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0 Cosmologically symmetric teleparallel geometries
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Metric-affine geometry and spacetime symmetries

e Fundamental fields in metric-affine geometry:
o Metric tensor gy,

- Defines length of and angle between tangent vectors.
- Defines length of curves and proper time.
- Defines causality (spacelike and timelike directions).
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Metric-affine geometry and spacetime symm

e Fundamental fields in metric-affine geometry:
o Metric tensor gy,
Defines length of and angle between tangent vectors.
Defines length of curves and proper time.
Defines causality (spacelike and timelike directions).

o Connection with coefficients ", ,:

Defines covariant derivative V,, of tensor fields.
Defines parallel transport along arbitrary curves.
Defines autoparallel curves via parallel transport of tangent vector.
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Metric-affine geometry and spacetime symmetries

e Fundamental fields in metric-affine geometry:
o Metric tensor gy,

- Defines length of and angle between tangent vectors.
- Defines length of curves and proper time.
- Defines causality (spacelike and timelike directions).

o Connection with coefficients I'*,,,:

- Defines covariant derivative V, of tensor fields.
- Defines parallel transport along arbitrary curves.
- Defines autoparallel curves via parallel transport of tangent vector.

e Symmetry under action of a vector field X*:
o Metric:
0= (Lx8)uw = X Opguv + 0, X gpv + 0, X" gy - (1)
o Connection coefficients:

0= (LxMN)!, = X0, — 0o XTI, + 0, XTH 5y + 0,XTH o + 0,0,X"

o o ()
=V, Vo X! = XTRY, e — V(X7 T",0).
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Properties of metric-affine geometry

e Three characteristic quantities:
o Curvature:

Ruupo = 8pl_p‘ua' - aa'l—'uup + rqurTua - r”'rzrr‘rup . (3)
o Torsion:
T'uup = r'upu - r,ul/p . (4)
o Nonmetricity:
Quup = Vu8up = 0u8up = T7vu8op — T ppuo - (5)
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Properties of metric-affine geometry

e Three characteristic quantities:
o Curvature:

Ruupa = 8pl_uua' - aa'I—MVp + rqurTua - r”'rzrr‘rl/p . (3)
o Torsion:
T'uup = r“py - r,ul/p . (4)
o Nonmetricity:
Quup = Vu8up = 0u8up = T7vu8op — T ppuo - (5)

e Some special classes of connections used in gravity theory:
o Levi-Civita connection: T = Q = 0.
o Metric teleparallelism: R = Q = 0.
o Symmetric teleparallelism: R = T = 0.
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Decomposition of the connection

e Affine connection can be decomposed:

I'Myp == I(iuyp + KILI/p + Lullp . (6)
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Decomposition of the connection

e Affine connection can be decomposed:

ruyp == I‘iuyp + KILI/p + Lullp . (6)

e Parts of the decomposition:
o Levi-Civita connection of the metric:

° 1 -
r“l/p = Egu (8vgap + apgua - aagup) . (7)
o Contortion: )
K*,, = > (TLH o+ T —TH,) . (8)
o Disformation: )
L+ vp — 5 (Q vp Qu'up - Qp'uu) . (9)
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Decomposition of the connection

e Affine connection can be decomposed:

ruyp == I‘iuyp + KILI/p + Lullp . (6)

e Parts of the decomposition:
o Levi-Civita connection of the metric:

° 1 -
r“l/p = Egu (8vgap + apgua - aagup) . (7)
o Contortion: )
K*,, = > (TLH o+ T —TH,) . (8)
o Disformation: )
L+ vp — 5 (Q vp Qu'up - Qp'uu) . (9)

e All three components depend on the metric.
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Generators of cosmological symmetry

e Use spherical coordinates t, r, 9, ¢.
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Generators of cosmological symmetry

e Use spherical coordinates t, r, 9, ¢.
e Generating vector fields:

o Rotations:
Ry = sinpdy + cos<p8 (10a)
Ry = —cos w0y + ”:]:098 (10b)
R3s = —0,, (10c)
o Translations:
Ty = xsinv cos 0, + >—:c0519cos POy — %&p, (11a)
T, = xsindsin 0, + %cosﬂsin Oy + izr)ns;o o s (11b)
T3 = x cos V0, — %sin 90y . (11c)

Manuel Hohmann (University of Tartu) General teleparallel cosmologies and perturbations MaffGrav2022 - 30. June 2022 7/25



Generators of cosmological symmetry

e Use spherical coordinates t, r, 9, ¢.
e Generating vector fields:

o Rotations:
Ry = sinpdy + cos<p8 (10a)
Ry = —cos w0y + ”:]:098 (10b)
R3s = —0,, (10c)
o Translations:
Ty = xsinY cos 0, + %cosﬂcos POy — %&p, (11a)
T, = xsindsin 0, + %cosﬂsin Oy + )i;::)nsgo o s (11b)
T3 = x cos V0, — %sin 90y . (11c)

o Here x = /1 — (ur)?, and u can be real or imaginary.
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Cosmologically symmetric metric-affine geometry

1. Most general metric with cosmological symmetry:
o Metric in space-time split:
guv = —Npny + h;w . (12)

o Unit normal covector field:
n,dxt = —Ndt. (13)

o Spatial metric (gives projection onto spatial slices):

5 |dr®dr
2

hudx* @ dx” = A + r2(d9 ® d9 + sin® 9dp @ dy) | . (14)

= Metric depends on lapse N(t) and scale factor A(t).
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Cosmologically symmetric metric-affine geometry

1. Most general metric with cosmological symmetry:
o Metric in space-time split:
guv = —Npny + h;w . (12)

o Unit normal covector field:
n,dxt = —Ndt. (13)

o Spatial metric (gives projection onto spatial slices):

5 |dr®dr
2

hudx* @ dx” = A + r2(d9 ® d9 + sin® 9dp @ dy) | . (14)

= Metric depends on lapse N(t) and scale factor A(t).
2. Most general affine connection with cosmological symmetry:
o Connection characterized by cosmologically symmetric torsion and nonmetricity:

2 2
TMup = Z(ﬂhﬁnp]"‘ﬁnagauyp)a Qp,uu = Z(Qlnpnﬂny+2Q2nphﬂu+2Q3hp(an)) . (15)

= Connection depends on five free functions 71(t), T2(t), Q1(t), Qa(t), Qs(t).
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Cosmologically symmetric teleparallel geometry

e Define conformal time derivative and conformal Hubble parameter:

_Adf A

/ _—— =
f—th, - (16)
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Cosmologically symmetric teleparallel geometry

e Define conformal time derivative and conformal Hubble parameter:

;. Adf _i’

=t H=S (16)
* RF 0 = 0 if and only if:

(Q1+D)H-Ti+ )+ (H-T1+2) =0, (17a)
T2(H—-Ti+Q2)=0, (17b)
(Q1+)H-Ti+Q—-93)—(H-T1i+Q—93) =0, (17¢)
To(H—Ti+ Q>—Q3)=0, (17d)
(H=Ti+Q)H—-Ti+Q—Q3)— T +u’>=0, (17¢)
T, =0. (17f)
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Cosmologically symmetric teleparallel geometry

e Define conformal time derivative and conformal Hubble parameter:

;. Adf _ i’

fl = Nag’ = (16)
* RF 0 = 0 if and only if:

(Q+D)H-Ti+)+(H-Ti+ Q) =0, (17a)
T2(H—-Ti+Q2)=0, (17b)
(Q1+)H-Ti+Q—-93)—(H-T1i+Q—93) =0, (17¢)
To(H—Ti+ Q>—Q3)=0, (17d)
(H=Ti+Q)H—-Ti+Q—Q3)— T +u’>=0, (17¢)
T, =0. (17f)

= Different branches of solutions for v = 0 and u # 0.
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Solution branches

To=u#0
H—-Ti+92=0
H—-Ti+Q—93=0

Y

u=20
T2=0
H—-Ti+ Q=0

H—-Ti+Q—Q3=0
A

T2=0
(H_ﬂ+Q2)(%—7i+Q2_Q3)/=—U2750
u=0 u=0
T2=0 T =0
H—-—Ti+92#0 H—Ti+Qr=0
H—7'1+qu—{Q7§=OI H-Ti+Q—-Q:7#0
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Solution branches

To=u#0
H-Ti+9=0
H—-Ti+Q—93=0

To=u#0
¥ Ti=H"
u=20
To=0 y

H-Ti+Q2=0 u=0
H—-Ti+Q—Q3=0 T2 =
A 7—1:7'{
\
T.=0
(H—ﬂ+Q2)(H—7i+Q2—Q3)/=—u2760 T, =
Q1+Qz=—% Ti—H=iu#0
u=20 u=0
T>=0 To=0
H—-—Ti+92#0 H—-Ti+2=0

H—Ti+Q = Q7_3 = 0/
Q1+ 0 = -Gy

H—Ti+Q—Q3#0

Ql e Q2 — (H—ﬂ+92—g3)/

H-Ti+Q2—0Q3

Manuel Hohmann (University of Tartu)

General teleparallel cosmologies and perturbations

MaffGrav2022 - 30. June 2022 10/25



Solution branches

lp=p Timu70
H—-Ti+2=0
u=0 H—-Ti+Q2—-Q3=0
Qs = To=u#0
Q=-H Y Ti=H
u=0
f 7= |
(H+Q2)(H + Q2 — Qs) = ~u” #0 H—Ti+Q=0 =0
Ql+92:7% H—Ti+Q2—Q3=0 T =
¥ N A T =M
o, o T2=0 ‘
H+ 0 H+9,=0 =
Hitnrtro | Ht oot ) =0
o+ 0 = -G 1 0+ 0, = GG A+ =750 Ti-H=iu#0
u=0 u=20
T>=0 T =0
H-Ti+Q#0 H-Ti+Q=0
H-Ti+Q-0:=0| | H-Ti+Q-0s#0
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Solution branches

H-Ti+Q=0
% H*ﬂ*ﬂb*Q3=0\\\\\\\*
Q3 = T=u70
0y — —H A4 Ti=H
u=0
T To=0 y
(H+Q)H+Qr—Q3)=—1?#0 H—-Ti+92=0 -\ u=20
Ql+92=77(7;a—_%22)1 H—-—Ti+Q—-93=0 T =
YN 1 U
u=0 =0 s //'1 '
"+ Q270 Rt Q=0 H-Ti+ Q)H-Ti+Q-%) =40 P =0
H+Q—-Q3=0 [ H+Q—-0Q3#0 _ (H-Tit+ D), .
Qi +Q =0 g, 1 g, = (-G Qli/% - /H—i 2 Ti— H = iu£0
u=20 u=0
To=0 To=0
H—-—Ti+92#0 H—-—Ti+92=0
H-—Ti+Q—-Q93=0 H-Ti+Q-B#0
01+ 02 =GR | | Qi+ = Gt
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Solution branches

TH,, =0 r—

¥—— H-T1+Q=0

u=0 H*7'1+Q2793=0\)
Q3_= To=u#0
Q=-H Y Ti=H
u=20
; v |
(H+ Q)(H + Qo= Q) = ~u #0 H-Ti+Q2=0 | u=0
Ql+92:7% H—Ti+Q2—Q3=0 T =
Ti=H
/ \ \ A i
u=0 u=20 =0 /k \
H 0 H+Q=0 =
H+$2Q—2§3=0 H+Q29_2Q3750 H-Tit QR)H-Tit B~ ) A #0,Y =0
u=0 - u=20
T2=0 T =0
H-Ti+Q#0 H-Ti+Q=0
H-Ti+Q—-93=0 H-Ti+Q—-Q:7#0
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Outline

9 Cosmological teleparallel perturbations
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Linear perturbations in teleparallel gravity

o Consider linear perturbation dg,,,dl'*,, around background g, , F“,,p:

B = 8w + 08w, THy,= FMVP + 0"y, . (18)
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Linear perturbations in teleparallel gravity

o Consider linear perturbation dg,,,dl'*,, around background g, , F“,,p:
B = 8w + 08w, THy,= FMVP + 0"y, . (18)
o Preserve flatness of affine connection (6R*,,; = 0):

STHyp = VA, (19)

Manuel Hohmann (University of Tartu) General teleparallel cosmologies and perturbations MaffGrav2022 - 30. June 2022 12 /25



Linear perturbations in teleparallel gravity

o Consider linear perturbation dg,,,dl'*,, around background g, , F“,,p:
Guv =B + 08u, Ty =TH,, + M. (18)
o Preserve flatness of affine connection (6R*,,; = 0):
ok, =V, . (19)

e Further conditions in metric and symmetric teleparallel gravity:
o Metric case 0Q,., = 0:

1
Aw+Xop =080 = A= 5(5g;w +au). (20)
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Linear perturbations in teleparallel gravity

o Consider linear perturbation dg,,,dl'*,, around background g, , F“,,p:
Guv =B + 08u, Ty =TH,, + M. (18)
o Preserve flatness of affine connection (6R*,,; = 0):
ok, =V, . (19)

e Further conditions in metric and symmetric teleparallel gravity:
o Metric case 0Q,., = 0:

1
Aw+Xop =080 = A= 5(5g;w +au). (20)
o Symmetric case 6 T#,,, = 0:

VA =0 = A, = V(" (21)
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3 + 1 split of background geometry

e Maximally symmetric metric v, used to move spatial indices:

hudx” @ dx” = A2y,pdx? @ dx?. (22)
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3 + 1 split of background geometry

e Maximally symmetric metric v, used to move spatial indices:
hudx” @ dx” = A2y,pdx? @ dx?. (22)
=- Spatial Levi-Civita tensor v,p. associated to yap:

N° €oppdx! @ dx” @ dx? = A3vpedx? @ dx® @ dx©. (23)
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3 + 1 split of background geometry

e Maximally symmetric metric v, used to move spatial indices:
hudx” @ dx” = A2y,pdx? @ dx?. (22)
=- Spatial Levi-Civita tensor v,p. associated to yap:
N° €oppdx! @ dx” @ dx? = A3vpedx? @ dx® @ dx©. (23)

= Levi-Civita covariant derivative d, of -, acting on spatial tensors:

1
Fhe = E'Yad(ab')/dc + OcYbd — OdVbe) - (24)
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3 + 1 split of background geometry

e Maximally symmetric metric v, used to move spatial indices:
hudx” @ dx” = A2y,pdx? @ dx?. (22)
=- Spatial Levi-Civita tensor v,p. associated to yap:
N° €oppdx! @ dx” @ dx? = A3vpedx? @ dx® @ dx©. (23)
= Levi-Civita covariant derivative d, of -, acting on spatial tensors:

1
Fhe = E'Yad(ab')/dc + OcYbd — OdVbe) - (24)

I' Affine connection V, need not preserve 3 + 1 split - no “induced spatial connection”.
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3 + 1 split of perturbations

e Introduce projector fields:

N30, ® dx* = Adg 0, ® dx®,  MEO, @ dx® = A7165 0, @ dx?. (25)
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3 + 1 split of perturbations

e Introduce projector fields:
N30, ® dx* = Adg 0, ® dx®,  MEO, @ dx® = A7165 0, @ dx?. (25)

e Decomposition of tensor fields on metric background:
o Vector field X*:

X=N1X9,+A'X%0, & X'=-nXx'=NX°, X°=M2X"=AX> (26)
o Covector field a:

a = Naodt + Ad,dx*® &  Go=nta, =N"1ag, a&,=MNla,=A"a,. (27)
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3 + 1 split of perturbations

e Introduce projector fields:
N30, ® dx* = Adg 0, ® dx®,  MEO, @ dx® = A7165 0, @ dx?. (25)

e Decomposition of tensor fields on metric background:
o Vector field X*:

X=N1X9,+A'X%0, & X'=-nXx'=NX°, X°=M2X"=AX> (26)
o Covector field a:

a = Naodt + Ad,dx*® &  Go=nta, =N"1ag, a&,=MNla,=A"a,. (27)

e Raising and lowering indices of decomposed components:

X0=-X%, X°=+"X,. (28)
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3 4+ 1 split of covariant derivatives

e Space-time split of Levi-Civita covariant derivative:

Vo XP =

(29)
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3 4+ 1 split of covariant derivatives

e Space-time split of Levi-Civita covariant derivative:

VaX? = (] = nan)(h? — n®ns)V. (R’ X° + N3X?)

(29)

e Introduce projectors for space-time split.
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3 4+ 1 split of covariant derivatives

e Space-time split of Levi-Civita covariant derivative:
VaX? = (B = non”)(h? — nPns)V, (R’ X° + N3X?)
= - ”ﬁ(nﬁat)%o +N%9,X7)
(29)

e Introduce projectors for space-time split.
e Identify components originating from index choice:
1. Derivative in time direction yields time derivatives.
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3 4+ 1 split of covariant derivatives

e Space-time split of Levi-Civita covariant derivative:
VaX? = (h] = nan)(h? — nPns)V, (R’ X° + N3X?)
o ¢ ¢ s ¢ ¢
S "N(nﬁatx0 +M58.K) + 2 (n7d. X ¢ N%d,X®)
(29)

e Introduce projectors for space-time split.
e Identify components originating from index choice:
1. Derivative in time direction yields time derivatives.
2. Derivative in spatial direction yields spatial derivatives.
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3 4+ 1 split of covariant derivatives

e Space-time split of Levi-Civita covariant derivative:
VaX? = (] = nan)(h? — n®ns)V, (R’ X0 + N3X?)

o 5o oo M2 . ) X
= - "N(nﬁ@tx0 + N50X%) 4+ 52 (nd, K0 + M K®) + H(RIXO + 75611307 K")
(29)

e Introduce projectors for space-time split.

e Identify components originating from index choice:
1. Derivative in time direction yields time derivatives.
2. Derivative in spatial direction yields spatial derivatives.
3. Mixed Christoffel symbols contain Hubble parameter.
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3 4+ 1 split of covariant derivatives

e Space-time split of Levi-Civita covariant derivative:
VaX? = (] = nan)(h? — n®ns)V. (R’ X° + N3X?)

n o o na o o o o
= = 4 (P9 X0 + M0:X%) + —2(nPd, X0 + M0d.XP) + H(hXO + 4,020 XP)
(29)
e Introduce projectors for space-time split.
e Identify components originating from index choice:
1. Derivative in time direction yields time derivatives.
2. Derivative in spatial direction yields spatial derivatives.
3. Mixed Christoffel symbols contain Hubble parameter.

e Hubble parameter enters through derivative of projectors:
o Eulerian observers move on geodesics = acceleration vanishes:

a, =n"V,n,=0. (30)
o Spatial geometry is maximally symmetric = extrinsic curvature:

K = %Hn,, + nya, = Hhy,, . (31)
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Irreducible decomposition of perturbations

e Algebraic 3 4 1 split of perturbation tensor fields:

Metric: 0800: 080250826 .
General teleparallel: Agg, Aoa, Ao, Aab-
Metric teleparallel: 3o,, a2p.
Symmetric teleparallel (Ao, CAa.

[¢]

O O O
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Irreducible decomposition of perturbations

e Algebraic 3 4 1 split of perturbation tensor fields:
o Metric: 3800, 080, géab' e .
o General teleparallel: Agg, Aga, Aag, Aab.
o Metric teleparallel: ag,, a2p.
o Symmetric teleparallel (o, (..
o Differential decomposition of spatial algebraic components:
o Vector U, = d,U + Ua, dalAJa =0 ~ scalar + dive[gence—fAree vector.
o Symmetric tensor U, = Uvap + (dadp — 7262 /3)U + d(aUpy + Usp.
o Antisymmetric tensor U2 = va<(d U + U,).
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Irreducible decomposition of perturbations

e Algebraic 3 4 1 split of perturbation tensor fields:
o Metric: 3800, 080, géab' e .
o General teleparallel: Agg, Aga, Aag, Aab.
o Metric teleparallel: ag,, a2p.
o Symmetric teleparallel (o, (..
o Differential decomposition of spatial algebraic components:
o Vector U, = d,U + Ua, dalAJa =0 ~ scalar + dive[gence—fAree vector.
o Symmetric tensor U, = Uvap + (dadp — 7262 /3)U + d(aUpy + Usp.
o Antisymmetric tensor U2 = va<(d U + U,).

= Number of irreducible components:
| scalar | pseudoscalar | vector | pseudovector | tensor

08 | 4 0 2 0 1
Aw | 5 1 3 1 1
aw | 1 1 1 1 0
Cu 2 0 1 0 0
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Infinitesimal coordinate transformations

e Transformation of perturbations under coordinate changes:
o Fields transform under infinitesimal coordinate change x’* = x* + X*(x):

8w — 8l = (Lx&)uw» THop =T = (LxT) "0y (32)

o Linear perturbation expansion of fields around common background:
8uv = Buv + 08uu THyp =TH,, 46Ty, (33a)
g, = Buw + 08, , M, =TH,, +dr",,. (33b)

o Consider X* to be of same order as linear perturbations:

6X6gu1/ = 5gw/ - 6g;,w = (‘CXE);U/ P 5X6ru1/p = 6r“1/p - 5r,”1/p = (EXF)MVP . (34)
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Infinitesimal coordinate transformations

e Transformation of perturbations under coordinate changes:
o Fields transform under infinitesimal coordinate change x’* = x* + X*(x):

8w — 8l = (Lx&)uw» THop =T = (LxT) "0y (32)

o Linear perturbation expansion of fields around common background:
8uv = Buv + 08uu THyp =TH,, 46Ty, (33a)
g, = Buw + 08, , M, =TH,, +dr",,. (33b)

o Consider X* to be of same order as linear perturbations:

5X6gu1/ = 6gul/ - 6g;,w = (‘CXE);U/ P 6X6ruup = 6r“1/p - 5|”IJVP = ([:Xl:)#up . (34)

e Transformation of connection perturbations:
o Use Lie derivative of flat connection:

(LxT),, = V,V, Xt =V (X TH,,). (35)
= Transformation of perturbation tensor fields:
S, = My, = N, =V, XF — XTTH,,. (36)
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3 + 1 split and gauge transformations

e Perform 3 + 1 decomposition of coordinate transformation:
o Metric transformation:

A5X5/§oo = 2)A<i ) (372)
Adxd8 0 = daX i + d X[ + 24 — H(duX) + Z5), (37b)
ASx38 3 = 2dadp X + 2d(sZs) — 2HX 1 Vab - (37¢)

o Connection transformation:

Adxoo = X — Q1 X0, (38a)
AdxAop = dp X1 — (H + Q2 — Q3 — T1)(dp X + Zb), (38b)
AdxAao = du X[ + 2+ (Q2 — To)(daX) + Za) . (38¢)
AdxAap = db(daX| + Z5) — (H + Q2) X1 7ab — Tovabe(dX| + Z°). (38d)
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3 + 1 split and gauge transformations

e Perform 3 + 1 decomposition of coordinate transformation:
o Metric transformation:

A5X5/§oo = 2)A<i ) (372)
Adxd8 0 = daX i + d X[ + 24 — H(duX) + Z5), (37b)
ASx38 3 = 2dadp X + 2d(sZs) — 2HX 1 Vab - (37¢)

o Connection transformation:

Adxoo = X — Q1 X0, (38a)
AdxAop = dp X1 — (H + Q2 — Q3 — T1)(dp X + Zb), (38b)
AdxAao = du X[ + 2+ (Q2 — To)(daX) + Za) . (38¢)
AdxAap = db(daX| + Z5) — (H + Q2) X1 7ab — Tovabe(dX| + Z°). (38d)

~~ Further decompose into transformation of irreducible components.
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Gauge fixing and gauge-invariant variables

e Construction of gauge-invariant quantities for gauge G:
o Decompose irreducible components into gauge-invariant and gauge-dependent part:

Y=Y+ 6();( Y. (39)
o Gauge condition fixing );’ < gauge transformation g( from arbitrary gauge:

ozg(g)zg(\“f—aé(\“/) & X=HV). (40)
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Gauge fixing and gauge-invariant variables

e Construction of gauge-invariant quantities for gauge G:
o Decompose irreducible components into gauge-invariant and gauge-dependent part:

Y=Y+ 5();( Y. (39)
o Gauge condition fixing );’ < gauge transformation )GA( from arbitrary gauge:

ozg(g):§(9_5§v) & X=HV). (40)

e Number of independent components:
o n perturbation components Y before gauge fixing.

o 4 components of gauge-defining vector field %(
o 4 gauge conditions G&

= n — 4 independent gauge-invariant components 2’
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Gauge fixing and gauge-invariant variables

e Construction of gauge-invariant quantities for gauge G:
o Decompose irreducible components into gauge-invariant and gauge-dependent part:

V=YooV (39)

o Gauge condition fixing \;’ < gauge transformation )GA( from arbitrary gauge:

OZC(g)zg(V—aé(\“/) & X=HV). (40)

G

e Number of independent components:
o n perturbation components Y before gauge fixing.
o 4 components of gauge-defining vector field %(

o 4 gauge conditions G&
= n — 4 independent gauge-invariant components ?
e 3+ 1 split: 4 = 2 scalars 4+ 2 components of 1 divergence-free vector.
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Gauge fixing and gauge-invariant variables

e Construction of gauge-invariant quantities for gauge G:
o Decompose irreducible components into gauge-invariant and gauge-dependent part:

Y=Y+ (5();( Y. (39)
o Gauge condition fixing \;’ < gauge transformation )GA( from arbitrary gauge:

ozg(g)zg(v_a§v) & X=HV). (40)

e Number of independent components:
o n perturbation components Y before gauge fixing.
o 4 components of gauge-defining vector field %(

o 4 gauge conditions G&
= n — 4 independent gauge-invariant components g’
e 3+ 1 split: 4 = 2 scalars + 2 components of 1 divergence-free vector.

o Example: coincident (perturbation) gauge:
(o) =0 & (%0.%)=(00.Ca). (41)
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Outline

e Application in teleparallel gravity
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Example: equivalent branches of f(X) theories

e Consider similarly constructed gravity theories:

/ 2(/4;2)

V—gd'x

<

Y

=

/ f(G) J/—gd*x

M 2K2

J

2K2
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Example: equivalent branches of f(X) theories

e Consider similarly constructed gravity theories:

/ f(Q )\/_d4 < / f(G)\/—_gd4x

2K2 M 2K2

Y

/M fF(T) J—gd*x

2K2

e Consider flat branch of cosmological teleparallel geometries:

u=020
Qu_—oo < 72=0 \#_—O
Q?,—_— D H_ﬂ+Q2:0 ’7'2__7_[
. H—Ti+Q—Q3=0 -

Manuel Hohmann (University of Tartu) General teleparallel cosmologies and perturbations MaffGrav2022 - 30. June 2022 21/25



Example: equivalent branches of f(X) theories

e Consider similarly constructed gravity theories:

/ f(Q )\/_d4 < / f(G)\/—_gd4x

2K2 M 2K2

Y

/M fF(T) J—gd*x

2K2

e Consider flat branch of cosmological teleparallel geometries:

u=020
Qu_—oo < 72=0 \#_—O
Q3—_— D H_ﬂ+Q2:0 ’7'2__7_[
2 H—Ti+Q—Q3=0 -

— Gravity scalars agree: G =T = Q = —6H>.
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Example: equivalent branches of f(X) theories

e Consider similarly constructed gravity theories:

/ f(Q )\/_d4 < / f(G)\/—_gd4x

2K2 M 2K2

Y

2K2

/M fF(T) J—gd*x

e Consider flat branch of cosmological teleparallel geometries:

u=20 ;z_% u=20
=0 |< 2 - > T =
o HoT Q=0 7
H-—Ti+Q2—-Q5=0 -
— Gravity scalars agree: G =T = Q = —6H>.
= ldentical dynamics for cosmological background evolution:
1
K2p = —§f+6f’H2, (42a)
2 1 1 q 2 "2
np=§f—2f(H+3H)—24fHH. (42b)
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Example: inequivalent branches of f(X) theories

e Gravity scalars:

G- %[2722 (0~ Ti)? — Q3(Q1 — Qs +277)] (43a)

Q- —%[2@3 +03(01 — @), (43b)
6

T= 5T -T). (43c)

Manuel Hohmann (University of Tartu) General teleparallel cosmologies and perturbations MaffGrav2022 - 30. June 2022 22/25



Example: inequivalent branches of f(X) theories

e Gravity scalars:

G- %[2722 (0~ Ti)? — Q3(Q1 — Qs +277)] (43a)

Q- —%[2@3 +03(01 — @), (43b)
6

T= 5T -T). (43c)

= G, Q, T depend on u and further scalar functions of time:
o metric teleparallel: different dynamics for axial and vector torsion branches.
o symmetric teleparallel: 1 additional scalar function of time.
o general teleparallel: 2 additional scalar functions of time.
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e Gravity scalars:

G- %[27; (0~ Ti)? — Q3(Q1 — Qs +277)] (43a)

Q- —%[2@3 +03(01 — @), (43b)
6

T= 5T -T). (43c)

= G, Q, T depend on u and further scalar functions of time:

o metric teleparallel: different dynamics for axial and vector torsion branches.
o symmetric teleparallel: 1 additional scalar function of time.
o general teleparallel: 2 additional scalar functions of time.

= Different dynamics for f(G), f(Q), f(T).
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Example: inequivalent branches of f(X) theories

e Gravity scalars:

G- %[27; (0~ Ti)? — Q3(Q1 — Qs +277)] (43a)

Q- —%[2@3 +03(01 — @), (43b)
6

T= 5T -T). (43c)

= G, Q, T depend on u and further scalar functions of time:

o metric teleparallel: different dynamics for axial and vector torsion branches.
o symmetric teleparallel: 1 additional scalar function of time.
o general teleparallel: 2 additional scalar functions of time.

= Different dynamics for f(G), f(Q), f(T).

= Perturbations: dynamics differ even for equivalent background dynamics.
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Example: inequivalent branches of f(X) theories

e Gravity scalars:

G- %[27; (0~ Ti)? — Q3(Q1 — Qs +277)] (43a)

Q- —%[2@3 +03(01 — @), (43b)
6

T= 5T -T). (43c)

= G, Q, T depend on u and further scalar functions of time:

o metric teleparallel: different dynamics for axial and vector torsion branches.
o symmetric teleparallel: 1 additional scalar function of time.
o general teleparallel: 2 additional scalar functions of time.

= Different dynamics for f(G), f(Q), f(T).
= Perturbations: dynamics differ even for equivalent background dynamics.

4 Some background scalars decouple, but enter in perturbations.
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Outline

@ Conclusion
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Summary

e Cosmologically symmetric teleparallel background geometry:

o Metric takes familiar Robertson-Walker form.
o Different branches for flat connection:

general | symmetric | metric
spatially flat 3 3 1
spatially curved 2 1 2
scalar functions 2 1 0
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e Cosmologically symmetric teleparallel background geometry:

o Metric takes familiar Robertson-Walker form.
o Different branches for flat connection:

general | symmetric | metric
spatially flat 3 3 1
spatially curved 2 1 2
scalar functions 2 1 0

o Teleparallel cosmological perturbations:
o Metric and connection perturbations defined by tensor fields.
o 3 4 1l-split and irreducible decomposition.
o Gauge transformations: universal prescription for gauge-invariant variables.

Manuel Hohmann (University of Tartu) General teleparallel cosmologies and perturbations MaffGrav2022 - 30. June 2022



e Cosmologically symmetric teleparallel background geometry:

o Metric takes familiar Robertson-Walker form.
o Different branches for flat connection:

general | symmetric | metric
spatially flat 3 3 1
spatially curved 2 1 2
scalar functions 2 1 0

o Teleparallel cosmological perturbations:
o Metric and connection perturbations defined by tensor fields.
o 3 4 1l-split and irreducible decomposition.
o Gauge transformations: universal prescription for gauge-invariant variables.
o Application to teleparallel gravity (example):
f(G), f(T), f(Q) yield same cosmological dynamics on one branch.
f(G), f(T), f(Q) cosmological dynamics differ for other branches.
Strong coupling problem in f(T) gravity.
Even stronger coupling problem in f(Q) and f(G)?

O O O O
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