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1. Scalar-teleparallel gravity
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Dynamical fields and constraints

» Dynamical fields: metric g,,,, affine connection I'*, ,, scalar field ¢.
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Dynamical fields and constraints

» Dynamical fields: metric g,,,, affine connection I'*, ,, scalar field ¢.
« Connection decomposition:

)

° 1 -
=T, =My, TH,,= ég“ (0v90p + 0pGvo — 059up) - (1)
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Dynamical fields and constraints

» Dynamical fields: metric g,,,, affine connection I'*, ,, scalar field ¢.
« Connection decomposition:

)

° 1 -
=T, =My, TH,,= Eg“ (0v90p + 0pGvo — 059up) - (1)

o Constraints:
1. General teleparallel gravity: impose only vanishing curvature

Ry = 0,7 g = g THp + TH Ty = TH T, = 0. @)
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Dynamical fields and constraints

» Dynamical fields: metric g,,,, affine connection I'*, ,, scalar field ¢.
« Connection decomposition:

)

° 1 -
=T, =My, TH,,= Eg“ (0v90p + 0pGvo — 059up) - (1)

o Constraints:
1. General teleparallel gravity: impose only vanishing curvature

R oo = 0y = DTy + TH Ty = TH T, =0. @)
2. Symmetric teleparallel gravity: vanishing curvature and torsion

T, =Tt -T",,=0. (3)
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Dynamical fields and constraints

» Dynamical fields: metric g,,,, affine connection I'*, ,, scalar field ¢.
« Connection decomposition:

)

° 1 -
=T, =My, TH,,= Eg“ (0v90p + 0pGvo — 059up) - (1)

o Constraints:
1. General teleparallel gravity: impose only vanishing curvature

R e = 0pTH e =0Ty + TH )T e =TH 6T, =0, (2)
2. Symmetric teleparallel gravity: vanishing curvature and torsion
T, =Tt -T",,=0. (3)
3. Metric teleparallel gravity: vanishing curvature and nonmetricity:

pr =VuGup = 0uQvp - rgvugop - F”ng,g =0. (4)
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Matter action

» Assume structure of matter action with scalar field coupling:

S [Guvs T 0pr & X'] = S [ G €2, T, + B(0)0L 0, X] (5)
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Matter action

» Assume structure of matter action with scalar field coupling:

S [Guvs T 0pr & X'] = S [ G €2, T, + B(0)0L 0, X] (5)
e General form of matter action variation:
6Sm = fM (%@“yégm, + H, PoTH,, + Do) + w,ax’) v/=gd*x. (6)
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Matter action

» Assume structure of matter action with scalar field coupling:

S [Guvs T s & X'] = S [ G €2 @), T, + B(0)0L 0, X ] (5)
e General form of matter action variation:
6Sm = fM (%@“yégm, + H, PoTH,, + Do) + w,ax’) v/=gd*x. (6)

« Matter field equations «; = 0 for matter fields .
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Matter action

» Assume structure of matter action with scalar field coupling:

S [Guvs T s & X'] = S [ G €2, T4+ B(0)0L 0, X] (5)
e General form of matter action variation:
6Sm = fM (%ewagw + H, PoTH,, + Do) + w,ax’) v/=gd*x. (6)

« Matter field equations <, = 0 for matter fields '.
= Scalar field variation is determined by coupling functions:

®=a'0- BV, H,". 7)
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General teleparallel gravity

« Decomposition of general scalar-teleparallel gravity action:
Sgen = SG + St + Sm . (8)
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General teleparallel gravity

« Decomposition of general scalar-teleparallel gravity action:
Sgen = SG + St + Sm . (8)

e Gravitational part of the action:

SG[Q;LV: Vpa¢ 2 2] \/_
[~A(6)G +2B(¢)X +2C(¢)U +2D(4) V + 2E(3) W - 22V (9)] . (9)
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General teleparallel gravity

« Decomposition of general scalar-teleparallel gravity action:
Sgen = SG + St + Sm . (8)

o Gravitational part of the action:

Solgh M6 = 515 [ d*x/7G
[~A(6)G +2B(¢) X +2C(¢)U +2D(d) V + 2E(s) W — 22V (9)] . (9)

o Action terms:

G=2M" [ My, X = —%Q’“’é,m,u, U=T."¢p, V=Q".0,, W=Q,"¢,. (10)
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General teleparallel gravity

« Decomposition of general scalar-teleparallel gravity action:
Sgen = SG + St + Sm . (8)

o Gravitational part of the action:

Solgh M6 = 515 [ d*x/7G
[~ A(6)G+2B(¢)X +2C(¢)U+2D(6)V +2E(3) W - 262V (9)] . (9)

o Action terms:
1 12 v
G=2M" ;[ MP 1, X = —Eg"”qb,m,l,, U=T1,""¢,, V=Q",6.,, W=Q,""¢,. (10)

o Scalar field coupling functions determine particular theory.
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General teleparallel gravity

« Decomposition of general scalar-teleparallel gravity action:
Sgen = SG + St + Sm . (8)

o Gravitational part of the action:

Solgh M6 = 515 [ d*x/7G
[~A(6)G +2B(¢)X +2C(¢)U +2D(4) V + 2E($)W - 22V(9)] . (9)

o Action terms:
1 12 14
G=2M" [ M*" ;, X = —§Q“V¢,u¢,u, U=T,""¢,, V=Q"6,, W=Q,""¢,. (10)

o Scalar field coupling functions determine particular theory.
o Lagrange multiplier with tensor density t,”* to impose vanishing curvature:

[t 77, TH,,] = fM €07 R, . (11)
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Symmetric teleparallel gravity

« Decomposition of scalar-nonmetricity gravity action:

Ssym=SQ+St+St+Sm. (12)
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Symmetric teleparallel gravity

« Decomposition of scalar-nonmetricity gravity action:
Ssym=SQ+St+St+Sm. (12)

e Additional Lagrange multiplier term to impose vanishing torsion:

St/ T,,] = fM £,70TH,,d%X . (13)
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Symmetric teleparallel gravity

« Decomposition of scalar-nonmetricity gravity action:
Ssym = Sq + S; + S¢ + Sm . (12)
o Additional Lagrange multiplier term to impose vanishing torsion:
St ] = fM £,70TH,,d%X . (13)
e Gravitational part of the action simplifies:

SalGuw, T vp, ] = f\/_
[—A(¢)Q+ZB(¢)X+2D(¢)V+28(¢)W—2n2V(¢)]. (14)
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Symmetric teleparallel gravity

« Decomposition of scalar-nonmetricity gravity action:
Ssym = Sq + S; + S¢ + Sm . (12)
o Additional Lagrange multiplier term to impose vanishing torsion:
St/ T,,] = fM £,70TH,,d%X . (13)
» Gravitational part of the action simplifies:

Salgu 0] = 5,50 [ /70
[~A(6)Q+2B(¢)X + 2D(p)V +2E ()W - 262V(¢)] . (14)

e Nonmetricity scalar:

1 174 1 17 1 v 1 v
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Metric teleparallel gravity

« Decomposition of scalar-torsion gravity action:

Smet = ST+ S + 5S¢+ S . (16)
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Metric teleparallel gravity

« Decomposition of scalar-torsion gravity action:
Smet = ST+ S+ S+ Sm . (16)

e Additional Lagrange multiplier term to impose vanishing nonmetricity:

Sl G ) = [ 0" Quud®x. (17)
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Metric teleparallel gravity

« Decomposition of scalar-torsion gravity action:
Smet = ST+ Sc + 55 + Sm . (16)
» Additional Lagrange multiplier term to impose vanishing nonmetricity:
Sa[0"°, G ™) = fA,,quypOuupd4X- (17)
e Gravitational part of the action simplifies:

Stlgus 8] = 5.5 [ /D
[—A(S) T +2B(¢)X +2C(¢)U - 252V($)] . (18)
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Metric teleparallel gravity

« Decomposition of scalar-torsion gravity action:
Smet = ST+ Sc + 55 + Sm . (16)
» Additional Lagrange multiplier term to impose vanishing nonmetricity:

Sq[qul/p7 gl“/v rNVP] = [M qm/po,uupddrx' (1 7)

« Gravitational part of the action simplifies:

’
ST[g,ul/a rul/pa ¢] = ﬁ Aﬂd4xﬁ
[—A(S) T +2B(¢)X +2C(¢)U - 252V($)] . (18)
e Torsion scalar:

T= %TW" T + %T“”p Tovu—TH, TP (19)
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Outline

2. Field transformations
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Transformation of scalar-teleparallel geometry

e Transformation of dynamical fields:
o Scalar field:

¢=1(9). (20)
o Metric:
O = G €. (21)
o Affine connection:
F'ul/p = rﬂup + <(¢)55¢,p . (22)
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Transformation of scalar-teleparallel geometry

e Transformation of dynamical fields:
o Scalar field:

¢=1(9). (20)
o Metric:
O = G €. (21)
o Affine connection:
F'ul/p = r”l/p + <(¢)55¢,p . (22)

e Transformation of characteristic tensor fields:
o Curvature remains vanishing:

'E{“Vpa = apruua - aal:uup + F'LL‘rpr‘rva' - Fp“ra’r‘rup = Ruypa' =0. (23)
o Torsion: _ _ _
Tuup = r”pu - ruup = TMVp - 2C(¢)5ﬁ,¢,p] . (24)
o Nonmetricity:
C),u,l/p = ?ugup = 627(¢)[Qul/p - 2(C(¢) - 'Y,(¢))gup¢,u] : (25)
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Transformation of matter action

« Equivalence between transformed and original matter actions:

Sm [g/JV7 |=qu7 &7 XI] = Sm [g,ullu r'ul/pu ¢7 Xl] N (26)
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Transformation of matter action

« Equivalence between transformed and original matter actions:

Sm [g/JV7 |=qu7 &7 XI] = Sm [g,ullu r'ul/pu ¢7 XI] N (26)

« Transformed action must have same structure with new functions &, /3:

S [Grr T, 6 X' = 8 [ G € Ty + B(B)0LD 0] (27)
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Transformation of matter action

« Equivalence between transformed and original matter actions:
Sm [Gus ps 8. X' = S [Gpurs 0 6. X] - (26)
« Transformed action must have same structure with new functions &, 3:
ém [Q;w’ Fuuﬁ: <737 Xl] = 'Asm [guveza(d_))a FMVp + B(&)‘Sﬁé,m){l] . (27)
= Action is form-invariant with parameter functions transforming as

a=a+vy, B=fB+C. (28)
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Transformation of matter action

« Equivalence between transformed and original matter actions:
Sm [Gus ps 8. X' = S [Gpurs 0 6. X] - (26)
« Transformed action must have same structure with new functions &, /3:
ém [g;wa Fuup: <737 Xl] = 'Asm [guveza(d_))a I:Ml/p + B(&)‘Sﬁé,p:){l] . (27)
= Action is form-invariant with parameter functions transforming as
a=a+vy, B=fB+C. (28)
= Transformation of matter action variation:

01 =618, H =T, b=e" (8- (UMM +B), @ =e"m.
(29)
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Transformation of general teleparallel gravity

« Transformation of Lagrange multiplier term:

S[5,7, T",,] = [M £, R, dx = fM T, R, dtx (30)
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Transformation of general teleparallel gravity

« Transformation of Lagrange multiplier term:

S[5,7, T",,] = [M £, R, dx = fM T, R, dtx (30)
» Transformation of general teleparallel gravity action:
SG[Q,UJM rMl/pa Q_S] = SG[g,UJ/a rul/pa ¢] . (31)
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Transformation of general teleparallel gravity

« Transformation of Lagrange multiplier term:

S[5,7, T",,] = [M £, R, dx = fM T, R, dtx (30)
e Transformation of general teleparallel gravity action:
86[Gu: ™00, 81 = Sal G, v, 0] - (31)
= Action is form-invariant with parameter functions transforming as

A=€e2A4, (32a)
B=e"[f?B-6y2A+6¢fC+4(¢C-~)f(4D+E)], (32b)
C=e?(fC-29'A), (32¢)

D=e?(fD++'A), (32d)

E=e2(fE-~A), (32e)

V=67, (32f)
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Symmetric teleparallel gravity?

7 Lagrange multiplier term is not invariant:

S[L,7,T",,] = fM TP TH,,dx = fM 07 (T~ 20006,y ) d*x. (33)
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Symmetric teleparallel gravity?

7 Lagrange multiplier term is not invariant:

QT vp T UpT v 4

UL T) = [ LTt = [ G (Th, - 20000 ) d' . (@9)
~ Generalized Lagrange multiplier with non-vanishing torsion:

ST 0] = [ 67| T~ 2T ()80, 0,] X (34)
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Symmetric teleparallel gravity?

7 Lagrange multiplier term is not invariant:
S[L,7,T",,] = fM TP TH,,dx = fM 07 (T~ 20006,y ) d*x. (33)
~ Generalized Lagrange multiplier with non-vanishing torsion:
SI[L 7, Ty, 6] = [M 7 [T, - 2T (9)01, 67| dx (34)
= Lagrange multiplier is form-invariant with transformation

4, =1, T=1T+C. (35)
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Generalized symmetric teleparallel gravity

« Relations imposed by generalized Lagrange multiplier:

G=Q+2T(V-W)+1272X, U=-6TX. (36)
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Generalized symmetric teleparallel gravity

« Relations imposed by generalized Lagrange multiplier:
G=Q+2T(V-W)+1272X, U=-6TX. (36)

= Generalized scalar-nonmetricity gravity action:

SalGuw My 0] = 550% [ /0
[—g<¢>0+2§<¢)X+2g<¢)V+2g(¢>W—2ng<¢)]. (37)
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Generalized symmetric teleparallel gravity

« Relations imposed by generalized Lagrange multiplier:
G=Q+2T(V-W)+1272X, U=-6TX. (36)

= Generalized scalar-nonmetricity gravity action:

SalGur ™ pr ] = 550" [ /=
[—g<¢>0+2§<¢)X+2g<¢)V+2g(¢>W—2ng<¢)]. (37)
= New parameter functions:

A=A, B=B-6CT-6AT?, D=D-AT, £=E£+AT, V=V. (38)

Q
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Generalized symmetric teleparallel gravity

« Relations imposed by generalized Lagrange multiplier:
G=Q+2T(V-W)+1272X, U=-6TX. (36)

= Generalized scalar-nonmetricity gravity action:

Salguw: Mvp, 0] = f V-9
[—g(¢>0+2§<¢)X+2g(¢)V+2g(¢>W—2m2g<¢)]. (37)
= New parameter functions:
A=A, B=B-6CT-6AT?, D=D-AT, £=E£+AT, V=V. (38)
= Complete symmetric teleparallel gravity action:

Seym = Sq+ S+ S+ Sm. (39)
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Transformation of generalized symmetric teleparallel gravity

» Transformation of generalized symmetric teleparallel gravity action:

SElGuw T, 8] = Sglguw, T 0p, 6] - (40)
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Transformation of generalized symmetric teleparallel gravity

» Transformation of generalized symmetric teleparallel gravity action:

SIQ[QMIM ruljpa Q_S] = Sb[g,u,lja ruupa ¢] .

= Action is form-invariant with parameter functions transforming as

A,

Q
21128 -6(¢ -+ )P A+4(C-)1 (4D+£)],
P1D- (-4
P[rE+(c-"A]

4'7]_)
Q

I
D

o ot O oy Otm
I Il
D D

I
D
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Metric teleparallel gravity?

7 Lagrange multiplier term is not invariant:

Su@7, G o = [ 37 Quidx = [ 3 [Quip~2(C =7 )] 6t x. (42)
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Metric teleparallel gravity?

7 Lagrange multiplier term is not invariant:
Sud, G ) = [ 3B = [ 87 [Quuyp ~2(C -1 Gupu] €. (42)
~ Generalized Lagrange multiplier with non-vanishing nonmetricity:

S(; [q;wp, Guvs r“l/pa ¢] = A/, q,uup [Q,uup - 2Q(¢)gup¢,,u] d4X, (43)

Manuel Hohmann (University of Tartu) STG transformations and invariants Metric-affine gravity - Tartu - 19. June 2024 16/30



Metric teleparallel gravity?

7 Lagrange multiplier term is not invariant:
Su@7, G o = [ 37 Quidx = [ 3 [Quip~2(C =7 )] 6t x. (42)
~ Generalized Lagrange multiplier with non-vanishing nonmetricity:
St; (0", v, THp, @] = [M q"P [ Quup —29(4)9up® ] d4Xa (43)

= Lagrange multiplier is form-invariant with transformation

g =g, Q=0+ (-7 (44)
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Generalized metric teleparallel gravity

« Relations imposed by generalized Lagrange multiplier:

G=T+4QU+120%X, V=-160X, W=-40X. (45)
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Generalized metric teleparallel gravity

« Relations imposed by generalized Lagrange multiplier:
G=T+4QU+120%X, V=-160X, W=-40X. (45)

= Generalized scalar-torsion gravity action:

S,T[g,ul/; rul/p7¢] = #d“-x‘[M\/@
[~ AT +2B(6)X + 2C(9)U-262V(9)] . (46)
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Generalized metric teleparallel gravity

« Relations imposed by generalized Lagrange multiplier:
G=T+4QU+120%X, V=-160X, W=-40X. (45)

= Generalized scalar-torsion gravity action:

, 1
ST[g,ul/a r“l/p: ¢] = md“'x ﬁ/l N
[~ AT +2B(6)X + 2C(9)U-262V(9)] . (46)
= New parameter functions:

A=A, B=B-16DQ-46Q-6AQ°, C=C-2AQ, V=V. (47)

7
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Generalized metric teleparallel gravity

« Relations imposed by generalized Lagrange multiplier:
G=T+4QU+120%X, V=-160X, W=-40X. (45)

= Generalized scalar-torsion gravity action:

Stlgu s8] = 550 [ /78
[~ AT +2B(6)X + 2C(9)U-262V(9)] . (46)
= New parameter functions:
A=A, B=B-16DQ-46Q-6AQ°, C=C-2AQ, V=V. (47)
= Complete symmetric teleparallel gravity action:

met = ST+ Sc + Sy + S (48)
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Transformation of generalized metric teleparallel gravity

o Transformation of generalized metric teleparallel gravity action:

Sf,-[gw/, I:“upa (5] = S,T[guz/a r'uvm ¢] . (49)
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Transformation of generalized metric teleparallel gravity

o Transformation of generalized metric teleparallel gravity action:

'_S,T[g,ulfa I__ul/pa (5] = S,T[gp,y’ r“l/p? ¢] .

= Action is form-invariant with parameter functions transforming as

Manuel Hohmann (University of Tartu)

AZszyA,

T T

_ 27 (23 a2 i 15
B= (1567 A60r)
_ A2 17 n
¢=(rg-2ch).
y=evy.

T T
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Outline

3. Invariant quantities
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Scalar type invariants

e Invariant combination of parameter functions:

I="—, U=—5. (51)
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Scalar type invariants

 Invariant combination of parameter functions:

o Notion of invariance:

o Functional form of ¢ — Z(¢) and ¢ — Z(¢) differs in general.
o Values of functions at each spacetime point x ¢ M agree:

Z(e(x)) = Z(F(¢(x))) = Z(6(x)) - (52)

= Change of functional form compensates scalar field transformation.
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Scalar type invariants

 Invariant combination of parameter functions:

200
e %
I=-"—+, U=—. 51
A A2 (1)
o Notion of invariance:

o Functional form of ¢ — Z(¢) and ¢ ~ Z(¢) differs in general.
o Values of functions at each spacetime point x ¢ M agree:

Z(6(x)) = Z(F(¢(x))) = Z(¢(X)) - (52)
= Change of functional form compensates scalar field transformation.
o Transformation of derivatives:

p- 9T _drdl g
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Vector type invariants

« Invariants from general scalar-teleparallel gravity action:

C+2d' A D-d'A E+a'A

“ e M= g M= e 8
C+A 2D - A’ 28+ A’

"= 24 J= 44 £= 44 (540)
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Vector type invariants

« Invariants from general scalar-teleparallel gravity action:

C+2d'A D-d' A E+ad' A
= — = = 4
k=200 M= N 2e% 7 (54a)
C+A 2D - A’ 28+ A’
= 2A J = 44 £= 44 (54b)
e Invariants from Lagrange multiplier terms:
S=T-B, P=Q+ad -§. (55)
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Vector type invariants

« Invariants from general scalar-teleparallel gravity action:

C+2d'A D-d' A E+ad' A
= = = 4
K 2g2x M 2g2x 7 N 22 7 (543)
C+A 2D - A’ 28+ A’
= 24 7 J = 44 £= 44 (54b)
« Invariants from Lagrange multiplier terms:
S=T-8, P=Q+d -5. (55)
« Invariants from metric and symmetric teleparallel gravity actions:
_¢+20A D-('-4 B0
T 2g2a ' Q 22« ’ Q 2e2x ’
(TZ + ,T4’ + 2JT4Q 2203 - {,V + 224)17‘ 2§ + é' - ZétT S6b
e e g 6o
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Vector type invariants

« Invariants from general scalar-teleparallel gravity action:

C+2d' A D-d' A E+ad' A
= = = 4
k=200 M= N 2e% 7 (54a)
C+A 2D-A' 28+ A
"= 24 J = 44 £= 4A (54b)
« Invariants from Lagrange multiplier terms:
S=T-8, P=Q+d -5. (55)
« Invariants from metric and symmetric teleparallel gravity actions:
_C+204 D-('-4 £+ -4 s6a)
T 2g2a ' Q 22« ’ Q 2e2x ’
¢+ A +240 2D - A 24T 2 q 24T
(e A v Y I
T Q Q
» Transformation of vector type invariants:
K=fK. (57)
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Tensor type invariants

« Invariant from general scalar-teleparallel gravity action:

B-6a2A-68C+4(a’ - B)(4D + &)

G = 2¢20

(58)
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Tensor type invariants

e Invariant from general scalar-teleparallel gravity action:
B-6a2A-68C+4(a’ - B)(4D + &)

= 58
g 5o (58)
e Invariants from metric and symmetric teleparallel gravity actions:
_ I 2 /I _ 24 _
(B8P A -p)(4DE) B-65A-6aC 59

a 2g2a T 2e2«
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Tensor type invariants

e Invariant from general scalar-teleparallel gravity action:
B-6a2A-68C+4(a’ - B)(4D + &)

= 58
G 5o (58)
e Invariants from metric and symmetric teleparallel gravity actions:
_ I 2 /I _ 24 _
BB P4 A - D E) B85 65 59
Q 2¢2 TT 2¢2
o Alternative construction of invariants:
2AB-3(A' -2AT)2 + 4(A —2AT)(4D + £)
f — QQ Q Q Q Q Q Q (603)
Q 442 ’
Q
! 2 !
. 24([? - 3(?4 + 2,T4Q) - 6(41 + 2¢T4Q)§3 (60b)
T 4_,T42 ’
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Tensor type invariants

e Invariant from general scalar-teleparallel gravity action:
B-6a2A-68C+4(a’ - B)(4D + &)

= 58
G 5o (58)
e Invariants from metric and symmetric teleparallel gravity actions:
_ I 2 /I _ 24 _
BB P4 A - D E) B85 65 59
Q 2e2x T 2g2
o Alternative construction of invariants:
2AB-3(A -2AT)? +4(A" - 2AT)(4D + &)
f — QQ Q Q Q Q Q Q (603)
Q 442 ’
Q
! 2 !
. 24([? - 3(?4 + 2,T4Q) - 6(JT4 + 2¢T4Q)§3 (60b)
T 4_,T42 ’
» Transformation of tensor type invariants:
G=r1?%G. (61)
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Invariant characterization of theories

» Analogues of scalar-curvature gravity:
o General teleparallel case:

H=J=L=0. (62)
o Symmetric teleparallel case:
‘07 = é‘, =0 (63)
o Metric teleparallel case:
H=0 (64)
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Invariant characterization of theories

» Analogues of scalar-curvature gravity:
o General teleparallel case:

H=J=L=0. (62)
o Symmetric teleparallel case:
‘07 =L= 0 (63)
o Metric teleparallel case:
H=0 (64)
e Minimally coupled theories:
o General teleparallel case:
K=M=N=0 (65)
o Symmetric teleparallel case:
M=N=0 (66)
Q Q
o Metric teleparallel case:
K£=0 (67)
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Outline

4. Frames
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Definition of frames

« Frame § defined by conditions ¢ on parameter functions X = (o, 3, A, ...):

e(X)=0. (68)
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Definition of frames

« Frame § defined by conditions ¢ on parameter functions X = (o, 3, A, ...):

e(X)=0. (68)

— 5
e Consider § as “transformed frame”: X = X.
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Definition of frames

« Frame § defined by conditions ¢ on parameter functions X = (o, 3, A, ...):
e(X)=0. (68)

— 5
e Consider § as “transformed frame”: X = X.
= Transformation functions ~, ¢ from arbitrary parametrization to §:

3 5 g X
F=alx -~ X], (=(lx -] (69)
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Definition of frames

« Frame § defined by conditions ¢ on parameter functions X = (o, 3, A, ...):
e(X)=0. (68)

— 5
e Consider § as “transformed frame”: X = X.
= Transformation functions ~, ¢ from arbitrary parametrization to §:

3 3 3 K
y=9[X > X], (=([X->X]. (69)
= Invariant metric and connection in “transformed” frame:

g =ezgg Fo_n +gé“¢ (70)
[z v 5 vp vp vPp-
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Definition of frames

« Frame § defined by conditions ¢ on parameter functions X = (o, 3, A, ...):
e(X)=0. (68)

— 5
e Consider § as “transformed frame”: X = X.
= Transformation functions ~, ¢ from arbitrary parametrization to §:

3 3 3 K
y=9[X > X], (=([X->X]. (69)
= Invariant metric and connection in “transformed” frame:
s 25 L m I
O =€"9u, TH,=Tl,+Co,. (70)

0 5 . 0
= Frame-fixed parameter functions X" are invariants.
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Jordan-like frame

« Vanishing coupling between scalar field and matter fields:

3
B

& 0. (71)
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Jordan-like frame

« Vanishing coupling between scalar field and matter fields:

&EéEo. (71)

= Transformation from arbitrary frame to Jordan frame:

3 3
Y=a, (=p. (72)
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Jordan-like frame

« Vanishing coupling between scalar field and matter fields:

0315550. (71)

= Transformation from arbitrary frame to Jordan frame:

3 J

Y=a, (=p8. (72)
= Metric and connection in Jordan frame:

3 a J
Guv = 92 Guv ruup = r“l/p + 655¢,p : (73)
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Jordan-like frame

« Vanishing coupling between scalar field and matter fields:
3 J
a=p=0. (71)
= Transformation from arbitrary frame to Jordan frame:

3 3
Y=a, (=p. (72)

= Metric and connection in Jordan frame:

3 a J
Guv = €°Guv s THyp =T, + BoLG ,. (73)
= Parameter functions:
301 3 3 3 3 3
A:f’ B=2G, C=2K, D=2M, E=2N, V:%. (74)
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Einstein-like frame (symmetric teleparallel gravity)

e Vanishing coupling between scalar field and geometry:

,2151, T=0. (75)
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Einstein-like frame (symmetric teleparallel gravity)

e Vanishing coupling between scalar field and geometry:

¢ [
,él =1, T7=0. (75)
= Transformation from arbitrary frame to Einstein frame:

¢ ¢
5= Inél, ¢=T. (76)

N =
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Einstein-like frame (symmetric teleparallel gravity)

e Vanishing coupling between scalar field and geometry:

¢ ¢

A=1, T=0. (75)

= Transformation from arbitrary frame to Einstein frame:

e 1 ¢
’yzéln.él, c=T. (76)

= Metric and connection in Einstein frame:

G = AGu . Ty =Ty + TG, (77)
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Einstein-like frame (symmetric teleparallel gravity)

e Vanishing coupling between scalar field and geometry:

¢ [
«04 =1, T7=0. (75)
= Transformation from arbitrary frame to Einstein frame:
s lioa, o 76
Y= é n Q) C - . ( )
= Metric and connection in Einstein frame:
G = AGu . Ty =Ty + TG, (77)
= Parameter functions:
3 f_or, V- s 1z f-o-s 78
g = el g - u7 Q= E nt, /B - ( )

B=2F, D=27,
Q Q

Q Q

Metric-affine gravity - Tartu - 19. June 2024 27/30
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Einstein-like frame (metric teleparallel gravity)

« Vanishing coupling between scalar field and geometry:
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Einstein-like frame (metric teleparallel gravity)

« Vanishing coupling between scalar field and geometry:

¢ [
,ﬁt =1, Q=0. (79)
= Transformation from arbitrary frame to Einstein frame:
¢ 1 ¢ "ﬁll
’7_§In~¢l: C‘Q"'Zﬁ- (80)
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Einstein-like frame (metric teleparallel gravity)

« Vanishing coupling between scalar field and geometry:

¢ [
_,#l =1, Q=0. (79)
= Transformation from arbitrary frame to Einstein frame:
¢ 1 ¢ "ﬁll
,7_5'”“;(7 C_Q+Z74~ (80)
= /
& ¢
Qv = “749“”’ Thyp=TH,,+ (Q + iﬁl) o, (81)

Metric and connection in Einstein frame:
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Einstein-like frame (metric teleparallel gravity)

« Vanishing coupling between scalar field and geometry:

¢ [
.,ﬁl =1, Q=0. (79)
= Transformation from arbitrary frame to Einstein frame:
¢ 1 ¢ ";1,
’Y—EIH./A, C_Q+Z74~ (80)
= /
& ¢
Qv = ,Tétg,w, Thyp=TH,,+ (Q + iﬁl) o, (81)

Metric and connection in Einstein frame:
= Parameter functions:
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Outline

5. Summary
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e Theories based on metric, flat connection and scalar field.
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e Theories based on metric, flat connection and scalar field.
« Consider most general field transformation preserving flatness.
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e Theories based on metric, flat connection and scalar field.
« Consider most general field transformation preserving flatness.

« Consider general form-invariant teleparallel gravity actions:

General, symmetric or metric teleparallel gravity action.

Flatness and constrained torsion or nonmetricity imposed by Lagrange multipliers.
Action contains several free parameter functions of scalar field.

Parameter functions transform under field transformation.

O O O O

Manuel Hohmann (University of Tartu) STG transformations and invariants Metric-affine gravity - Tartu - 19. June 2024 30/30



Theories based on metric, flat connection and scalar field.
Consider most general field transformation preserving flatness.

Consider general form-invariant teleparallel gravity actions:

General, symmetric or metric teleparallel gravity action.

Flatness and constrained torsion or nonmetricity imposed by Lagrange multipliers.
Action contains several free parameter functions of scalar field.

Parameter functions transform under field transformation.

Invariant quantities:

o Combinations of parameter functions whose transformations cancel.
o Can be used as invariant characterization of gravity theories.

[ ]
O O O O
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Theories based on metric, flat connection and scalar field.

Consider most general field transformation preserving flatness.

Consider general form-invariant teleparallel gravity actions:

General, symmetric or metric teleparallel gravity action.

Flatness and constrained torsion or nonmetricity imposed by Lagrange multipliers.
Action contains several free parameter functions of scalar field.

Parameter functions transform under field transformation.

Invariant quantities:

o Combinations of parameter functions whose transformations cancel.
o Can be used as invariant characterization of gravity theories.

Frames constitute particular choices of parametrization.

[ ]
O O O O
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