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» Open questions in cosmology and gravity:

o Accelerating phases in the history of the Universe - dark energy, inflation?
o Relation between gravity, quantum theory and gauge theories?
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Open questions in cosmology and gravity:
o Accelerating phases in the history of the Universe - dark energy, inflation?
o Relation between gravity, quantum theory and gauge theories?
Teleparallel gravity:
o Based on a different (flat) connection - gravity is not mediated by curvature.
o Interaction is mediated by torsion or non-metricity.
Classes of teleparallel gravity:

o Metric teleparallel gravity: only torsion.
o Symmetric teleparallel gravity: only nonmetricity.
o General teleparallel gravity: torsion and nonmetricity.

Classes of teleparallel cosmology:

o Make use of cosmological symmetry in order to find general geometry.
o Modified Friedmann equations for symmetric teleparallel cosmology.
o Use method of dynamical systems to study cosmological dynamics.
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Introduction to teleparallel gravity

o Fundamental fields in metric-affine geometry:
o Metric tensor g,,,.:
+ Defines length of and angle between tangent vectors.
« Defines length of curves and proper time.
« Defines causality (spacelike and timelike directions).
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Introduction to teleparallel gravity

e Fundamental fields in metric-affine geometry:

o Metric tensor g,.,.:
+ Defines length of and angle between tangent vectors.
« Defines length of curves and proper time.
« Defines causality (spacelike and timelike directions).

o Connection with coefficients ', ,:
+ Defines covariant derivative V, of tensor fields.
+ Defines parallel transport along arbitrary curves.
« Defines autoparallel curves via parallel transport of tangent vector.
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Introduction to teleparallel gravity

e Fundamental fields in metric-affine geometry:
o Metric tensor g,.,.:
+ Defines length of and angle between tangent vectors.
« Defines length of curves and proper time.
« Defines causality (spacelike and timelike directions).
o Connection with coefficients ', ,:
+ Defines covariant derivative V, of tensor fields.
+ Defines parallel transport along arbitrary curves.
+ Defines autoparallel curves via parallel transport of tangent vector.
e Three characteristic quantities:
o Curvature:

Rt vpe = 0ol e — 0Ty +TH ol ve —TH 6T, (1)
o Torsion:
THyy=THpy —TH,,. )
o Nonmetricity:
QIWP =VuGup = 0uGvp = T70u90p — T7 puGuo - 3)
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Introduction to teleparallel gravity

e Fundamental fields in metric-affine geometry:
o Metric tensor g,.,.:
+ Defines length of and angle between tangent vectors.
« Defines length of curves and proper time.
« Defines causality (spacelike and timelike directions).
o Connection with coefficients ', ,:
+ Defines covariant derivative V, of tensor fields.
+ Defines parallel transport along arbitrary curves.
+ Defines autoparallel curves via parallel transport of tangent vector.
e Three characteristic quantities:
o Curvature:

R o = 0pT g — g THyp + TH T T g — TH 0T, = 0. (1)
o Torsion:
THyy=THpy —TH,,. )
o Nonmetricity:
QIWP =VuGup = 0uGvp = T70u90p — T7 puGuo - 3)

e Teleparallel gravity: curvature imposed to vanish.
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Decomposition of the connection

« Affine connection can be decomposed:

ruup = I(luup + Muup = I(iuz/p + K'ul/p + LMl/p . (4)
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Decomposition of the connection

» Affine connection can be decomposed:
ruup = FMl/p + Muup = FMz/p + Kuz/p + LMl/p . (4)

o Parts of the decomposition:
o Levi-Civita connection of the metric:

[, = %g’“’ (00Gop + 0pGuo — Do) - (5)

o Contortion: 1
K", = 5 (LW, + T\, —TH,,) . (6)

o Disformation: ]
Ly =5 (Q" = QS = Q1) - (7)
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Decomposition of the connection

» Affine connection can be decomposed:
ruup = FMl/p + Muup = FMz/p + Kuz/p + LMl/p . (4)

o Parts of the decomposition:
o Levi-Civita connection of the metric:

[, = %g’“’ (00Gop + 0pGuo — Do) - (5)

o Contortion: 1
K"y = 2 (TFp+ Tt = TH,) (6)

o Disformation: ]
Ly =5 (Q" = QS = Q1) - (7)

= Define distortion:
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The landscape of metric-affine of gravity
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Cosmologically symmetric metric-affine geometry

1. Most general metric with cosmological symmetry:
o Metric in space-time split:
Gy = —nuNy + hp,u . (9)
o Unit normal covector field:
n,dx* = —Ndt. (10)

o Spatial metric with curvature parameter k € {—1,0,1}:

> [dr®dr

h,dx* @ dx” = A —

+ r?(d¥ ® dY + sin® ¥dy ® dy)| . (11)

= Metric depends on lapse N(t) and scale factor A(t).
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Cosmologically symmetric metric-affine geometry

1. Most general metric with cosmological symmetry:
o Metric in space-time split:
Qv = =Ny + Ay (9)
o Unit normal covector field:
n,dx* = —Ndt. (10)

o Spatial metric with curvature parameter k € {—1,0,1}:

> [dr®dr

h,dx" @ dx” = A —

+ r?(d¥ ® dY + sin® ¥dy ® dy)| . (11)
= Metric depends on lapse N(t) and scale factor A(t).
2. Most general affine connection with cosmological symmetry:
o Connection characterized by cosmologically symmetric torsion and nonmetricity:

2 2
Tuup = Z(ﬂ hf;np] + 7-2n0'50H1/p) ’ Qp;uz = Z(Q1 npn,ny, + 2Q2nph;u/ + 2Q3hp(;tnu)) .
(12)
= Connection depends on five free functions 71 (1), 72(t), Q1(t), Qa(t), Qs(f).
o Functions are further restricted by vanishing curvature, torsion, nonmetricity.
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Structure of the teleparallel gravity action

o General structure of teleparallel gravity action with matter fields &:

Slg.T,¢] = S4l9,T] + Si[g.T] + Smlg.T.¢], (13)
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Structure of the teleparallel gravity action

» General structure of teleparallel gravity action with matter fields &:

Slg.T,¢] = S4l9,T] + SL[9.T] + Smlg.T.¢], (13)

« Lagrange multiplier enforces constraints on the connection:
o General teleparallel gravity:

S = / B R, 0 dx (14)
M
o Metric teleparallel gravity:
5= / (P77 Ry po + E’MVpQqu)d4Xv (15)
M
o Symmetric teleparallel gravity:
5= / (FP7 R po + ?uyp T”,,p)d"'x, (16)
M
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Energy-momentum-hypermomentum

» Variation of the matter part of the action:

5Sm = / (;_e“”ég,w + H, 08T, , + _/&f) v=gd*x, (17)
M
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Energy-momentum-hypermomentum

» Variation of the matter part of the action:

5Sm = / (;_e“”ég,w + H, 08T, , + _/6§> v=gd*x, (17)
M

« Matter field equation: =, = 0.
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Energy-momentum-hypermomentum

» Variation of the matter part of the action:

5Sm = / (;_e“”ég,w + HPoTH, + -/6§> V—gd*x, (17)
M

« Matter field equation: =, = 0.
» Impose diffeomorphism invariance éx Sn = 0 and matter field equation:
0=V,0,"+ T7,u(V,H,"" — M, H,"?)
= Vu(VoH? = M7y H,"P) + Mo (Vo HLP = M7 H7P) . (18)
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Energy-momentum-hypermomentum

» Variation of the matter part of the action:

5Sm = / (;_e“”ég,w + HPoTH, + -/5£> V—gd*x, (17)
M

« Matter field equation: =, = 0.
» Impose diffeomorphism invariance éx Sn = 0 and matter field equation:

0=V,0,"+ T7,u(V,H,"" — M, H,"?)
= Vu(V H P = My HP) 4+ M o (Vo HYP — MT e HLPP) . (18)

o Energy-momentum-hypermomentum with cosmological symmetry:
o Energy-momentum tensor with density p and pressure p:

euu = pn,n, + ph;w . (1 9)
o Hypermomentum with components ¢, x, ¥, w, C:

Hopw = ohypn, + xhuon, +hn, +wnun,n, — (Nee’ L, (20)
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Energy-momentum-hypermomentum

» Variation of the matter part of the action:

5Sm = / (;_e“”ég,w + HPoTH, + -/5£> V—gd*x, (17)
M

« Matter field equation: =, = 0.
» Impose diffeomorphism invariance éx Sn = 0 and matter field equation:

0=V,0,"+ T7,u(V,H,"" — M, H,"?)
= Vu(V H P = My HP) 4+ M o (Vo HYP — MT e HLPP) . (18)

o Energy-momentum-hypermomentum with cosmological symmetry:
o Energy-momentum tensor with density p and pressure p:

euu = pn,n, + phuu . (1 9)
o Hypermomentum with components ¢, x, ¥, w, C:

Hopw = ohypn, + xhuon, +hn, +wnun,n, — (Nee’ L, (20)

o Barotropic equation of state: linear relation between variables.
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General quadratic class of theories

« General quadratic gravitational action:

1
_ﬁ /M [M/“/p(lﬂ MIU/P + kZMVﬂM + kSM;LpV + k4Mpuu + kSMI/Mp)

+ koM MP”, + ke M MYP, + ksMP M, P
+ koM, M M,YP + KioM¥, ,MP”, + k11Mp,ﬂM”p,,] J/—gd*x

1
_ / (a1 THP Ty + 8 THP Ty + a3 T, T,
M

Sg:

- 2k2
+ C1 Qlujpo/_],yp + 020/“/pr,“1/ + CS qup, pry + C4 Quﬂpoyyp + C5 QM/J,prVI/

— by Q"P T, — b QM T, — by Qi T”,,,,) v=gd*x .

Manuel Hohmann (University of Tartu) Projective teleparallel coordinates GeomGrav - 30. June 2025



General quadratic class of theories

« General quadratic gravitational action:

1
_ﬁ /M [M/“/p(lﬂ MIU/P + kZMVﬂM + kSMMpV + k4Mpuu + kSMI//Ap)

+ koM MP”, + ke M MYP, + ksMP M, P
+ koM, M M,YP + KioM¥, ,MP”, + k11Mp,ﬂM”p,,] J/—gd*x

1
- / (a1 THPT y+ 8 THP T,y + a3 T, T, "
M

Sg:

- 2k2
+ C1 Q’“jpo/_],yp + CQQMVpr/_U/ + 03 qup, pry + C4 Quﬂpoyyp + CS QM/J,prVI/

— by Q"P T, — b QM T, — by Qi T”,,p> v=gd*x .

= Action depends on up to 11 parameters ky_ 11.
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General quadratic class of theories

« General quadratic gravitational action:

1
_ﬁ /M [M/“/p(lﬂ MHVP + kZMVﬂM + kSMMpV + k4Mpuu + kSMI//Ap)

+ koM MP”, + ke M MYP, + ksMP M, P
+ koM, M M,YP + KioM¥, ,MP”, + k11Mp,ﬂM”p,,] J/—gd*x

1
_ / (a1 THP Ty + 8 THP Ty + a3 T, T,
M

Sg:

- 2k2
+ C1 Q’“jpo/_],yp + 02 QNVpr,uV + CS QP/LIJ pry + C4 Quﬂpoyyp + CS QMNPQPVU

— b1 QP T, — b QP TV, — byQuH* T",,,,) v=gd*x .

= Action depends on up to 11 parameters ky_ 11.
o Parameters further restricted by consistency and phenomenology.
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Cosmological dynamics as dynamical system

« Introduce helper variables to obtain first order ODE system.
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Cosmological dynamics as dynamical system

« Introduce helper variables to obtain first order ODE system.
o Write matter variables p, p, ... as quadratic in new quantities D, P, . . ..
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Cosmological dynamics as dynamical system

« Introduce helper variables to obtain first order ODE system.
o Write matter variables p, p, ... as quadratic in new quantities D, P, . . ..
— Cosmological variables: metric and connection x2 and matter y’.
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Cosmological dynamics as dynamical system

« Introduce helper variables to obtain first order ODE system.
o Write matter variables p, p, ... as quadratic in new quantities D, P, . . ..
— Cosmological variables: metric and connection x2 and matter y’.
= General structure of cosmological field equations:
o Gravitational field equations:
A2pxP 4+ BapoxPxe = U3 ,ylyY . (22)
o Energy-momentum-hypermomentum conservation:

Viy' + Wax?y' =0. (23)
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Cosmological dynamics as dynamical system

« Introduce helper variables to obtain first order ODE system.
o Write matter variables p, p, ... as quadratic in new quantities D, P, . . ..
— Cosmological variables: metric and connection x2 and matter y’.

= General structure of cosmological field equations:
o Gravitational field equations:

AuxP 4+ B3 xPx® = U3 ,y'yY . (22)
o Energy-momentum-hypermomentum conservation:

Viy' + Wax?y' =0. (23)

= Equations become quadratic in variables and linear in their time derivatives.
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Cosmological dynamics as dynamical system

« Introduce helper variables to obtain first order ODE system.
o Write matter variables p, p, ... as quadratic in new quantities D, P, . . ..
— Cosmological variables: metric and connection x2 and matter y’.

= General structure of cosmological field equations:
o Gravitational field equations:

AuxP 4+ B3 xPx® = U3 ,y'yY . (22)
o Energy-momentum-hypermomentum conservation:

Viy' + Wax?y' =0. (23)

= Equations become quadratic in variables and linear in their time derivatives.
— Unified equation in terms of variable z = (x2, y/):

z=1(z2). (24)
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Radial and angular dynamics

o Decomposition of variables into angular part (unit vector n) and radial part (length Z):

z=2n, Z=|z||, n=_—. (25)

Manuel Hohmann (University of Tartu) Projective teleparallel coordinates GeomGrav - 30. June 2025 11/13



Radial and angular dynamics

o Decomposition of variables into angular part (unit vector n) and radial part (length Z):

z
z=2n, Z=|z|, n=—. (25)
]|
= Dynamical equations:
o Radial equation: _
Z =Z%f(n,n)-n. (26)
o Angular equation:
n=Z{f(n,n)—[f(n,n)-n]n} . (27)
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Radial and angular dynamics

o Decomposition of variables into angular part (unit vector n) and radial part (length Z):

z
z=2n, Z=|Zz||, n=—> (25)
]|
= Dynamical equations:
o Radial equation:

Z=Z%(n,n)-n (26)

o Angular equation:
n=Z{f(n,n)—[f(n,n) - n| n} (27)

= Qualitative dynamics (up to positive factor 2) fully determined by n.
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Radial and angular dynamics

o Decomposition of variables into angular part (unit vector n) and radial part (length Z):

z
z=2n, Z=|Zz||, n=—> (25)
]|
= Dynamical equations:
o Radial equation:

Z=Z%(n,n)-n (26)

o Angular equation:
n=Z{f(n,n)—[f(n,n) - n| n} (27)

= Qualitative dynamics (up to positive factor 2) fully determined by n.
= Determine fixed points as function of n.
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Radial and angular dynamics

o Decomposition of variables into angular part (unit vector n) and radial part (length Z):

z
z=2n, Z=|Zz||, n=—> (25)
]|
= Dynamical equations:
o Radial equation:

Z=Z%(n,n)-n (26)

o Angular equation:
n=Z{f(n,n) - [f(n,n) - n] n} (27)

= Qualitative dynamics (up to positive factor 2) fully determined by n.
= Determine fixed points as function of n.
o Unit sphere is compact: fixed points always exist.
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Fixed points and projective fixed points

o Fixed points: z = 0.
= z = 0is always a non-hyperbolic fixed point (saddle point).
= If z = z* is a fixed point, then all cz* with ¢ € R are fixed points.
= z* and —Zz* have opposite stability properties (eigenvalues of Jacobian).
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Fixed points and projective fixed points

o Fixed points: z = 0.

= z = 0is always a non-hyperbolic fixed point (saddle point).

= If z = z* is a fixed point, then all cz* with ¢ € R are fixed points.

= Zz* and —Zz* have opposite stability properties (eigenvalues of Jacobian).
» Projective fixed points: n = 0.

= Condition depends only on angular coordinates:

a
z

= If n= n* is a projective fixed point, then —n* is a projective fixed point.
= n* and —n* have opposite stability properties.

— Since n= 0, N* = f(n*,n*) - n* is constant at a projective fixed point.
— Radial dynamics Z = N*Z? can be solved at projective fixed point:

=f(n,n) —[f(n,n)-nln=0.

1

e

(28)

Manuel Hohmann (University of Tartu) Projective teleparallel coordinates GeomGrav - 30. June 2025



Conclusion

e Summary:
o Consider teleparallel gravity with torsion and / or nonmetricity.
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Conclusion

e Summary:
o Consider teleparallel gravity with torsion and / or nonmetricity.
o Cosmologically symmetric teleparallel gravity:
+ Metric takes familiar Robertson-Walker form.
+ Additional functions of time arising from connection.
+ Energy-momentum-hypermomentum described by hyperfluid model.
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Conclusion

e Summary:
o Consider teleparallel gravity with torsion and / or nonmetricity.
o Cosmologically symmetric teleparallel gravity:
* Metric takes familiar Robertson-Walker form.
+ Additional functions of time arising from connection.
+ Energy-momentum-hypermomentum described by hyperfluid model.
o Cosmology of quadratic teleparallel gravity models:
+ Possible to write as first-order ODE system.
* Introduce generalized (geometry and matter) variables.
= System becomes quadratic in variables and linear in their time derivatives.
= Split into angular and radial dynamics.
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Conclusion

e Summary:
o Consider teleparallel gravity with torsion and / or nonmetricity.
o Cosmologically symmetric teleparallel gravity:
* Metric takes familiar Robertson-Walker form.
+ Additional functions of time arising from connection.
+ Energy-momentum-hypermomentum described by hyperfluid model.
o Cosmology of quadratic teleparallel gravity models:
+ Possible to write as first-order ODE system.
* Introduce generalized (geometry and matter) variables.
= System becomes quadratic in variables and linear in their time derivatives.
= Split into angular and radial dynamics.
o Generic cosmological features:
+ Possible to find all fixed points and projective fixed points.
« Stability of fixed points: existence of saddles, attractors, repellers.
* Radial dynamics at fixed points can be integrated.
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Conclusion

e Summary:
o Consider teleparallel gravity with torsion and / or nonmetricity.
o Cosmologically symmetric teleparallel gravity:
* Metric takes familiar Robertson-Walker form.
+ Additional functions of time arising from connection.
+ Energy-momentum-hypermomentum described by hyperfluid model.
o Cosmology of quadratic teleparallel gravity models:
+ Possible to write as first-order ODE system.
* Introduce generalized (geometry and matter) variables.
= System becomes quadratic in variables and linear in their time derivatives.
= Split into angular and radial dynamics.
o Generic cosmological features:
+ Possible to find all fixed points and projective fixed points.
« Stability of fixed points: existence of saddles, attractors, repellers.
* Radial dynamics at fixed points can be integrated.
o Outlook:
Full classification of fixed points, stability, trajectories.
Study properties and dynamics of inflation and dark energy.
Study cosmological perturbations.
Generalization beyond quadratic teleparallel gravity theories.
Possible generalization to Bianchi spacetime models.

O O O O O
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