H

In[]:= CHubbleToDScale[%]
Out []= GOTA

Manuel Hohmann (University of Tartu) Cosmological perturbations in teleparallel gravity 15. November 2021 40 /58



Outline

@ Application to f(T) gravity
@ Background dynamics
@ Tensor perturbations
@ Vector perturbations
@ Scalar perturbations
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Action and field equations

e Action for f(T) class of gravity theories:

_ 1 4
s_—%z/f(r)ed”sm (75)
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Action and field equations

e Action for f(T) class of gravity theories:

1 4
S:—2—/€2/f(T)0dx+Sm (75)
e Terms in the action and field equations:
o Torsion scalar:

T = %T"N,,Sp“” = %T’“’p Tovp + %T“"p Tovp — TH, TP (76)
o Superpotential:
Sl =KW, =0T, + 6, T, 7" (77)
o Contortion: ) 1
Kty =THy, =TH,, = 2 (Tuﬂp + Tpty — T“Vp) ) (78)
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Action and field equations

e Action for f(T) class of gravity theories:

1 4
S:—2—/€2/f(T)0dx+Sm (75)
e Terms in the action and field equations:
o Torsion scalar:

T = %T"N,,Sp“” = %T’“’p Tovp + %T“"p Tovp — TH, TP (76)
o Superpotential:
Sl =KW, =0T, + 6, T, 7" (77)
o Contortion: ) 1
Kty =THy, =TH,, = 2 (Tuﬂp + Tpty — T“Vp) ) (78)

= Gravitational field equations:

1 o
_ifgﬁw + S (Tpov — Kpvo )T — Vp(Su’fr) = /12@W (79)
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Action and field equations

e Action for f(T) class of gravity theories:

1 4
S:—2—/€2/f(T)0dx+Sm (75)
e Terms in the action and field equations:
o Torsion scalar:

T = %T"N,,Sp“” = %T’“’p Tovp + %T“"p Tovp — TH, TP (76)
o Superpotential:
Sl =KW, =0T, + 6, T, 7" (77)
o Contortion: ) 1
Kty =THy, =TH,, = 2 (Tuﬂp + Tpty — T“Vp) ) (78)

= Gravitational field equations:
1 °
_ifgﬁw + S (Tpov — Kpvo )T — Vp(Su’fr) = /12@W (79)

4 Theory is strongly coupled around flat FLRW background: missing degrees of freedom.
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Action and field equations

e Action for f(T) class of gravity theories:

1 4
S:—2—/€2/f(T)0dx+Sm (75)
e Terms in the action and field equations:
o Torsion scalar:

T = %T"N,,Sp“” = %T’“’p Tovp + %T“"p Tovp — TH, TP (76)
o Superpotential:
Sl =KW, =0T, + 6, T, 7" (77)
o Contortion: ) 1
Kty =THy, =TH,, = 2 (Tuﬂp + Tpty — T“Vp) ) (78)

= Gravitational field equations:
1 °
_ifgﬁw + S (Tpov — Kpvo )T — Vp(Su’fr) = /12@W (79)

4 Theory is strongly coupled around flat FLRW background: missing degrees of freedom.
? Does strong coupling persist around non-flat FLRW background?
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Background dynamics

e Cosmological background field equations:
1. Vector branch:

f— 12EH(H + iu) = 2k%p,  (80a)
f f-
~F 4 (M7 4 BiuM — o+ )+ 48 (H o+ iu)’[H — H(H + iu)] = 2575 (80b)
2. Axial branch:
f _
f— 12Al27{2 =2k%p, (81a)
2 f- _
—f+ 4A—Z(2H2 — P+ H) + 48%7—[2(7{’ +u?—H?) =2x%p. (81b)
3. Flat limiting case u — 0:
f _
f— 12/‘12712 = 2k%p, (82a)
f f: i
~f 45+ M) + 48T HAH —HY) = 247D (82b)
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Background dynamics

e Cosmological background field equations:
1. Vector branch:

f— 12EH(H + iu) = 2k%p, (80a)
f f-
—f+ 4A—Z(2H2 +3iuH — i+ H') + 48%(7—[ + iu)[H' — H(H + iu)] = 2+°B.  (80b)
2. Axial branch:
f _
f— 12Al27{2 =2k%p, (81a)
2 f- _
—f+ 4A—Z(2H2 — P+ H) + 48%7—[2(7{’ +u? — H?) = 2x%p. (81b)
3. Flat limiting case u — 0:
f _
f— 12/‘12%2 = 2k%p, (82a)
f f: i
~f 45+ M) + 48T HAH —HY) = 247D (82b)

= Dynamics qualitatively depends on choice of cosmological branch.
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Background dynamics

e Cosmological background field equations:
1. Vector branch:

f— uﬁH(H + iu) = 2k%p,  (80a)
f f-
~F 4 (M7 4 BiuM — o+ )+ 48 (H o+ iu)’[H — H(H + iu)] = 2575 (80b)
2. Axial branch:
fr _
f— 12EH2 =2K%p, (81a)
fr frr -
—f+ 4ﬁ(27¢2 P+ H)+ 48FH2(H’ +u? —H?) = 2k%p. (81b)
3. Flat limiting case u — O:
fr _
f— 12E77[2 = 2K2p, (82a)
fT / fTT ’ —
—f 45 (M + M) + 48 HA(H — HP) = 267D (82b)

= Dynamics qualitatively depends on choice of cosmological branch.
=- Dynamics approaches common flat limit for u — 0.
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Perturbations: tensor equations

e General form of tensor equation:

7Qab = 7-ab - 7[_Jelab . (83)
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Perturbations: tensor equations

e General form of tensor equation:
1, A 1_,
EQab = 7:ab - quab . (83)

e Cosmologically symmetric branches:
1. Vector branch ju € R:

2628 oo = fr (A?ab — 202, — 2HG — a;’b)+12—(7¢+,u)[%(y+/u) "] (qa,, iu?ab> .
(84)
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Perturbations: tensor equations

e General form of tensor equation:
1, A 1_,
EQab = 7:ab - quab . (83)

e Cosmologically symmetric branches:
1. Vector branch ju € R:

2628 oo = fr (A?ab — 202, — 2HG — a;’b)+12—(7¢+,u)[%(y+/u) "] (qa,, iu?ab> .
(84)
2. Axial branch u € R:

A . . . . frr .
2% T b = fr (A?ab — 2u2?ab — 2Hg, — g;’b) + 12—%(7{2 —u? - H’)?;b . (85)
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Perturbations: tensor equations

e General form of tensor equation:
1

=PGab - (83)

1. .
EQab:Eb_2

e Cosmologically symmetric branches:
1. Vector branch ju € R:

2628 oo = fr (A?ab — 202, — 2HG — a;’b)+12—(7¢+,u)[%(y+/u) "] (qa,, iu?ab> .
(84)
2. Axial branch u € R:

N R . . . f- .
2% T b = fr (A?ab — 2u2?ab — 2Hg, — q;’b) + 12ﬂH(H2 —u? - H’)?;b . (85)
3. Common flat limit u — O:

. f
262 oy = fr (A?ab —2H4l, - a;’b) + 12£H(H2 ~H)isp (86)
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Perturbations: tensor equations

e General form of tensor equation:
1

=PGab - (83)

1. .
EQab:Eb_2

e Cosmologically symmetric branches:
1. Vector branch ju € R:
2628 oo = fr (A?ab — 202, — 2HG — a;’b)+12—(7¢+,u)[%(y+/u) "] (qa,, iu?ab> .
(84)
2. Axial branch u € R:
A f-
2628 oy = fr (Do — 20%, — 2HE, — 4l ) + 127 HOH = 0% = 1)y (85)
0 0 0 0

3. Common flat limit u — 0:

. f
262 oy = fr (A?ab —2H4l, - a;’b) + 12£H(H2 ~H)isp (86)

e Structure of the equations:
1. Equations contain contribution from non-vanishing spatial curvature.
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Perturbations: tensor equations

e General form of tensor equation:

1

1 B —
EQab = 7:ab - quab . (83)

e Cosmologically symmetric branches:
1. Vector branch ju € R:

2628 oo = fr (A?ab — 202G, — 2HG — e;gb)+12—(%+,u)[%(y+/u) —H] (qa,, iu?ab> .
(84)
2. Axial branch u € R:

~ . . R . f- .
2578 Tap = fr (A?ab — 2u2?ab — 2Hg, — g,;’b) + 12ﬂ%(7112 —u? - H’)?gb . (85)

3. Common flat limit u — 0:

. f
2622y = Fr (D8, — 2HE, — 8l ) + 12T H(H? = H) il (86)

e Structure of the equations:
1. Equations contain contribution from non-vanishing spatial curvature.
2. fr part of equations is identical to general relativity.
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Antisymmetric field equation - axial branch

e Irreducible decomposition of antisymmetric field equations:

fTT(Uabcdb@/C - 2”%‘\/3) =0, fTT(d[ag)b] - uvabcgjc) =0. (87)
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Antisymmetric field equation - axial branch

e Irreducible decomposition of antisymmetric field equations:
fTT(Uabcdb@/C - 2”%‘\/3) = 07 fTT(d[ag)b] - uvabcgjc) =0. (87)

= Equations satisfied identically in the case fr+ = 0.
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Antisymmetric field equation - axial branch

e Irreducible decomposition of antisymmetric field equations:
fTT(Uabcdb@/C - 2”@/3) = 07 fTT(d[ag)b] - uvabcgjc) =0. (87)

= Equations satisfied identically in the case fr+ = 0.

= Perturbations g’a and lgla decouple.
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Antisymmetric field equation - axial branch

e Irreducible decomposition of antisymmetric field equations:
fTT(’Uadeb@lc — 2UI§/a) = 0, fTT(d[aéb] — U’Uabcg)c) =0. (87)

= Equations satisfied identically in the case fr+ = 0.
= Perturbations g’a and lgla decouple.

= Equations distinguish between modes of different helicity.
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Antisymmetric field equation - axial branch

e Irreducible decomposition of antisymmetric field equations:
fTT(Uabcdb@/C - 2”@/3) =0, fTT(d[ag)b] - uvabcgjc) =0. (87)

= Equations satisfied identically in the case fr+ = 0.
= Perturbations g’a and lgla decouple.
= Equations distinguish between modes of different helicity.

e Calculate curl of both equations:

AW, + 2u0,5cd" W = 20°W, =0, Ab, — 2u0,pd°h® — 20°b, = 0. (88)
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Antisymmetric field equation - axial branch

e Irreducible decomposition of antisymmetric field equations:
fTT(Uabcdb@/C - 2”@/3) =0, fTT(d[ag)b] - uvabcgjc) =0. (87)

= Equations satisfied identically in the case fr+ = 0.
= Perturbations g’a and lgla decouple.
= Equations distinguish between modes of different helicity.

e Calculate curl of both equations:
AW, + 2u0,5cd" W = 20°W, =0, Ab, — 2u0,pd°h® — 20°b, = 0. (88)
e Combine with original equations to eliminate curl:

AW, + 20 W, = Aby+2u°b, = 0. (89)
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Antisymmetric field equation - axial branch

e Irreducible decomposition of antisymmetric field equations:
fTT(Uabcdb@/C - 2”';’}\/3) =0, fTT(d[ag)b] - uvabcgjc) =0. (87)

= Equations satisfied identically in the case fr+ = 0.
= Perturbations g’a and lgla decouple.
= Equations distinguish between modes of different helicity.

e Calculate curl of both equations:
AW, + 2u0,5cd" W = 20°W, =0, Ab, — 2u0,pd°h® — 20°b, = 0. (88)
e Combine with original equations to eliminate curl:
AW, + 20 W, = Aby+2u°b, = 0. (89)

= Single mode in harmonic expansion which can be absorbed: @/a =

o~
L
I
(]
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Antisymmetric field equation - vector branch

e Irreducible decomposition of antisymmetric field equations:

fTT(Uabcdblél\lc — 2iul;73) =0, fTT(d[ag\Jb] + iuvabclél\lc) =0. (90)
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Antisymmetric field equation - vector branch

e Irreducible decomposition of antisymmetric field equations:
Frr(vabed®WE — 2iub,) =0, frr(diaby) + iuvapcw®) = 0. (90)

= Equations satisfied identically in the case fr+ = 0.
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Antisymmetric field equation - vector branch

e Irreducible decomposition of antisymmetric field equations:
fTT(Uabcdblé\lC — 2iu€)a) =0, fTT(d[ag)b] + iuvabcloﬁlc) =0. (90)

= Equations satisfied identically in the case fr+ = 0.

= Perturbations g’a and lgla couple.
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Antisymmetric field equation - vector branch

e Irreducible decomposition of antisymmetric field equations:
fTT(Uadeblél\lc — 2iul;73) =0, fTT(d[ag\Jb] + iUUabCIéI\/C) =0. (90)

= Equations satisfied identically in the case fr+ = 0.
= Perturbations g’a and lgla couple.

= Equations do not distinguish between modes of different helicity.
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Antisymmetric field equation - vector branch

e Irreducible decomposition of antisymmetric field equations:
fTT(Uabcdblél\lc — 2iul;73) =0, fTT(d[ag\Jb] + iuvabclél\lc) =0. (90)

= Equations satisfied identically in the case fr+ = 0.
= Perturbations g’a and lgla couple.
= Equations do not distinguish between modes of different helicity.

e Calculate curl of both equations:

AW+ 2itva5cd®b — 207 W, =0, Ab, + 2iuvapcd® W — 20%h, = 0. (91)
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Antisymmetric field equation - vector branch

e Irreducible decomposition of antisymmetric field equations:
fTT(Uabcdblél\lc — 2iul;73) =0, fTT(d[ag\Jb] + iuvabclél\lc) =0. (90)

= Equations satisfied identically in the case fr+ = 0.
= Perturbations g’a and lgla couple.
= Equations do not distinguish between modes of different helicity.

e Calculate curl of both equations:
AW+ 2itva5cd®b — 207 W, =0, Ab, + 2iuvapcd® W — 20%h, = 0. (91)
e Combine with original equations to eliminate curl:

AW, — 6uPW, = Ab, —6u”b, = 0. (92)
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Antisymmetric field equation - vector branch

e Irreducible decomposition of antisymmetric field equations:
fTT(Uabcdblél\lc — 2iul;73) =0, fTT(d[ag\Jb] + iuvabclél\lc) =0. (90)

= Equations satisfied identically in the case fr+ = 0.
= Perturbations g’a and lgla couple.
= Equations do not distinguish between modes of different helicity.

e Calculate curl of both equations:
AW+ 2itva5cd®b — 207 W, =0, Ab, + 2iuvapcd® W — 20%h, = 0. (91)
e Combine with original equations to eliminate curl:
AW, — 6uPW, = Ab, —6u”b, = 0. (92)

= Single mode in harmonic expansion which can be absorbed: @/a =

o~
L
I
(]
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Symmetric field equation

1. Vector branch:
a2fr [A(ga +by) — 202H? + u? — 2H') (0 + ba) — A(H? + P — H’)Q;ca}
—12frr (H+iu)[H(HA+iv)—H'] [Uabcdb@/f +A4(H + iu)(X o+ ¥a) + 2(2H + iu)g)a} —0
(93)
2. Axial branch:

fr [A(Fa+ bs) = 22H2 + v — 2H')(#5 + o) — 4(H? + v — H) X

0
CTRAPTHO 1 ) [t — 20+ Ko+ gt b)) =0 (99
3. Flat case:

A fr A(Yatba)+4(H —H?) [3fTTHuabcdb.g/C + (@ fr + 12frrHP) (X + 0 + {)33)] =0.
(95)
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Symmetric field equation

1. Vector branch:
2f{AA Py 2 2 pa\(s Py 2 2 a4
P [A(0a+ ba) — 20H? + o2 — 21) (0, + by) — 4(H? + v — H) .|
—12frr(H+iu)[H(H+iu)—H] [Uabcdbw(:/c +4(H + iu)();(a + g/a) +2(2H + iu){}a} =0
(93)
2. Axial branch:

fr [A(Fa+ bo) = 22H2 + o — 2H')(¥: + o) — 4(H? + v — H) X

0

12 H(HE = 0 = W) [vaped® W — 2u, + 4o+ 0+ b)] =0 (94)
3. Flat case:

B FrA(Va+ba)+4(H —H?) [3fTTHuabcdb@/C + (P + 12 M) (Ko + V0 + g}a)} =0.
(95)
= Screened Poisson equation for g/
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Symmetric field equation

1. Vector branch:
2 N g 2 2 NS 2 2 2 nA
Py [ A+ ba) — 22H? + 02 — 2M')(¥a + ba) — 4(H? + v — H) X ]
—12frr(H+iu)[H(H+iu)—H] [vabcdblgvc +4(H + iu)(.);t‘a + g/a) +2(2H + iu){}a} =0
(93)
2. Axial branch:

Pfr [A(Fa+ bo) = 22H2 + v — 2H')(#a + o) — 4(H? + v — ) X

0
— 12 H(H? = 0 = H') [Vaped® W — 2ui, + 4H(X, + 0o+ o) =0 (94)
3. Flat case:
1 A (§a+ Do) FA4(H —H?) [3FrrHuabed®W© + (*Fr + 12677 H2) (K. + 12+ by)| = 0.
(95)

= Screened Poisson equation for g/
~ Dynamics for velocity perturbation follows from momentum conservation.
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Mixed part of antisymmetric equations

e Field equations can be solved for y in Newton gauge:
N

1. Vector branch:
(M + i) Ay + 3iu[H' — H(H + iu)]§ = 3(H + iu)(HcNis + H«NZ - imN?; + zN?)’) - 37—[’1’2: . (96)
2. Axial branch:
HAY = 3H(H<zs + HzNZ + zN2/ - uHé’) - 3%’(1N2; - u§) + 3u3Né + uANé. (97)

3. Flat limiting case:

HAY = 3H(Ho + H
N

N

z-@>

+ z%’) —3H'P. (98)
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Mixed part of antisymmetric equations

e Field equations can be solved for y in Newton gauge:
N

1. Vector branch:
(M + i) Ay + 3iu[H' — H(H + iu)]y = 3(H + iu)(HcNis + H«NZ - imN?; + zN?)’) - 37—[’1’2: . (96)
2. Axial branch:
HAY = 3H(H<zs + HzNZ + zN2/ - uH%) - 3%’(1N2; - u§) + 3u3Né + uANé. (97)
3. Flat limiting case:

HAY = 3H(HP + Hp + ') — 31 4. (98)
N N N N N

= Poisson equation is screened only in the vector branch.
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Mixed part of antisymmetric equations

e Field equations can be solved for y in Newton gauge:
N

1. Vector branch:
(M + i) Ay + 3iu[H' — H(H + iu)]§ = 3(H + iu)(HcNis + H«NZ - imN?; + zN?)’) - 37—[’1’2: . (96)
2. Axial branch:
HAY = 3H(H<zs + HzNZ + zN2/ - uHNé) - 3%’(1N2; - uNé) + 3u3N§ + uA§ . (97)

3. Flat limiting case:

HAY = 3H(Ho + H
N

N

z-@>

+ z%’) —3H'P. (98)

= Poisson equation is screened only in the vector branch.

= Pseudo-scalar & enters only in the axial branch.
N
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Spatial part of antisymmetric equations (pseudo-scalar)

~n

1. Vector branch: & decouples from other fields and must vanish: & = 0.
N N
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Spatial part of antisymmetric equations (pseudo-scalar)

~n

1. Vector branch: & decouples from other fields and must vanish: & = 0.
N

N
2. Axial branch:
o Screened Poisson equation involving é and y:
N N

uNE — HAY + 3H(H? —H' — u?) + 3u21NL + 3’H(H<N}> + 1/)) =0. (99)
N N
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Spatial part of antisymmetric equations (pseudo-scalar)

~n

1. Vector branch: & decouples from other fields and must vanish: & = 0.
N

N
2. Axial branch:
o Screened Poisson equation involving é and y:
N N

UNE — HAY + 3H(H? — H' — 1?)§ + 30 + 3H(HP + ') = 0. (99)
N N N N N N
~+ Eliminate derivatives using previously found equation for y:
N

B uk My =0, (100)
N N N

Manuel Hohmann (University of Tartu) Cosmological perturbations in teleparallel gravity 15. November 2021 53 /58



Spatial part of antisymmetric equations (pseudo-scalar)

~n

1. Vector branch: & decouples from other fields and must vanish: & = 0.
N

N
2. Axial branch:
o Screened Poisson equation involving é and y:
N N

uNE — HAY + 3H(H? — H — v?)y + 3P + 3H(HP + ') = 0. (99)
N N N N N N
~+ Eliminate derivatives using previously found equation for y:
N
B~ uE —Hy =0, (100)
N N N
~ Substitutingé in previous equation gives screened Poisson equation:
N

QHAY + 3H(H — H + v?)§ = A + 30 + 3HY + 3H?. (101)
N N N N N
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Spatial part of antisymmetric equations (pseudo-scalar)

~n

1. Vector branch: & decouples from other fields and must vanish: & = 0.
N

N
2. Axial branch:
o Screened Poisson equation involving é and y:
N N

uNE — HAY + 3H(H? — H — v?)y + 3P + 3H(HP + ') = 0. (99)
N N N N N N
~+ Eliminate derivatives using previously found equation for y:
N
B~ uE —Hy =0, (100)
N N N
~ Substitutingé in previous equation gives screened Poisson equation:
N

QHAY + 3H(H — H + v?)§ = A + 30 + 3HY + 3H?. (101)
N N N N N

3. Flat case: equation solved identically and é undetermined = strong coupling
N
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e Perturbed field equation in Newton gauge:
1. Vector branch:

~ o N ~ A f-
A€ = (D —3H2) — 3HY +3u%) + 12%%(7{ +iu)*(Ag ~ 37—l¢> 3¢ +3,u¢)
N N N N
(102)
2. Axial branch:

. . . . . f
§m232£:fT(Az/)—?fHch)—3H1/)’+3u21/))+12£7-12(7{Ay uA&‘ 37—[2¢ 3H¢ 3u21/))
N N N N N
(103)
3. Flat limiting case:

N

f . f
28 = frig -3 (fr + 1272 TT) H(HP + ') + 12£’H3A“ (104)

N
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e Perturbed field equation in Newton gauge:
1. Vector branch:

o ~ ~ o ~ f-
22 = fT(Adz—37—l2¢—37-l¢’+3u2¢)+12%H(H+iu) (L~ 37—l¢> 3¢ +3,u¢)
N N N N

Eli
(102)

2. Axial branch:

. . . . . f
2325:fT(A¢—3H2¢—3H¢’+3u2¢)+12£H2(HAy uAg 37—[2¢ 3H¢ 3u21/))
N N N N N

EK
(103)

3. Flat limiting case:
f A f
2 = frig -3 (fT + 1272 TT) H(HG + ') + 12£’H3AA . (104)
N N

~> Substitute y and é from previous equations.
N N
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e Perturbed field equation in Newton gauge:
1. Vector branch:

~ ~ N ~ N f-
A E = (D —3H2 ) — 3HY +3u7) + 12%%(7{ +iu)*(Ag ~ 37—l¢> 3¢ +3,m,/;)
N N N N
(102)
2. Axial branch:

N

. N . . f
§m232£:fT(A¢—3’H2¢—3 '+ ¢)+12ﬂH2(HAy uA&‘ 37—[2¢ 3H¢ —3u? 1/;)
N N N N N
(103)
3. Flat limiting case:

f . f
2 = fri -3 (fT + 1272 TT) H(HG + ') + 12£’H3A“ . (104)

~~ Substitute y and &€ from previous equations.
N N

= Resulting equation gives screened Poisson equation for 1}
N

Manuel Hohmann (University of Tartu) Cosmological perturbations in teleparallel gravity 15. November 2021 54 /58



Remaining mixed part

e Perturbed field equation in Newton gauge:
1. Vector branch:

N

—%n a*(p+ P)‘,} fr(Ho + 1&1/) + 12(H + iu)[H — H(H + i )]?(7,1) + /uy) (105)

N

2. Axial branch:

1 o o ~ f- ~ N
—5E2 (Pt )L = fr(HY + ¥') + 12H(H — H* + u2)g(sz —uf). (106)
3. Flat limiting case:
1 A N ~ fr1 A
—5R2 (P B)L = Fr(He + ') + 12H(H' f}ﬂ)g%. (107)
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Remaining mixed part

e Perturbed field equation in Newton gauge:
1. Vector branch:

N

—%n a*(p+ P)‘,} fr(Ho + 1&1/) + 12(H + iu)[H — H(H + i )]?('l,b + /uy) (105)

N

2. Axial branch:

1 N ~ ~ f- ~ ~
—5E2 (Pt )L = fr(HY + ¥') + 12H(H — H* + ﬁg(a&b —uf). (106)
3. Flat limiting case:
N ~ ~ frr
7252 7+ B)E = fr(He + ) + 12H(H — 1) L. (107)

~> Substituting previous equations leads to same result for all branches:

5/1232[%' —3H(p+p)L] = fT(Az;/) + 3u21N2;) : (108)
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Remaining mixed part

e Perturbed field equation in Newton gauge:
1. Vector branch:

N

—%n a*(p+ P)‘,} fr(Ho + 1&1/) + 12(H + iu)[H — H(H + i )]?('l,b + /uy) (105)

N

2. Axial branch:

1 N N A f- A A
K225+ P)L = fr(H + ') + 12H(H — H? + u®) L1 ( — u€). (106)
2 N N N a N N
3. Flat limiting case:
1 A ~ oA fr1 A
—5#2@ (P + D)L = fr(H+ ') + 12H(H —H?) 5. (107)

~> Substituting previous equations leads to same result for all branches:

2SI -3H(p+ P)L] = fT(Az;/) + 3u21N2;) : (108)
~ Express matter variables in fluid comoving gauge:
1 ~ ~ ~
“K22%E = fr(AY + 3u%9) . (109)
2 c N N
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Off-diagonal part

e Perturbed field equation in Newton gauge:
1. Vector branch:

A A oA f-
W@ = (- ¢) - 12%(% +iu)[H(H + i) — ']y (110)
2. Axial branch: .
w2828 = fr(h — ) — 12%%(%2 —H — Py (111)

3. Flat limiting case:

Ka’8 = fr(h — ¢) — 12fT—2T7-L(H2 ~H)y (112)
N N a N
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Off-diagonal part

e Perturbed field equation in Newton gauge:
1. Vector branch:

ka8 = fT(zN“p - %) - 12'2—;(7-[ +iu)[H(H + iv) — H']y (110)
2. Axial branch:
K28 = fT(1N2; — <N2>) - 12’:—277{(7-[2 —H — u2)¥ (111)
3. Flat limiting case:
2?8 = fr(% - (N}b) - 12%7{(%2 - H)y (112)

= Equations determine gravitational slip '& — <;§
N N
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Off-diagonal part

e Perturbed field equation in Newton gauge:
1. Vector branch:

ka8 = fT(zNZ - ¢;>) - 12'2—;(7-[ +iu)[H(H + iv) — H']y (110)
2. Axial branch:
K28 = fT(1;p - %) - 12’:—277{(7-[2 —H — u2)JN7 (111)
3. Flat limiting case:
22’8 = fT(1N2: —~ éb) - 12%7{(%2 - M)y (112)

= Equations determine gravitational slip 1,Ab — q?)
N N

~> Substitute y from preceding equations.
N
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Off-diagonal part

e Perturbed field equation in Newton gauge:
1. Vector branch:

A A oA f-
W@ = (- ¢) - 12%(% +iu)[H(H + i) — ']y (110)
2. Axial branch: .
w2828 = fr(h — ) — 12%%(%2 —H — Py (111)
3. Flat limiting case:
"~ EeY oY f
K28 = fr( — ¢) — 12 H(H? — H')y (112)
N N a N

= Equations determine gravitational slip 1,Ab — q?)
N N

~> Substitute y from preceding equations.
N
e Dynamics follow after combining with trace equation (lengthy, not shown here).
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Summary & Outlook

e Metric-affine and teleparallel geometries and their perturbations:

o Geometric description using Lorentzian metric and affine connection.
Alternative description in terms of tetrad and spin connection.
Perturbation can be expressed in terms of tensor fields.

Teleparallel case: perturbation described by tensor field 7, .

O O O
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Summary & Outlook

e Metric-affine and teleparallel geometries and their perturbations:
o Geometric description using Lorentzian metric and affine connection.
o Alternative description in terms of tetrad and spin connection.
o Perturbation can be expressed in terms of tensor fields.
o Teleparallel case: perturbation described by tensor field 7,,,,.

e Cosmological perturbations:

o Perturbation around cosmologically symmetric background solution.
o Uses decomposition into irreducible components to simplify equations.
o Dynamics can be compared to observations in cosmology.
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Summary & Outlook

e Metric-affine and teleparallel geometries and their perturbations:
o Geometric description using Lorentzian metric and affine connection.
o Alternative description in terms of tetrad and spin connection.
o Perturbation can be expressed in terms of tensor fields.
o Teleparallel case: perturbation described by tensor field 7,,,,.

e Cosmological perturbations:

o Perturbation around cosmologically symmetric background solution.
o Uses decomposition into irreducible components to simplify equations.
o Dynamics can be compared to observations in cosmology.

e Computational tools applicable to perturbation theory:

o Geometric nature of gravity theories suggest using tensor algebra.
o Fixed schemes in perturbation theory suitable for algorithmic approach.
~ Work in progress: tensor algebra package for cosmological perturbations.
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Summary & Outlook

e Metric-affine and teleparallel geometries and their perturbations:

o Geometric description using Lorentzian metric and affine connection.

o Alternative description in terms of tetrad and spin connection.

o Perturbation can be expressed in terms of tensor fields.

o Teleparallel case: perturbation described by tensor field 7,,,,.
e Cosmological perturbations:

o Perturbation around cosmologically symmetric background solution.

o Uses decomposition into irreducible components to simplify equations.

o Dynamics can be compared to observations in cosmology.
e Computational tools applicable to perturbation theory:

o Geometric nature of gravity theories suggest using tensor algebra.

o Fixed schemes in perturbation theory suitable for algorithmic approach.

~ Work in progress: tensor algebra package for cosmological perturbations.
e Application to f(T) class of gravity theories:

o Expansion around spatially curved FLRW determines all linear perturbations.
o Possibility to cure strong coupling problem?

Manuel Hohmann (University of Tartu) Cosmological perturbations in teleparallel gravity 15. November 2021 58 /58



Summary & Outlook

e Metric-affine and teleparallel geometries and their perturbations:

o Geometric description using Lorentzian metric and affine connection.
o Alternative description in terms of tetrad and spin connection.

o Perturbation can be expressed in terms of tensor fields.

o Teleparallel case: perturbation described by tensor field 7,,,,.

e Cosmological perturbations:
o Perturbation around cosmologically symmetric background solution.
o Uses decomposition into irreducible components to simplify equations.
o Dynamics can be compared to observations in cosmology.
e Computational tools applicable to perturbation theory:
o Geometric nature of gravity theories suggest using tensor algebra.
o Fixed schemes in perturbation theory suitable for algorithmic approach.
~ Work in progress: tensor algebra package for cosmological perturbations.
e Application to f(T) class of gravity theories:
o Expansion around spatially curved FLRW determines all linear perturbations.
o Possibility to cure strong coupling problem?

~ Use newly developed tools to further study cosmological perturbations.
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