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Metric-affine geometry and spacetime symmetries

e Fundamental fields in metric-affine geometry:

o Metric tensor g,,.
o Connection with coefficients I'*,,,.
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Metric-affine geometry and spacetime symmetries

e Fundamental fields in metric-affine geometry:

o Metric tensor g,,.
o Connection with coefficients I'*,,,.

e Three characteristic quantities:
o Curvature:

Rfvpe = 0ol ve — O0uTHyp +TH T e = TH 6T, (1)
o Torsion:
TH,,=Th,, —TH,,. 2)
o Nonmetricity:
Quup = Vu8up = 0u8up — T vu8op — 17 ppuo - (3)
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Metric-affine geometry and spacetime symmetries

e Fundamental fields in metric-affine geometry:
o Metric tensor g,,.
o Connection with coefficients I'*,,,.
e Three characteristic quantities:
o Curvature:
Rfvpe = 0ol ve — O0uTHyp +TH T e = TH 6T,

o Torsion:
TH,, =T, =TF,,.

o Nonmetricity:
Quup = Vu8up = 0u8up — T vu8op — 17 ppuo -

e Some special classes of connections used in gravity theory:
Levi-Civita connection: T = Q = 0.

Metric teleparallelism: R = @ = 0.

Symmetric teleparallelism: R =T = 0.

General teleparallelism: R = 0.

O O O O

Manuel Hohmann (University of Tartu) General teleparallel cosmologies and perturbations DPG SMuK - 20. March 2023

(1)
()
3)



Generators of cosmological symmetry

e Symmetry under action of a vector field X*:
o Metric:
0= (Lx&)uv = XP0pguv + 0, X gpr + 0 X gpp - (4)
o Connection coefficients:

0= (LxMN)!, = X0y, — 0 X7, + 0, XTH 5y + 0,XTH, o +0,0,X"  (5)
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Generators of cosmological symmetry

e Symmetry under action of a vector field X*:
o Metric:
0= (Lx8)uw = X Opguv + 0, X" gpr + 0, X" gpp - (4)
o Connection coefficients:
0= (LxMN)!, = X0y, — 0 X7, + 0, XTH 5y + 0,XTH, o +0,0,X"  (5)

e Generating vector fields:

o Rotations:
Ry = sinpdy + coswa (6a)
R, = —coscp&g—i- lngoa (6b)
Ry=—0,. (60)

o Translations:

. X xsin
T = r - - . q )
1 = xsindcospd, + . cos ¥ cos 0y rsim?&p (7a)
L X . X €OS
T, = xsindsin 0, + . cos ¥ sin 0y + and Oy (7b)
T3 = xcosv0, — %sin 90y . (7¢)
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Generators of cosmological symmetry

e Symmetry under action of a vector field X*:
o Metric:
0= (‘CXg);w = Xpapg;w + a,ungpu + aung,up . (4)

o Connection coefficients:
0= (LxMN)!, = X0y, — 0 X7, + 0, XTH 5y + 0, XTH, o + 0,0,XH (5)

e Generating vector fields (x = /1 — (ur)?, u real or imaginary):
o Rotations:
R = sinpdy + Cos;’;@ (6a)
R, = —cos<,0619+ m@c{) (6b)
R3 = _8<pa (6C)

o Translations:

o X _ xsing
T1 = xsinv cos pd, + . cos ¥ cos Oy reng 02 (7a)
T, = xsindsin©d, + K cos ¥ sin Oy + XCI:S;?aLP ) (7b)
T3 = y cos 0, — 7 sin 19819. (7¢)
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Cosmologically symmetric metric-affine geometry

1. Most general metric with cosmological symmetry:
o Metric in space-time split:
guv = —Nuhy + hyy . (8)
o Unit normal covector field:
n,dxt = —Ndt. (9)

o Spatial metric (gives projection onto spatial slices):

5 |dr®dr
2

hudx* @ dx” = A + r2(d9 ® d9 + sin® 9dp @ dy) | . (10)

= Metric depends on lapse N(t) and scale factor A(t).
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Cosmologically symmetric metric-affine geometry

1. Most general metric with cosmological symmetry:
o Metric in space-time split:
guv = —Nuhy + hyy . (8)
o Unit normal covector field:
n,dxt = —Ndt. (9)

o Spatial metric (gives projection onto spatial slices):

5 |dr®dr
2

hudx* @ dx” = A + r2(d9 ® d9 + sin® 9dp @ dy) | . (10)

= Metric depends on lapse N(t) and scale factor A(t).
2. Most general affine connection with cosmological symmetry:
o Connection characterized by cosmologically symmetric torsion and nonmetricity:

2 2
TH,, = Z(Tlhff/”p]"‘,r?"ﬂgg”vn)v Qo = Z(Ql”p”unv+2Q2”phW+2Q3hp(u”l/))~ (11)

= Connection depends on five free functions 71(t), T2(t), Q1(t), Qa(t), Qs(t).
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Cosmologically symmetric teleparallel geometry

e Define time derivatives and Hubble parameters:

o AdF A L 1dF

TNdtT T AT T Ndt’

> >

(12)
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Cosmologically symmetric teleparallel geometry

e Define time derivatives and Hubble parameters:

_AdE L A LA

F=Na "= a TNdtT A (12)
e Rt ,; =0 if and only if:

(AU +D)H-Ti+)+(H-Ti+ Q) =0, (13a)
T2(H—Ti+ Q2) =0, (13b)
(Q1+ ) H-T1+Q—-93)—(H-T1+Q—93) =0, (13c)
T2(H-T1i+Q2—Q3)=0, (13d)
H-—Ti+R)H-Ti+Q—0Q3)— T +u*=0, (13e)
T, =0. (13f)
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Cosmologically symmetric teleparallel geometry

e Define time derivatives and Hubble parameters:

_AdE L A LA

F=Na "= a TNdtT A (12)
e Rt ,; =0 if and only if:

(AU +D)H-Ti+)+(H-Ti+ Q) =0, (13a)
T2(H—Ti+ Q2) =0, (13b)
(Q1+ ) H-T1+Q—-93)—(H-T1+Q—93) =0, (13c)
T2(H-T1i+Q2—Q3)=0, (13d)
H-—Ti+Q)H-Ti+Q—0Q3)— T +u> =0, (13e)
T, =0. (13f)

= Different branches of solutions for v = 0 and u # 0.
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Solution branches

To=u#0
H—-Ti+2=0
H—-Ti+Q—93=0

Y

u=20
T2=0
H—T1i+Q=0

H—-Ti+Q—93=0
A

T>=0
H-—T1i+)H—-Ti+92—Q3)=—u?#0
01+ 0, = _ (H-Ti+Q)’

H-Ti+Q2
u=20 u=0
To=0 T>=0
H-Ti+#0 H-—Ti+Q=0

H—Ti+Q - Q=0 H—Ti+Q—Q#0
01+ Q= -G | |0+ @, = BTG
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Solution branches

To=u#0
H-Ti+9=0
H—-Ti+Q—93=0

To=u#0
Y Ti=H
u=20
To=0 y
H—-Ti+Q2=0 u=0
H—-Ti+Q2—Q3=0 T2 =
A Ti=H
\
T.=0
(%—71+Q2)(H—71+92—Q3)=—U2790 T =
Q1+ Q= -Tte) Ti—H=iu#0
H-T1+Q>
u=20 u=0
T>=0 To=0
H—-Ti+Q#0 H—-T1i+9=0
H-—Ti+Q—-Q93=0 H-Ti+Q-B#0
0+ Q=-GEF | o+ o= G g)
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Solution branches

TH,, =0
u=20
Q3=0
Q= —

)

(H+ Q)(H+ Q92— Q3) = I—u2 £0
01+ = -1

AN

u=0 u=20
H+Q#0 H+ Q=0
H+Q—93=0 H+ Q> —Q3#0

H _ ’
O1+Q9r=— H:QQZQ) Q1+ Q= 7%1%2_%33)

77D
H—-T1i+92=0
H—-Ti+Q—93=0
To=u#0
1% T1=
u=20
To=0 y
H—Ti+ Q=0 u=0
H—-Ti+Q2—Q3=0 T2 =
A Ti=H
\
T.=0
(H=Ti+Q)H-Ti+Q—Qs)=—u"#0 T=0
Q1+ Qo = — U] Ti—H=iu#0

N\

u=20

/
T=0

H—-—Ti+Q#0
H—Ti+Q— Q=

O+ 0y = G 7’1+Qz)’ 01+ 0y = (H-T1+2>—Q3)’

H-Ti+Q>

u=0
T=0
H-Ti+Q9>=0

H—Ti+Q—Q3#0

T H-T1+Q:-Q3
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Solution branches

TH,, =0
u=20
Q3=0
Q= —

)

(H+ Q) (H+Q2—Q3)=—u?#0

7oz

H-Ti+9=0
H*7'1+Q2*Q3=0\
To=u#0
1% Ti=H
u=20
To=0

H-Ti+Q=0 — u=0
H—-Ti+Q—935=0 T2

01+ Q= -G %=?
/ \ A =
U:O U:0 7—2_0 //
H+ Qy#0 H+ Q=0 o
y Q%g o | wioanio | |H-TiHQI0 =T+ -0 = 70| P T
e it Q) 2 (H+3Q Q) Q)+ Q= -U-Ti Ti—H=iu#0
%+ =-YE% 0+ 0= GAE-0 / /”<
u=20 u=20
T =0 T>=0
H—Ti+Q2#0 H—Ti+Q=0
H— 7—1+Q2;Q7_3+Q), H-Tit+ 02— Qs 70
Qi+ Q= -G |0+ 0, = G
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Solution branches

X———— H-Ti+22=0

u=20 H*ﬂ+Q2*Q3:0\
Q3=0 B=07 0
=%
T} Y 1
Q2 \ u:o
T To=0 y
(7{+Q2)(’H+Q2—Q3)=I—U27§0 H—-—Ti+Q=0 \ u=0
Q1+Q2:7(7;J_QQZQ) H—-Ti+Q9—93=0 T =
Ti=H
/ \ \ A 1
u=20 U:0 7—2:0 // |
Ht+Q #0 Ht Q=0 (H—Ti+ Q)(H-Ti+ Q-0 = #0| [/ T =9
H+Q—-Q03=0 H+Q—Q3#0 040 (H=Ti+Qy). T — % —iu40
Q1+ = —UER Qi + 0 = =g 1/2 /H{iz 1 -H=iu#
u=0 - u=0
T=0 T>=0
H-Ti+Q#0 H—-Ti+Q,=0
HoTit Qo Q30| | HoTitQs-03 20
01+ 02 =GR | | Qi+ = Gt
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Linear perturbations in teleparallel gravity

e Consider linear perturbation dg,,,dl'*,, around background g, F“,,p:

B = 8w + 08w, THy,= FMV/J + 0"y, . (14)
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Linear perturbations in teleparallel gravity

e Consider linear perturbation dg,,,dl'*,, around background g, F“,,p:
B = 8w + 08w, THy,= FMV/J + 0"y, . (14)
e Preserve flatness of affine connection (6R*,,, = 0):

STy, = VoA, . (15)
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Linear perturbations in teleparallel gravity

e Consider linear perturbation dg,,,dl'*,, around background g, F“,,p:
S = B + 08, TFy,=TF,,+0TH,,. (14)
e Preserve flatness of affine connection (6R*,,, = 0):
ok, =V, . (15)

e Further conditions in metric and symmetric teleparallel gravity:
o Metric case 0Q,., = 0:

1
MNw + Xy =080 = A = 5(5glw +au). (16)
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Linear perturbations in teleparallel gravity

e Consider linear perturbation dg,,,dl'*,, around background g, F“,,p:
S = B + 08, TFy,=TF,,+0TH,,. (14)
e Preserve flatness of affine connection (6R*,,, = 0):
ok, =V, . (15)

e Further conditions in metric and symmetric teleparallel gravity:
o Metric case 0Q,., = 0:

1
MNw + Xy =080 = A = 5(5glw +au). (16)
o Symmetric case 6 T#,, = 0:

VipAy=0 = M, =V, ¢". (17)
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Irreducible decomposition of perturbations

e Algebraic 3+ 1 split of perturbation tensor fields:

Metric: 5g00, 5g03, 6gab ~
General teleparallel: /\oo, )\03, )\ao, Aab-
Metric teleparallel: 3o,, a2p.
Symmetric teleparallel (Ao, (Aa.

[¢]

O O O
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Irreducible decomposition of perturbations

e Algebraic 3+ 1 split of perturbation tensor fields:

o Metric: 6g00,6g03, 6gab
o General teleparallel: /\00, )\Oa, )\ao, /A\ab
o Metric teleparallel: ag,, a2p.
o Symmetric teleparallel CAO,CAa.
e Differential decomposition of spatial algebraic components:
o Vector U, =d,U + Ua, daUa = 0 ~» scalar + divergence-free vector.
o Symmetric tensor U,, = U’Yab + (dadp — 'yabA/3)l~J + d(an) + Usp.
o Antisymmetric tensor U?® = vabc(dCU + UC)
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Irreducible decomposition of perturbations

e Algebraic 3+ 1 split of perturbation tensor fields:

o Metric: 5g00, 5gOa, 6gab
o General teleparallel: /\00, )\Oa, )\ao, /A\ab
o Metric teleparallel: ag,, a2p.
o Symmetric teleparallel CAO,CAa.
e Differential decomposition of spatial algebraic components:
o Vector U, =d,U + Ua, daUa = 0 ~» scalar + divergence-free vector.
o Symmetric tensor Uy, = Urap + (dadp — 'yabA/3)l~J —+ d(an) + Usp.
o Antisymmetric tensor U?® = vabc(dCU + UC)

= Number of irreducible components:
‘ scalar ‘ pseudoscalar ‘ vector ‘ pseudovector ‘ tensor

08 | 4 0 2 0 1
Aw | 5 1 3 1 1
aw | 1 1 1 1 0
Cu 2 0 1 0 0

Manuel Hohmann (University of Tartu) General teleparallel cosmologies and perturbations DPG SMuK - 20. March 2023



Infinitesimal coordinate transformations

e Transformation of perturbations under coordinate changes:
o Fields transform under infinitesimal coordinate change x’* = x* + X*(x):

8uv — g;/u/ = (LXg);wa r'uup - rl'uup = ([-:Xr)#up- (18)

o Linear perturbation expansion of fields around common background:
8w = Buv T+ 08w M, =TH,, +dT",,, (19a)
g, = Buw + 08, , Ty, =TH,, 40T, . (19b)

o Consider X* to be of same order as linear perturbations:

5X6gu1/ = 6gul/ - 6gilw = (EXE);W P 6X6r'uup = 6r“1/p - 6r,“1/p = (EXF)HVp . (20)
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Infinitesimal coordinate transformations

e Transformation of perturbations under coordinate changes:
o Fields transform under infinitesimal coordinate change x’* = x* + X*(x):

8w — 8l = (£x&)uv s THup =T = (LX) . (18)

o Linear perturbation expansion of fields around common background:
8w = Buv T+ 08w M, =TH,, +dT",,, (19a)
g, = Buw + 08, , Ty, =TH,, 40T, . (19b)

o Consider X* to be of same order as linear perturbations:

5X6gu1/ = 5gul/ - 6gilw = (EXE)MV P 6X6rp‘up = 6r“1/p - 6|”Hyp = (EXF)HVp . (20)

e Transformation of connection perturbations:
o Use Lie derivative of flat connection:

(LxTY, =V, V Xt =V (X7 TH,,). (21)
= Transformation of perturbation tensor fields:
S, = My, = N, =V, XF — XTTH,,. (22)
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3 + 1 split and gauge transformations

e Perform 3 + 1 decomposition of coordinate transformation:
o Metric transformation:

A5X5/§00 = 2)%1 ) (23a)
Adxd8 0 = daX i + d X[ + 24 — H(duX) + Z5), (23b)
ASx38 3 = 2dadp X + 2d(sZs) — 2HX 1 Vab - (23¢)

o Connection transformation:

Adx Ao = X| — Q1 X1, (24a)
AdxAop = dp X1 — (H + Q2 — Q3 — T1)(dp X + Zb), (24b)
AdxAao = da X[ + Z, + (Q2 — T1)(daX) + Z2) (24¢)
AdxAab = do(daX|| + Z5) — (H + Q2)X17ab — Tavave(d° X + Z2°). (24d)
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3 + 1 split and gauge transformations

e Perform 3 + 1 decomposition of coordinate transformation:
o Metric transformation:

A5X5/§00 = 2)%1 ) (23a)
Adxd8 0 = daX i + d X[ + 24 — H(duX) + Z5), (23b)
ASx38 3 = 2dadp X + 2d(sZs) — 2HX 1 Vab - (23¢)

o Connection transformation:

Adx Ao = X| — Q1 X1, (24a)
AdxAop = dp X1 — (H + Q2 — Q3 — T1)(dp X + Zb), (24b)
AdxAao = da X[ + Z, + (Q2 — T1)(daX) + Z2) (24¢)
AdxAab = do(daX|| + Z5) — (H + Q2)X17ab — Tavave(d° X + Z2°). (24d)

~> Further decompose into transformation of irreducible components.

Manuel Hohmann (University of Tartu) General teleparallel cosmologies and perturbations DPG SMuK - 20. March 2023 10/ 16



Gauge fixing and gauge-invariant variables

e Construction of gauge-invariant quantities for gauge G:
o Decompose irreducible components into gauge-invariant and gauge-dependent part:

Y=Y+ 6();( Y. (25)
o Gauge condition fixing \;’ < gauge transformation é( from arbitrary gauge:

ozg(g)zg(»’—agf/) & X=HV). (26)
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Gauge fixing and gauge-invariant variables

e Construction of gauge-invariant quantities for gauge G:
o Decompose irreducible components into gauge-invariant and gauge-dependent part:

V=Yo7 (25)

o Gauge condition fixing \;’ < gauge transformation g( from arbitrary gauge:

ozé(\;f):g(»“/—ag(\“/) & X=HV). (26)

G

e Number of independent components:
o n perturbation components Y before gauge fixing.

o 4 components of gauge-defining vector field )G<
o 4 gauge conditions G&

= n — 4 independent gauge-invariant components 2’

DPG SMuK - 20. March 2023 11/16
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Gauge fixing and gauge-invariant variables

e Construction of gauge-invariant quantities for gauge G:
o Decompose irreducible components into gauge-invariant and gauge-dependent part:

V=Yo7 (25)

o Gauge condition fixing \;’ < gauge transformation g( from arbitrary gauge:

0=C(\;’):§(§/—5§\7) & X=HV). (26)

G

e Number of independent components:
o n perturbation components Y before gauge fixing.
o 4 components of gauge-defining vector field )G<

o 4 gauge conditions G&
= n — 4 independent gauge-invariant components \;’
e 34 1 split: 4 = 2 scalars + 2 components of 1 divergence-free vector.
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Gauge fixing and gauge-invariant variables

e Construction of gauge-invariant quantities for gauge G:
o Decompose irreducible components into gauge-invariant and gauge-dependent part:

Y=Y+ 6();( Y. (25)
o Gauge condition fixing \;’ < gauge transformation g( from arbitrary gauge:

ozcé(\;f):g(»“/—ag(\“/) & X=Ff(Y). (26)

e Number of independent components:
o n perturbation components Y before gauge fixing.
o 4 components of gauge-defining vector field )G<

o 4 gauge conditions G&
= n — 4 independent gauge-invariant components \;’
e 34 1 split: 4 = 2 scalars + 2 components of 1 divergence-free vector.

e Example: coincident (perturbation) gauge:
(o) =0 & (%0.%)=(00.Ca). (27)

DPG SMuK - 20. March 2023
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Example: equivalent branches of f(X) theories

e Consider similarly constructed gravity theories:

/ f(Q )\/_d4 < / f(G)\/—_gd4x

2K2 M 2kK2

Y

/M fF(T) Jogd*x

2K2
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Example: equivalent branches of f(X) theories

e Consider similarly constructed gravity theories:

/M f(Q)\/—_gd4x < f(G)\/—_gd4x

2K2 M 2kK2

Y
S
)
-
3
0
o
.:>
X

e Consider flat branch of cosmological teleparallel geometries:

u=20 #i% u=20

—0 |« 2= >| 75 =0

QQ‘O’:_H H-Ti+Q=0 77:2_7_[
2 H—Ti+Q—Q3=0 !
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Example: equivalent branches of f(X) theories

e Consider similarly constructed gravity theories:

/M f(Q)\/—_gd4x < f(G)\/—_gd4x

2K2 M 2kK2

Y
S
)
-
3
0
o
.:>
X

e Consider flat branch of cosmological teleparallel geometries:

u=20 #i% u=20

—0 |« 2= >| 75 =0

QQ3=—7-[ H-Ti+Q=0 77:2_7_[
2 H—Ti+Q—Q3=0 !

= Gravity scalars agree: G =T = Q = —6H>.
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Example: equivalent branches of f(X) theories

e Consider similarly constructed gravity theories:

2K2

/M f(Q)\/—_gd4x <

<

f(G)

V—gd*x

M 2K2

Y
S
)
-
3
0
o
.:>
X

e Consider flat branch of cosmological teleparallel geometries:

u=20
Q3=0
Qo =-H

A

y=0 u=20
T>=0 -
- > 7o =0
H—-Ti+Q=0 T =H
H—Ti+Q—Q3=0 !

= Gravity scalars agree: G =T = Q = —6H>.
= ldentical dynamics for cosmological background evolution:

1
K'p = —Sf +6fH,

1 : .
K2p = 5 - 2f'(H + 3H?) — 24f"H?*H .

DPG SMuK - 20. March 2023
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Example: inequivalent branches of f(X) theories

e Gravity scalars:

G- %[27; —2(Qs — Ti)? - Q3(Q1 — Qs + 2T5)], (292)

Q- —%[w% +03(01 — Q1) (29b)
6

T= (=T, (29¢)
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Example: inequivalent branches of f(X) theories

e Gravity scalars:

G- %[2722 —2(Qs — Ti)? - Q3(Q1 — Qs + 2T5)], (292)

Q- —%[2% +03(01 — Q1) (29b)
6

T= (=T, (29¢)

= G, Q, T depend on u and further scalar functions of time:
o metric teleparallel: different dynamics for axial and vector torsion branches.
o symmetric teleparallel: 1 additional scalar function of time.
o general teleparallel: 2 additional scalar functions of time.
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Example: inequivalent branches of f(X) theories

e Gravity scalars:

G- %[2722 —2(Qs — Ti)? - Q3(Q1 — Qs + 2T5)], (292)

Q- —%[2% +03(01 — Q1) (29b)
6

T= (=T, (29¢)

= G, Q, T depend on u and further scalar functions of time:

o metric teleparallel: different dynamics for axial and vector torsion branches.
o symmetric teleparallel: 1 additional scalar function of time.
o general teleparallel: 2 additional scalar functions of time.

= Different dynamics for f(G), f(Q), f(T).

Manuel Hohmann (University of Tartu) General teleparallel cosmologies and perturbations DPG SMuK - 20. March 2023 13 /16



Example: inequivalent branches of f(X) theories

e Gravity scalars:

G- %[2722 —2(Qs — Ti)? - Q3(Q1 — Qs + 2T5)], (292)

Q- —%[2% +03(01 — Q1) (29b)
6

T= (=T, (29¢)

= G, Q, T depend on u and further scalar functions of time:

o metric teleparallel: different dynamics for axial and vector torsion branches.
o symmetric teleparallel: 1 additional scalar function of time.
o general teleparallel: 2 additional scalar functions of time.

= Different dynamics for f(G), f(Q), f(T).

= Perturbations: dynamics differ even for equivalent background dynamics.
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Example: inequivalent branches of f(X) theories

e Gravity scalars:

G- %[2722 —2(Qs — Ti)? - Q3(Q1 — Qs + 2T5)], (292)

Q- —%[2% +03(01 — Q1) (29b)
6

T= (=T, (29¢)

= G, Q, T depend on u and further scalar functions of time:

o metric teleparallel: different dynamics for axial and vector torsion branches.
o symmetric teleparallel: 1 additional scalar function of time.
o general teleparallel: 2 additional scalar functions of time.

= Different dynamics for f(G), f(Q), f(T).
= Perturbations: dynamics differ even for equivalent background dynamics.

4 Some background scalars decouple, but enter in perturbations.
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Example: tensor perturbations in f(.X) theories

e General form of tensor propagation equation:

n N R R R f‘//
262 AT = £ (Db — 20°Gab — 2HE — &) + 150 (30)
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Example: tensor perturbations in f(.X) theories

e General form of tensor propagation equation:

R . . . R f‘//
262 A Top = f' (Aqab — 207 8ap — 2H Gl — ng) + b (30)
e Modification depends on teleparallel class and cosmological background branch:
= 3[4H?*(H — K)
—2(2 KK + K"
( H- ‘)\ + K% A= 12H(H? — 2 — g,
A = 3{4HK(H — K)(HK + v?) /
+2K[(K? — 2HK — u?)H' > A = 12H(H? — H)g,, —>[A = 0]
+(u? + K2)K"THK G, — 207 dab) \

= 12(H + iu)[H(H + iv) — H'|(8.y — iudas)

A = 3[4H3(H + K)
—2(2H + K)K' = K"](q%, — 2K8ab)
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Example: tensor perturbations in f(.X) theories

e General form of tensor propagation equation:

. . . . R f‘//
22 2T, = f/ (Aqab — 202G, — 2HE,, — q;’b) + . (30)
e Modification depends on teleparallel class and cosmological background branch:
= 3[4H?*(H — K)
—2(2 KK + K"
( i 1)\ i A =12H(H? — v* — )4,
A = 3{4HK(H — K)(HK + v?) /
+2K[(K? — 2HK — u?)H' > A = 12H(H? — H)g,, —>[A =0]
+(u? + K2)K"THK G, — 2u%dab) \

= 12(H + iu)[H(H + iv) — H|(8,, — iudas)

A = 3[4H3(H + K)
—2(2H + K)K' — K"|(d.,, — 2Kd.»)

= Modification of Hubble friction ¢, and curvature §,, terms.
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e Cosmologically symmetric teleparallel background geometry:

o Metric takes familiar Robertson-Walker form.
o Different branches for flat connection:

general | symmetric | metric
spatially flat 3 3 1
spatially curved 2 1 2
scalar functions 2 1 0
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e Cosmologically symmetric teleparallel background geometry:

o Metric takes familiar Robertson-Walker form.
o Different branches for flat connection:

general | symmetric | metric
spatially flat 3 3 1
spatially curved 2 1 2
scalar functions 2 1 0

e Teleparallel cosmological perturbations:
o Metric and connection perturbations defined by tensor fields.
o 3 4 1l-split and irreducible decomposition.
o Gauge transformations: universal prescription for gauge-invariant variables.
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e Cosmologically symmetric teleparallel background geometry:

o Metric takes familiar Robertson-Walker form.
o Different branches for flat connection:

general | symmetric | metric
spatially flat 3 3 1
spatially curved 2 1 2
scalar functions 2 1 0

e Teleparallel cosmological perturbations:
o Metric and connection perturbations defined by tensor fields.
o 3 4 1l-split and irreducible decomposition.
o Gauge transformations: universal prescription for gauge-invariant variables.
e Application to teleparallel gravity (example):
f(G), f(T), f(Q) yield same cosmological dynamics on one branch.
f(G), f(T), f(Q) cosmological dynamics differ for other branches.
Strong coupling problem in f(T) gravity.
Even stronger coupling problem in f(Q) and f(G)?
Modified Hubble friction terms in tensor perturbation equations.

O O O O O
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