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1. Energy-momentum tensor of the Klein-Gordon field
Consider the massive Klein-Gordon (scalar) field φ defined by the Lagrange function

LM = −1

2

(
gµν∇µφ∇νφ+m2φ2

)
,

where m is the mass of the field.

(a) Derive the Klein-Gordon equation by variation of the action,

δSM
δφ

= 0 .

(b) Calculate the energy-momentum tensor Tµν .

(c) Show by explicit calculation that the energy-momentum tensor is covariantly
conserved,

∇µTµν = 0 .

2. Lie derivative of the metric
Show by explicit calculation that the Lie derivative of the metric tensor satisfies

Lξgµν = 2∇(µξν)

for a vector field ξ. You will need the formulas

LξΦµ1...µr
ν1...νs = ξρ∂ρΦ

µ1...µr
ν1...νs

− (∂ρξ
µ1)Φρ...µr

ν1...νs − . . .− (∂ρξ
µr)Φµ1...ρ

ν1...νs

+ (∂ν1ξ
ρ)Φµ1...µr

ρ...νs + . . .+ (∂νsξ
ρ)Φµ1...µr

ν1...ρ

and

∇ρΦµ1...µr
ν1...νs = ∂ρΦ

µ1...µr
ν1...νs

+ Γµ1ρσΦσ...µr
ν1...νs + . . .+ ΓµrρσΦµ1...σ

ν1...νs

− Γσρν1Φµ1...µr
σ...νs − . . .− ΓσρνsΦ

µ1...µr
ν1...σ

with

Γρµν =
1

2
gρσ(∂µgσν + ∂νgµσ − ∂σgµν)

for tensor fields Φµ1...µr
ν1...νs .
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