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Motivation

e Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
o How to quantize gravity?
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e Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
o How to quantize gravity?
e Possible solutions from gravity theories based on modified geometry:

o Metric-affine geometry: metric and affine connection.
o Metric teleparallel geometry: affine connection is flat and metric-compatible.
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e Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
o How to quantize gravity?
e Possible solutions from gravity theories based on modified geometry:
o Metric-affine geometry: metric and affine connection.
o Metric teleparallel geometry: affine connection is flat and metric-compatible.
e Standard approach to cosmology:
o Consider homogeneous and isotropic geometry.
o Homogeneous and isotropic metric-affine and teleparallel geometries are known.
4 Strong coupling problem: linear perturbation theory fails for certain teleparallel theories.
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e Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?

o How to quantize gravity?
e Possible solutions from gravity theories based on modified geometry:

o Metric-affine geometry: metric and affine connection.
o Metric teleparallel geometry: affine connection is flat and metric-compatible.

e Standard approach to cosmology:

o Consider homogeneous and isotropic geometry.
o Homogeneous and isotropic metric-affine and teleparallel geometries are known.

4 Strong coupling problem: linear perturbation theory fails for certain teleparallel theories.

o ldea: study geometries with less symmetry:
o Homogeneous 3-dimensional metric geometries fully classified by Bianchi.
o Bianchi classes Il, IlI, IX admit four-dimensional symmetry groups.

~» Derive and study metric-affine and teleparallel Bianchi cosmologies.
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Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe?
o Relation between gravity and gauge theories?
o How to quantize gravity?

Possible solutions from gravity theories based on modified geometry:

o Metric-affine geometry: metric and affine connection.
o Metric teleparallel geometry: affine connection is flat and metric-compatible.

Standard approach to cosmology:
o Consider homogeneous and isotropic geometry.
o Homogeneous and isotropic metric-affine and teleparallel geometries are known.
4 Strong coupling problem: linear perturbation theory fails for certain teleparallel theories.

Idea: study geometries with less symmetry:

o Homogeneous 3-dimensional metric geometries fully classified by Bianchi in 1898%.
o Bianchi classes Il, IlI, IX admit four-dimensional symmetry groups.
~ Derive and study metric-affine and teleparallel Bianchi cosmologies.

1125. anniversary of Bianchi classification!
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1. Symmetry in metric-affine and teleparallel geometry
2. The Lorentz algebra

3. Bianchi spacetimes
3.1 General structure
3.2 Bianchi type Il
3.3 Bianchi type Il
3.4 Bianchi type IX

4. Conclusion
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Outline

1. Symmetry in metric-affine and teleparallel geometry
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tric-affine and teleparallel geometry

e Fundamental fields in metric-affine geometry:
o Metric tensor g,

- Defines length of and angle between tangent vectors.
- Defines length of curves and proper time.
- Defines causality (spacelike and timelike directions).
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Metric-affine and teleparallel geometry

e Fundamental fields in metric-affine geometry:
o Metric tensor g,
Defines length of and angle between tangent vectors.
Defines length of curves and proper time.
Defines causality (spacelike and timelike directions).
o Connection with coefficients I'*,,,:
Defines covariant derivative V, of tensor fields.

Defines parallel transport along arbitrary curves.
Defines autoparallel curves via parallel transport of tangent vector.
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Metric-affine and teleparallel geometry

e Fundamental fields in metric-affine geometry:
o Metric tensor g,

Defines length of and angle between tangent vectors.
Defines length of curves and proper time.
Defines causality (spacelike and timelike directions).

o Connection with coefficients I'*,,,:
Defines covariant derivative V, of tensor fields.
Defines parallel transport along arbitrary curves.
Defines autoparallel curves via parallel transport of tangent vector.
e Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: 62 = 0?,dx" with inverse e, = e,0,,.
o Spin connection: w?, = w?p,dxH.
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tric-affine and teleparallel geometry

e Fundamental fields in metric-affine geometry:
o Metric tensor g,

- Defines length of and angle between tangent vectors.
- Defines length of curves and proper time.
- Defines causality (spacelike and timelike directions).

o Connection with coefficients I'*,,,:

- Defines covariant derivative V, of tensor fields.
- Defines parallel transport along arbitrary curves.
- Defines autoparallel curves via parallel transport of tangent vector.

e Metric teleparallelism conventionally formulated using:
o Tetrad / coframe: 62 = 0?,dx" with inverse e, = e,0,,.
o Spin connection: w?, = w?p,dxH.
e Induced metric-affine geometry:
o Metric:
Buv = naboapﬂbu . (1)
o Affine connection:
M, = e (0,07, + w?hpt,) - (2)
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Symmetries of metric-affine geometries

o Consider action of Lie algebra g spanned by X4 with structure constants Cag:

[Xa, Xg] = Cag“Xc. (3)
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Symmetries of metric-affine geometries

o Consider action of Lie algebra g spanned by X4 with structure constants Cag:
[Xa, Xg] = Cag“Xc . (3)

e Symmetry of metric-affine geometry under action of basis vector fields:
o Metric:
0= (Lx,8)uw = Xzapguv + 8MX£ng + avxﬁgup . (4)

o Connection coefficients:

0= (Lx,N)Hp =X50,TH1p — 0o X4T7, + O XZTHp + 0,X5TH 6 + 0,0, X5

5
=V, V. X4 = XGR o — Vo (XZT"05) . )
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Symmetries of metric-affine geometries

o Consider action of Lie algebra g spanned by X4 with structure constants Cag:
[Xa, Xg] = Cag“Xc . (3)

e Symmetry of metric-affine geometry under action of basis vector fields:
o Metric:
0= (Lx,8)uw = Xzapg/w + 8MX£ng + 6VX£gup . (4)

o Connection coefficients:

0= (Lx,N)Hp =X50,TH1p — 0o X4T7, + O XZTHp + 0,X5TH 6 + 0,0, X5

5
=V, V. X4 = XGR o — Vo (XZT"05) . (®)
e Recall Lie algebra property of vector fields:
(‘C[XA XB]g)lW = (LxaLxs8)uw — (LxgLx,8)w =0, (62)
(LixaxelM) vo = (LxalxgT)vp — (LxgLx, M) 0p =0. (6b)
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Metric teleparallel geometry and spacetime symmetries

e Express Lie derivative of tetrad in the tetrad basis:

(EXAe)a/J« = _Ai\bgbﬂ‘ (7)
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Metric teleparallel geometry and spacetime symmetries

e Express Lie derivative of tetrad in the tetrad basis:

(Lx,0)° = _Ai\bebﬂ‘ (7)
e Recall Lie algebra structure and linearity of Lie derivative:
(‘C[XA,XB]H)QN = CABC(EXce)aM . (8)
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Metric teleparallel geometry and spacetime symmetries

e Express Lie derivative of tetrad in the tetrad basis:

(EXAe)a/J« = _Ai\bebﬂ‘ (7)
e Recall Lie algebra structure and linearity of Lie derivative:
(Lixaxslf) = Cas(Lxc0) - (8)
= A3p satisfy:
NacXgb — AbcAas + XK ABs — XBONap = Cag AEb . 9)
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Metric teleparallel geometry and spacetime symmetries

e Express Lie derivative of tetrad in the tetrad basis:

(EXAe)a/J« = _Ai\bebﬂ‘ (7)
e Recall Lie algebra structure and linearity of Lie derivative:
(Lixaxslf) = Cas(Lxc0) - (8)
= A3p satisfy:
NacXgb — AbcAas + XK ABs — XBONap = Cag AEb . 9)

o Metric invariant under X% if and only if:

NacAab + NbcAaa = 0. (10)
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Metric teleparallel geometry and spacetime symmetries

e Express Lie derivative of tetrad in the tetrad basis:

(£x,0)° = _Ai\bebﬂ- (7)
e Recall Lie algebra structure and linearity of Lie derivative:
(Lixaxslf) = Cas(Lxc0) - (8)
= A3p satisfy:
NacXgb — AbcAas + XK ABs — XBONap = Cag AEb . 9)

o Metric invariant under X% if and only if:
NacAab + NbcAaa = 0. (10)
o Affine connection is invariant under X% if and only if:

0= (‘CXAw)abM = O0pAdb + w’cuAap — chu}‘i\c- (11)
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Metric teleparallel geometry and spacetime symmetries

e Express Lie derivative of tetrad in the tetrad basis:

(Lx,0)° = _Ai\bebﬂ- (7)
e Recall Lie algebra structure and linearity of Lie derivative:
(‘C[XA,XB]H)QN = CABC(EXce)aM . (8)

= A% satisfy property of Lie algebra homomorphism:
A2 ASh — AZcAGh = Cag ALy, (9)

o Metric invariant under X/ if and only if A4 € s0(1,3):

NacAQb + NbcAga = 0. (10)
o Affine connection is invariant under X% if and only if 9,A%, = 0:
0= (£x,2)% by = OuAab - (11)

o Use Weitzenbéck gauge w?p, = 0: Lie algebra homomorphism : g — so(1, 3).
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Global Lorentz transformations

e Geometry in Weitzenbock gauge unchanged under global Lorentz transformation Ad:

02, = Np0°, . (12)
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Global Lorentz transformations

e Geometry in Weitzenbock gauge unchanged under global Lorentz transformation Ad:
b
6%, = Np0°,. (12)
e Lie derivative of new tetrad:

(Lx,0')%, = —NZp0"°, . (13)
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Global Lorentz transformations

e Geometry in Weitzenbock gauge unchanged under global Lorentz transformation Ad:
b
6%, = Np0°,. (12)
e Lie derivative of new tetrad:
(EXAG/)aH' = _Afgbelbu- (13)
= Relation between Lorentz algebra homomorphisms given by adjoint representation:

N2, =N AGe(A 1. (14)
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Global Lorentz transformations

e Geometry in Weitzenbock gauge unchanged under global Lorentz transformation Ad:
02, = Np0°, . (12)
e Lie derivative of new tetrad:
(Lxab)7p = = N300 (13)
= Relation between Lorentz algebra homomorphisms given by adjoint representation:
Nip =N AGa(A 1. (14)
= Determine all Lie algebra homomorphisms : g — s0(1,3) up to conjugation:

A2 AL — ABcAGh = Cag ALy (15)
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Global Lorentz transformations

e Geometry in Weitzenbock gauge unchanged under global Lorentz transformation Ad:
02, = Np0°, . (12)
e Lie derivative of new tetrad:
(‘C’XAG/)aH = _)‘fgbelbu- (13)
= Relation between Lorentz algebra homomorphisms given by adjoint representation:
N2, =N AGe(A 1. (14)
= Determine all Lie algebra homomorphisms : g — s0(1,3) up to conjugation:
AacABb — ABc A%y = Cap“ALs . (15)

o Attempts at solving these equations for the most general A3, on different hardware:
1. My office computer (64GB RAM): out of memory.
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Global Lorentz transformations

e Geometry in Weitzenbock gauge unchanged under global Lorentz transformation Ad:
02, = Np0°, . (12)
e Lie derivative of new tetrad:
(‘C’XAG/)aH = _)‘fgbelbu- (13)
= Relation between Lorentz algebra homomorphisms given by adjoint representation:
Nip =N AGa(A 1. (14)
= Determine all Lie algebra homomorphisms : g — s0(1,3) up to conjugation:
AacABb — ABc A%y = Cap“ALs . (15)

o Attempts at solving these equations for the most general A3, on different hardware:
1. My office computer (64GB RAM): out of memory.
2. Colleague's computer (256GB RAM, parallel computation): no result yet after 3 days.
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Global Lorentz transformations

e Geometry in Weitzenbock gauge unchanged under global Lorentz transformation Ad:
02, = Np0°, . (12)
e Lie derivative of new tetrad:
(‘C’XAG/)aH = _)‘fgbelbu- (13)
= Relation between Lorentz algebra homomorphisms given by adjoint representation:
Nip =N AGa(A 1. (14)
= Determine all Lie algebra homomorphisms : g — s0(1,3) up to conjugation:
AacABb — ABc A%y = Cap“ALs . (15)

o Attempts at solving these equations for the most general A3, on different hardware:
1. My office computer (64GB RAM): out of memory.

2. Colleague's computer (256GB RAM, parallel computation): no result yet after 3 days.
3. My brain (no idea how much RAM): solved in less than 24 BPU hours.
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Outline

2. The Lorentz algebra
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Vector product representation

e Commutation relations for basis elements:

i, ] = eipdi,  [Ki, Kj] = =€, [i, K] = €Ki - (16)
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Vector product representation

e Commutation relations for basis elements:

i, ] = eipdi,  [Ki, Kj] = =€, [i, K] = €Ki - (16)
e Introduce vector notation for A4 with fA, EA € R3:
M=ja-Jtka-K, J=(h D k), K=(K.KzKs), (17)
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Vector product representation

e Commutation relations for basis elements:

i, ] = eipdi,  [Ki, Kj] = =€, [i, K] = €Ki - (16)
e Introduce vector notation for A4 with fA, EA € R3:
M=ja-Jtka-K, J=(h D k), K=(K.KzKs), (17)

= Commutation relations (16) equivalently written in terms of vector product:

— —
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Vector product representation

e Commutation relations for basis elements:
[Uis il = eiwdic, [Ki Kjl = —eiedic, [0 Kjl = €Ki (16)
e Introduce vector notation for A4 with fA, EA € R3:
M=ja-Jdtka K, J=(h, k), K=(Ki,KaKz), (17)
= Commutation relations (16) equivalently written in terms of vector product:
G-J7-J=0Gx7)-J, [k-KK-Kl=—(kxk)-J, [[-Jdk-Kl=({xk)-K, (18)
= Commutator of two arbitrary algebra elements:

G- J+k-KJ-J+k-Rl=Gxj—kxK)-J+(Gxk+kx7)-K,  (19)
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Vector product representation

e Commutation relations for basis elements:
[Uis il = eiwdic, [Ki Kjl = —eiedic, [0 Kjl = €Ki (16)
e Introduce vector notation for A4 with fA, EA € R3:
M=ja-Jdtka K, J=(h, k), K=(Ki,KaKz), (17)
= Commutation relations (16) equivalently written in terms of vector product:
G-J7-J=0Gx7)-J, [k-KK-Kl=—(kxk)-J, [[-Jdk-Kl=({xk)-K, (18)
= Commutator of two arbitrary algebra elements:
G-J+k-Kj-J+k Kl=Gx]—kxk)-J+(Fxk+kx]) K, (19)
= Homomorphism condition for A:

- -

Ja xJjg —ka x kg = CagSjc, Jax kg + ka x jg = Cagkc . (20)
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Adjoint representation of the Lorentz group

e Adjoint representation of one-parameter groups with unit vector r:

etﬁ'j(f- j)e_tﬁ'j =[(R-J)A+7Ax]sint—ix(ix])cost]-J, (21a)
et (k. R)e ™ = [(F-K)i+ 7 x ksint — i x (i x k)cost] - K, (21b)
et R (7. J)e K — [(7-J)i — i x (i x J)cosh t] - J + 7 x |- Ksinh t, (21¢)
et K (k. KYe t™K — [(7- k)i — i x (Ax K)cosht] - K — i x k- Jsinht.  (21d)
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Adjoint representation of the Lorentz group

e Adjoint representation of one-parameter groups with unit vector r:

t”J(f J)e _t”J—[( DR+ R xjsint—adx (fxj)cost]-J, (21a)
7(/}’ K)e t7d — [(7i- k)i + 7 x Ksint — i x (i x K)cost] - K , (21b)
K (7. J)e~ ﬁR:[(ﬁ-f)ﬁ—ﬁx(ﬁxf)cosht]-j+ﬁxf-Rsinht, (21c)

lCl

—

FR(K. K)e '™ — [(F-K)i— i x (Fix k)cosht] - K — i x k-Jsinht.  (21d)
e Adjoint representation of time and space reflections:
TIT'=pPiPt=], TKT'=PKP'=-K. (22)
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Adjoint representation of the Lorentz group

e Adjoint representation of one-parameter groups with unit vector r:

t”J(f J)e _t”J—[( DR+ R xjsint—adx (fxj)cost]-J, (21a)
et (k. R)e ™ = [(F-K)i+ 7 x ksint — i x (i x k)cost] - K, (21b)
R(j Ne t#K = [(7- )i — fix (A x J)cosht] - T+ i x ] Ksinht, (21c)
FR(K. K)e '™ — [(F-K)i— i x (Fix k)cosht] - K — i x k-Jsinht.  (21d)

e Adjoint representation of time and space reflections:
TIT =PiPt=J, TKT '=PKP'=-K. (22)

= Invariant bilinear forms:

k(G-J+k-Rj - J+k-Ky=k-kK-J-F (23a)
G-I+ k-Rj-J+K -R)y=7-K+k-J (23b)
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Adjoint representation of the Lorentz group

e Adjoint representation of one-parameter groups with unit vector r:

t”J(f J)e _t”J—[( DR+ R xjsint—adx (fxj)cost]-J, (21a)
7(/}’ K)e t7d — [(7i- k)i + 7 x Ksint — i x (i x K)cost] - K , (21b)
3R (7. et K — [(7-J)i — ii x (i x J)cosh t] - J+ /i x j- K sinht, (21c)

lCl

—

FR(K. K)e '™ — [(F-K)i— i x (Fix k)cosht] - K — i x k-Jsinht.  (21d)

e Adjoint representation of time and space reflections:

TIT '=pPiPt=J, TKT '=PKP'=_-K. (22)
= Invariant bilinear forms:
k(G-J+k-Rj - J+k-Ky=k-kK-J-F (23a)
G-I+ k- Kj-J+K-R)y=j-K+k-J (23b)
= Invariant scalar quantities:
S=J-k=Ijlllkl cos<(,k), D =[jI*—Ilk]> (24)
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Adjoint representation of the Lorentz group

e Adjoint representation of one-parameter groups with unit vector r:

t”J(f J)e _t”J—[( DR+ R xjsint—adx (fxj)cost]-J, (21a)
et (k. R)e ™ = [(F-K)i+ 7 x ksint — i x (i x k)cost] - K, (21b)
R(j Ne t#K = [(7- )i — fix (A x J)cosht] - T+ i x ] Ksinht, (21c)

FR(K. K)e '™ — [(F-K)i— i x (Fix k)cosht] - K — i x k-Jsinht.  (21d)

e Adjoint representation of time and space reflections:

TITt=pPjpt=J, TKT'=PKP!l=_K. (22)
= Invariant bilinear forms except for reflections:
k(G- J+k-Kj - J+K-Ky=k-kK—7-7 (23a)
G IJ+k-R7-J+K-R)y=F-K+k-J (23b)
= Invariant scalar quantities except for reflections:
+5=J-k=|ljlllKllcos<(F, k), D =IljlI*~IIk|? (24)
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Orbits of the adjoint representation

re

1. Zero orbit S = D = 0: contains only the element j = k=0.
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Orbits of the adjoint representation

1. Zero orbit S = D = 0: contains only the element j = k=0.
2. One orthogonal orbit S = 0 for each D € R: contains j L k and ||j||2 — ||k||? = D:

a. D = 0: parametrized by u € R* as ||j]| = ||| = u > 0.
b. D> 0: parametrized by u € Ry as ||j]| = VD cosh u, ||k|| = v/Dsinh u.
c. D < 0: parametrized by u € R{ as |j]| = v/—Dsinh u, || k|| = v/—D cosh u.
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Orbits of the adjoint representation

1. Zero orbit S = D = 0: contains only the element j = k=0.

2. One orthogonal orbit § = 0 for each D € R: contains j L k and |[j||2 — ||k||2 = D:
a. D = 0: parametrized by u € R* as ||j]| = ||| = u > 0.
b. D > 0: parametrized by u € RY as ||j|| = v/Dcosh u, ||k|| = v/Dsinh u.
c. D < 0: parametrized by u € R{ as |j]| = v/—Dsinh u, || k|| = v/—D cosh u.

3. One non-orthogonal orbit for each |S| >0 and D € R:

o Each orbit parametrized by u = cos <((j, k) € [-1,1] \ {0}.
o Elements of the orbits satisfy

- D2 S2 D - D2 S2 D
12 = = = 2 _ = - _ =
G2 =y ++5, IKP=y+5- 3 (25)

o Two connected components sgn S = sgn u = £1 related by reflections.

- | L. v
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Outline

3. Bianchi spacetimes
3.1 General structure
3.2 Bianchi type Il
3.3 Bianchi type Il
3.4 Bianchi type IX
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2. The Lorentz algebra

3. Bianchi spacetimes
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Free functions in most general geometries

e Number of free functions in most general geometries:
| | no symmetry | only homogeneous | 1 isotropy | 3 isotropies |

Metric Suv gl.,.lo(t) gl...4(t) gl..,g(t)
Affine connection I'“l,p ]Cl...64(t) Kl...go(t) ]Cl...5(t)
Torsion T'uup 7-1...24(1') 713(1‘) 712(1‘)
Nonmetricity Q,ul/p Ql...4o(t) Q]_...12(t) Ql...3(t)
Tetrad Gau C]_...]_ﬁ(t) C]_...ﬁ(t) Cl...z(t)
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Free functions in most general geometries

e Number of free functions in most general geometries:
| | no symmetry | only homogeneous | 1 isotropy | 3 isotropies |

Metric Suv gl.,.lo(t) gl...4(t) gl..,g(t)
Affine connection I'“l,p ]Cl...64(t) Kl...go(t) ]Cl...5(t)
Torsion T'uup 7-1...24(1') 713(1‘) 712(1‘)
Nonmetricity Q,ul/p Ql...4o(t) Q]_...12(t) Ql...3(t)
Tetrad Gau C]_...]_ﬁ(t) C]_...ﬁ(t) Cl...z(t)

e Number of free functions may further be reduced by diffeomorphisms.
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Free functions in most general geometries

e Number of free functions in most general geometries:
| | no symmetry | only homogeneous | 1 isotropy | 3 isotropies |

Metric Suv gl.,.lo(t) gl...4(t) gl...g(t)
Affine connection I'“l,p ]Cl...64(t) Kl...go(t) ,Cl...5(t)
Torsion T'uup 7-1...24(1') 713(1‘) 7-12(1.')
Nonmetricity Q,ul/p Ql...4o(t) Q]_...12(t) Ql.‘.3(t)
Tetrad Gau C]_...]_ﬁ(t) C]_...ﬁ(t) Cl...g(t)

e Number of free functions may further be reduced by diffeomorphisms.

e Homogeneous and isotropic cosmologies.
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Free functions in most general geometries

e Number of free functions in most general geometries:
| | no symmetry | only homogeneous | 1 isotropy | 3 isotropies |

Metric Suv gl.,.lo(t) (]1...4(t) gl..,g(t)
Affine connection I'“l,p ]Cl...64(t) /Cl...go(t) ]Cl...5(t)
Torsion T'uup 7-1...24(1') 7-18(1.') 712(1‘)
Nonmetricity Q,ul/p Ql...4o(t) Q]_..‘]_z(l’) Ql...3(t)
Tetrad Gau C]_...]_ﬁ(t) Cl.l.ﬁ(t) Cl...z(t)

e Number of free functions may further be reduced by diffeomorphisms.

e Homogeneous and isotropic cosmologies.
e Here: consider Bianchi types I, I, IX:
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Free functions in most general geometries

e Number of free functions in most general geometries:
| | no symmetry | only homogeneous | 1 isotropy | 3 isotropies |

Metric Suv gl.,.lo(t) gl...4(t) gl..,g(t)
Affine connection I'“l,p ]Cl...64(t) /Cl...go(t) ]Cl...5(t)
Torsion T'uyp 7-1...24(1') 7-18(1.') 712(1‘)
Nonmetricity Q,ul/p Ql...4o(t) Q]_..‘]_z(l’) Ql...3(t)
Tetrad 0*’” C]_...]_ﬁ(t) C]_...ﬁ(t) Cl...z(t)

e Number of free functions may further be reduced by diffeomorphisms.

e Homogeneous and isotropic cosmologies.
e Here: consider Bianchi types Il, Ill, IX:
o General metric-affine geometry: too lengthy for this talk.
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Free functions in most general geometries

e Number of free functions in most general geometries:
| | no symmetry | only homogeneous | 1 isotropy | 3 isotropies |

Metric Suv gl.,.lo(t) gl...4(t) gl..,g(t)
Affine connection I'“l,p ]Cl...64(t) Kl...go(t) ]Cl...5(t)
Torsion T'uyp 7-1...24(1') 713(1‘) 712(1‘)
Nonmetricity Q,ul/p Ql...4o(t) Ql...lg(t) Ql...3(t)
Tetrad 0*’” C]_...]_ﬁ(t) Cl.l.ﬁ(t) Cl...z(t)

e Number of free functions may further be reduced by diffeomorphisms.
e Homogeneous and isotropic cosmologies.

e Here: consider Bianchi types Il, Ill, IX:

o General metric-affine geometry: too lengthy for this talk.
o Metric teleparallel geometry in Weitzenbock gauge: tetrad only.
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Outline

1. Symmetry in metric-affine and teleparallel geometry
2. The Lorentz algebra

3. Bianchi spacetimes

3.2 Bianchi type Il

4. Conclusion
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Symmetry generators

e Symmetry algebra:

[X1, Xo] = [X1, X3] = [X1, Xa]) =0, [Xo,X3] = X1, [Xo,Xa]=—-X3, [X3,Xa]=X>.
(26)
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Symmetry generators

e Symmetry algebra:

[X1,X2] = [X1, X3] = [X1, Xa] =0, [Xo, X3] = X1, [Xo, Xa] =—X3, [X3,X]=X.
(26)
o Algebra represented by vector fields:

X2_Z2
X1=8y, X2=az, X3=zay—8x, X4=28X+T<9y—x82. (27)
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Symmetry generators

e Symmetry algebra:
[X1, Xo] = [X1, X3] = [X1, Xa] =0,  [Xo,X3] = X1, [Xo,Xa] ==Xz, [X3,Xe]=X2.

(26)

o Algebra represented by vector fields:

2 _ 72
X1 =3y, X2 =8z, X3 =28y—0x, X4 =zBX+T<9y—x82. (27)
= Homomorphism conditions:

flez—l?lxl_ézo, ﬁXE2+E1Xj2:0, (283)
ﬁxfg,—ﬁlxﬁ3:0, ﬁXE3+E1X];3:0, (28b)
ﬁxﬁ—E1XE4:O, 71XE4+E1X];1:0, (28C)
_EX];;—EQXE3:];[, _EXE3+E2XE,=E1, (28d)
Jo X Ja— ko x ky = —Ja, Jo X ks + ko x jo = k3, (28e)
_EX];;—E3XE4:E, _EXE4+E3X];1:E2. (28f)
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1. Trivial branch: ]:;, ks arbitrary and

l

»1
Il
]
Il
XL
Il
o

h=h= (29)

Manuel Hohmann (University of Tartu) Teleparallel & metric-affine Bianchi cosmologies GeomGrav2023 - 21. June 2023 18 /29



Lie algebra homomorphisms

1. Trivial branch: ]:;, ks arbitrary and

fi=h=h=k=k =k=0 (29)
2. Non-trivial branch:
o Conditions to be satisfied:
B Lks, lill=lkll, JaLka, [Uall® = llhal® =
Jkitisks=j Ja—k k=0, fi=k=0,
_BX_;;—E3XE4=_E, BXE4+E3X_7:1=E2. (30)
= Representative for unique orbit:
=8, k= &, J k=&, h=k=k=0 (31)
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Symmetric teleparallel geometry

1. Trivial homomorphism: no non-degenerate tetrad solutions.
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Symmetric teleparallel geometry

1. Trivial homomorphism: no non-degenerate tetrad solutions.
2. Non-trivial homomorphism:
o Tetrad:

0° = [Ca(1 + x* + 2%) + C1]dt + (C3x + Caz)dx + [Co(1 + x* + z°) + Cs]dy

4+ {[Cs(1 + x*> + 2%) + C5 — Ca]x + C3z}dz, (32a)
01 = 2Coxdt + Cadx + 2Cexdy + (2Csx* — C4)dz, (32b)
62 = 2Cozdt + C4dx + 2Cezdy + (2Cexz + C3)dz, (32¢)
0 = [Ca(1 — x* — 2°) — C1]dt — (C3x + Caz)dx + [C(1 — x* — Z%) — Cs]dy

+ {[Cs(1 — x*> — 2%) — C5 + C4]x — C3z}dz, (32d)

o Determinant:
det f = 2(CaCs — C1C6)(C3 4 C3). (33)

o Metric:
8it = _4CIC2 , 8ty = _2(C2C5 + CICG) ; 8tz = X8ty, 8Bxx = C§ + Cz% )
8y = —4CsCo, 8z =Xy, 8z = C;f +C2 — 4CsCex> . (34)
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Outline

1. Symmetry in metric-affine and teleparallel geometry
2. The Lorentz algebra

3. Bianchi spacetimes

3.3 Bianchi type Il

4. Conclusion
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Symmetry generators

e Symmetry algebra:

[Xla X2] - [X27 X3] - [X27 X4] — 03 [Xla X3] - _Xl ) [Xla X4] - X3 5 [X37 X4] — _X4 .
(35)
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Symmetry generators

e Symmetry algebra:
[Xla X2] - [X2; X3] - [X27X4] — 03 [X17 X3] - _Xl ) [Xla X4] - X3 5 [X37X4] — _X4 .
(35)
o Algebra represented by vector fields (0 < n < 1):

L[ e ) ne™>
Xlzaya X2:az’ X3:ax_yaya X4:y8x+§ 1_n2_y ay_maza
(36)
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Symmetry generators

e Symmetry algebra:
[X17 X2] - [X2; X3] - [X2)X4] — 03 [le X3] - _Xl ) [Xla X4] — X3 5 [X37X4] — _X4 .

(35)
o Algebra represented by vector fields (0 < n < 1):

L[ e ) ne™>
Xlzayv X2:827 X3:8X_yaya X4:y8x+§ 1_n2_y ay_maza

(36)
= Homomorphism conditions:

fixjp—kixk =0, fixko+kixjp=0, (37a)
iox s — ki x ks =—j, Ji % ks + ki x jz = —ki (37b)
hxih—k x ks =J5, Fix ks + ki xja=ks, (37¢)
Joxjz—kyxky=0, Jox k34 kyxjz=0, (37d)
Joxjs—ko x ks =0, Jox ki+koxja=0, (37e)
Ja X o — k3 x ks = —ja, J3 X ks + k3 X ja = —kq . (37f)
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1. Trivial branch: _72, ko arbitrary and

l

»1
I
X!
Il
=
Il
o

h=j= (38)
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Lie algebra homomorphisms

1. Trivial branch: fz, ko arbitrary and

h=h=ja=ki=ks=ky =0 (38)
2. Non-trivial branch:

o Conditions to be satisfied:

Lk il =kl de L ke, (sl = lIkall,

ik tja-ki=h-ja—k -kat+t1=0, o=k =0,

ﬁXﬁ—E1XE4:_7;,, ﬁXE4+E1X_7;1:E3. (39)

= Representative for unique orbit:
- 1 L. T,
= J2:J3: 2:0 (40)
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Symmetric teleparallel geometry

1. Trivial homomorphism: no non-degenerate tetrad solutions.
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Symmetric teleparallel geometry

1. Trivial homomorphism: no non-degenerate tetrad solutions.
2. Non-trivial homomorphism (use abbreviation N = /1 — n?):

o Tetrad:
03 = G o | dt+ 5% [5 + N2 £2)e] dz
C
H{[7 -0 - e
+ 505 [N(Cs +Ca)(y? £ 2)e™ — S5 —2ye*Co] dy (41a)
0! = Csdt + Cee*dy + %dz, (41b)

0% = —NCyye*dt + (CzyeX + C—,j) dx + [CzeX — N(C5 + C4)ye2x] dy — %C4yexdz. (41c)

o Determinant:

det§ = (C2 + C2)(CaCs — clc6):—N . (42)
o Metric:
CsC — C1C. ; 2+ 2
8ttt = 052 - C]2_7 8tz = SR , 8Bty = N8tz€ , Bxx = 2 2 3 ;
n N
_ Cg — Cg _ X C C C2 C2 2x
8zz = 2 y Byz = N8zz€ , Byy = ( 2 + 3 4 + 5)6 . (43)
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Outline

1. Symmetry in metric-affine and teleparallel geometry
2. The Lorentz algebra

3. Bianchi spacetimes

3.4 Bianchi type IX

4. Conclusion
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Symmetry generators

e Symmetry algebra:

X1, %] = X3, [Xo, Xs) = X1, [Xa, Xi] = Xo, [X1,Xa] = [Xo, Xa] = [X3,Xa] = 0.
(44)
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Symmetry generators

e Symmetry algebra:
[X17X2] :X3a [X2aX3] :X17 [X37X1] :X27 [X17X4] — [X27X4] — [X37X4] =0.

(44)
o Algebra represented by vector fields (n # 0):
Xi=0,, X= ns!ﬂaz + cosyOy — S'"yay,
sin x tan x
cosy . cosy
X3 = — - — X4 = 4
3 nsinxaz sin y Oy tanxay, 4 = 0, (45)
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Symmetry generators

e Symmetry algebra:
[X17X2] :X3a [X2aX3] :X17 [X37X1] :X2a [X17X4] — [X27X4] — [X37X4] =0.

o Algebra represented by vector fields (n # 0): )
X1=0,, Xo= n:%az + cosyOy — :::]}:(8},,
ngni?;)}:az—sinyax—%ay, Xy = 0y, (45)

= Homomorphism conditions:
Jox s — ko % k3 = Ji, Jo X k3 + ko X J3 = ki, (46a)
Faxh—ksx k=, T x ki+ ks x i = ko, (46b)
fixjr— ki x ko =3, Fi X ko + ki X o = k3, (46¢)
fiXja—kix k=0, Jox ks+kyxja=0, (46d)
o Xja—kyx ks =0, fixki+kixja=0, (46¢)
F3xja—ksx k=0, Jax ks +kyxja=0. (46f)
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Lie algebra ho orphisms

1. Trivial branch: ]:;, ks arbitrary and

l

»1
Il
ken!
Il
X
Il
o

h=h= (47)
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Lie algebra homomorphisms

1. Trivial branch: ]’;, ks arbitrary and

l

fi=h=p=k=k =k=0 (47)
2. Non-trivial branch:
o Conditions to be satisfied:
hrktike=0, -k k=0, |pl*-lkl? =I5kl -kl =
hlhk, Jslks, hxjs—kxks=J1, Joxks+hkyxJjs=k. (48)
= Representative for unique orbit:
h=&, h=&, h=8&, h=ki=k=k=k=0 (49)
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Symmetric teleparallel geometry

1. Trivial homomorphism: no non-degenerate tetrad solutions.
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Symmetric teleparallel geometry

1. Trivial homomorphism: no non-degenerate tetrad solutions.
2. Non-trivial homomorphism:

o Tetrad:
0° = C1dt + nC» cos xdy + Codz, (50a)
6! = C3 cos xdt — Cy sin xdx + (nCs cos® x — Cg sin® x)dy + Cs cos xdz , (50b)
0% = Cssin xsin ydt + (C4 cos xsiny — Cg cos y)dx + Cs sin x sin ydz
+ [(nCs + Cg) cos x sin y + C4 cos y] sin xdy , (50¢)
63 = C3sin x cos ydt + (C4 cos x cos y + Cg sin y)dx + Cs sin x cos ydz
+ [(nCs + Cg) cos x cos y — Ca sin y] sin xdy , (50d)
o Determinant:
det§ = (CoC3 — C1C5)(C2 4 C2) sin x, (51)

o Metric:
gt =C3—C}, g =0C3Cs—CiCa, gy =nguncosx, gu=C;+Cs,

g =C2—C2, 8yz = N2z COSX, 8y = B sin® x + n’g,, cos® x.. (52)
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Outline

4. Conclusion
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Conclusion

o ldea:
Study metric-affine and teleparallel geometries with spacetime symmetry algebra g.

Most general geometry derived from Lie algebra homomorphism X : g — so(1, 3).
Equivalent geometries related by adjoint representation of Lorentz transformation.
Simple vector product representation to determine most general homomorphisms.
Application to Bianchi Il, Ill, IX with four-dimensional symmetry algebras.

o

O O O O
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Conclusion

o ldea:
Study metric-affine and teleparallel geometries with spacetime symmetry algebra g.

Most general geometry derived from Lie algebra homomorphism X : g — so(1, 3).
Equivalent geometries related by adjoint representation of Lorentz transformation.
Simple vector product representation to determine most general homomorphisms.
Application to Bianchi Il, Ill, IX with four-dimensional symmetry algebras.
e Results:

o Each algebra allows for trivial and non-trivial homomorphisms.

o Trivial homomorphisms inevitably lead to degenerate tetrad = no solution.

o Unique equivalence class of non-trivial homomorphisms determines unique geometry.

o General teleparallel geometries parametrized by six functions of time.

O O O O

o
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Conclusion

o ldea:
Study metric-affine and teleparallel geometries with spacetime symmetry algebra g.

Most general geometry derived from Lie algebra homomorphism X : g — so(1, 3).
Equivalent geometries related by adjoint representation of Lorentz transformation.
Simple vector product representation to determine most general homomorphisms.
Application to Bianchi Il, Ill, IX with four-dimensional symmetry algebras.
e Results:

o Each algebra allows for trivial and non-trivial homomorphisms.

o Trivial homomorphisms inevitably lead to degenerate tetrad = no solution.

o Unique equivalence class of non-trivial homomorphisms determines unique geometry.

o General teleparallel geometries parametrized by six functions of time.

O O O O

o

e Outlook:
o Study coordinate transformations to maximally reduce number of free functions.
o Study background dynamics of Bianchi I, lll, IX cosmology in teleparallel gravity.

o Study perturbations around cosmological solutions.
o Extend results to all Bianchi classes.
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Conclusion

o ldea:
Study metric-affine and teleparallel geometries with spacetime symmetry algebra g.
Most general geometry derived from Lie algebra homomorphism X : g — so(1, 3).
Equivalent geometries related by adjoint representation of Lorentz transformation.
Simple vector product representation to determine most general homomorphisms.
Application to Bianchi Il, Ill, IX with four-dimensional symmetry algebras.
e Results:

o Each algebra allows for trivial and non-trivial homomorphisms.

o Trivial homomorphisms inevitably lead to degenerate tetrad = no solution.

o Unique equivalence class of non-trivial homomorphisms determines unique geometry.

o General teleparallel geometries parametrized by six functions of time.

O O O O

o

e Outlook:
o Study coordinate transformations to maximally reduce number of free functions.
o Study background dynamics of Bianchi I, lll, IX cosmology in teleparallel gravity.

o Study perturbations around cosmological solutions.
o Extend results to all Bianchi classes.

e Reference:
MH, Spatially homogeneous teleparallel spacetimes with four-dimensional groups of

motions, arXiv:2305.06997 [gr-qc].
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