Gauge invariant cosmological
perturbations in general relativity

Preliminaries

Load tensor package

n[1]:= << XAct xPand’
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Package xAct xPerm® version 1.2.3, {2015, 8, 23}
CopyRight (C) 2003-2020, Jose M. Martin-Garcia, under the General Public License.
Connecting to external linux executable...

Connection established.

Package xAct xTensor® version 1.2.0, {2021, 10, 17}

CopyRight (C) 2002-2021, Jose M. Martin-Garcia, under the General Public License.

Package xAct xPert® version 1.0.6, {2018, 2, 28}

CopyRight (C) 2005-2020, David Brizuela, Jose M. Martin-Garcia

and Guillermo A. Mena Marugan, under the General Public License.
+»* Variable $PrePrint assigned value ScreenDollarIndices
*»* Variable $CovDFormat changed from Prefix to Postfix
*»* Option AllowUpperDerivatives of ContractMetric changed from False to True
*» Option MetricOn of MakeRule changed from None to All

*»+ Option ContractMetrics of MakeRule changed from False to True

Package xAct xPand' version 0.4.3, {2019, 3, 4}

CopyRight (C) 2012-2018, Cyril Pitrou,

Xavier Roy and Obinna Umeh under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer[]. This is free software, and you are welcome to redistribute

it under certain conditions. See the General Public License for details.

Nicer printing

ini2l:- $PrePrint = ScreenDollarIndices;
inisl:= $CovDFormat = "Prefix";

inial:- $DefInfoQ = False;

Object definitions

Spacetime manifold
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The spacetime manifold M, on which tensors will be defined. Some Greek letters are defined as
tangent space indices.

inisl:= DefManifold[M, 4, {a, B, ¥, {, A, U, V, W, T, O}]

Metric

In[6]

The background metric g of signature (-,+,+,+). The Levi-Civita derivative of a tensor A, will be
written as v, A, in prefix notation or A,., in postfix notation. Note that this is not the physical metric;

the latter will be defined later as a? times this metric, where a is the scale factor.

DefMetric[-1, Met[-a, -B], CD, {";", "v"}, PrintAs » "g"]

FLRW background geometry

n[7]

In[8]

out[8]

In[9]

out[9]

We now define the cosmologically symmetric background geometry. Here we choose a spatially
curved Friedmann-Lemaitre-Robertson-Walker background metric. The physical metric, which will
be called gah2, is defined automatically by xPand.

Setsﬁcing[Met, orth, SMet, SD, {"|", "D"}, "FLCurved"]

Rules {1, 2, 3, 4, 5, 6, 7, 8 have been declared as UpValues for SMet.
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpValues for SMet.
Rules {1, 2} have been declared as UpValues for Orth.
Rules {1, 2, 3, 4} have been declared as UpValues for Orth.
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpValues for Orth.
*»+ MakeRule: Potential problems moving indices on the LHS.
Rules {1, 2, 3, 4, 5, 6, 7, 8 have been declared as UpValues for Met.
Rules {1} have been declared as UpValues for Met.
Rules {1, 2, 3, 4} have been declared as UpValues for avSMet.
For the spatial part of the metric, we will use the letter h.
PrintAs[SMet] A= "h"
h
The unit normal (co-)vector field will be denoted n.

PrintAs[Orth] A= "n"

n

Metric perturbation

Next, we define the metric perturbations. These are given as follows.

inf101- DefMetricFields[Met, 6Met, SMet]
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Matter perturbation

Also for the matter fields we need a perturbation, defined as follows.

in(11:= DefMatterFields[Vel, éVel, SMet]

Gravitational constant

The (Newtonian) gravitational constant which appears in the Einstein equations.

in(121:- DefConstantSymbol[G, PrintAs - "G"]

Friedmann equations

For convenience, we define a tensor which will represent the field equations.

(13- DefTensor[Feq[a, -B], M, PrintAs - "F"]

Gauge transforming vector field

This is the vector field which we will use for gauge transformations.

in141- DefTensor[Evaluate[§[SMet]][LI[O], u], M]

Gauge-invariant potentials

Finally, we need the gauge invariant potentials. For the metric these are:
= The “Newtonian” scalar potential .
= The “spatial” scalar potential V.
= The vector potential /.

ini15:- DefProjectedTensor[®s[], SMet, PrintAs -» "®"]
DefProjectedTensor[Ws[], SMet, PrintAs » "W"]
DefProjectedTensor[Iv[-a], SMet, PrintAs » "I'"]

For the energy-momentum tensor, which we assume to be a fluid, we define the following gauge-
invariant perturbation quantities:

= The mass-energy density &.
= The pressure P.
= The longitudinal velocity perturbation L.

= The transversal velocity perturbation X,.



In[18]:=

In[22]:=
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DefProjectedTensor[pps[], SMet, PrintAs - "&"]
DefProjectedTensor[PPs[], SMet, PrintAs » "P"]
DefProjectedTensor[uus[], SMet, PrintAs » "L"]
DefProjectedTensor[vvv[-a], SMet, PrintAs -» "X"]

We also introduce a quantity for the transverse momentum, which will be helpful later.

DefProjectedTensor[Qv[-a], SMet, PrintAs » "Q"]

Note that the xPand package does not include an anisotropic stress among the matter
perturbations!

Decomposition of perturbations

Scalar-vector-tensor decomposition of the metric

In[23]:=

out[23]=

In[24]:=

Out[24]=

In[25]:=

Out[25]=

In[26]:=

Out[26]=

We start with the decomposition of the metric perturbation into scalars, divergence-free vectors
and symmetric, trace-free, divergence-free tensors. These three go separately, so that we can
analyze each type of perturbation on its own.

mets = {6Met[LI[1], a_, B_] = -2 ¢SMet[LI[1]] - Orth[a] - Orth[B] - 2 wSMet[LI[1]] - SMet[a, B] -
SD[a][BsSMet[LI[1]] - Orth[B] - SD[BI[BsSMet[LI[1]]] - Orth[a] + 2 SD[a][SD[ﬁ][EsSMet[LI[l]]]]}

{omet® -2 6" n® n?-24' n¥-(0°8") n”-(078") n" 42 (0" D7)}

metv = {6Met[LI[1], a_, B_]: -BvSMet[LI[1], a] - Orth[B] -
BvSMet[LI[1], B] - Orth[a] + SD[a][EVSMet[LI[1], B]] + SDIBI[EvVSMet[LI[1], all}

1
{5Met et »- B nf - Blﬁ n® + DY Elﬁ +DP Ela}
mett = {6Met[LI[1], a_, B_]= 2 EtSMet[LI[1], a, p]}

laB
{5Met 252 El"ﬁ}

We also combine all rules into one common rule, which decomposes any metric perturbation into
the irreducible parts.

metall =
MakeRule[{6Met[LI[1], a, B], Evaluate[Plus @@ (6Met[LI[1], a, B] /. {mets, metv, mett})]}]

lap
{HoldPattern[ OMet a——] - Module[{}, 2 ((I)Eaﬁ) - ((l)Bﬁ) n - ((I)Ba) nﬁ -

1 1 1 1 1 1 1
2 n% nf (( )qb)—z h* (( )w)— n? (D"’()B)+D“()EB+2(D“DB()E)— n% (DB”B)+D3()E“]}

Velocity perturbations
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For the perturbed four-velocity, we assume that it is normalized by the perturbed metric. From this
we obtain the following decomposition of the first-order perturbation of the four-velocity. The time
component originates from the normalization condition and the metric perturbation.

in(271= Expand[
NoScalar[6Vel[LI[1], a]/. SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 1] /. metall]]

VisualizeTensor[%, SMet]

out[27]=

(1) (1) (1
vel” - n® ( ¢>)+D" Wvel

Out[28]=

orth -(”’cp)

(1) (1
SMet| yyel” + D Vel

For later use, we keep the zeroth order of the velocity perturbation, which is just the unit normal
vector field.
ini2o]:= velru ={SplitMatter[Vel, éVel, -1, SMet, "AnyGauge", 1][1]}

out[29]=

{HoldPattern[Velg] B Module[{}, na]}

We then decompose also the matter variables into their irreducible parts.

o= vels = {6VelLI[1l], a_]:» SD[a][VsSMetVel[LI[1]]] - Orth[a] « pSMet[LI[1]]}
out[30]=

{<5Ve11g »D*vvel - n” ¢'}

1= velv = {6VelLI[1], a_]:» VvSMetVel[LI[1], a], pVel[LI[1]] :» O, PVel[LI[1]]:» O}
Out[31]=

(1) (1)
{<5Ve11g > wel'®, "oVel= 0, Pvel = o}

niszl- velt = {6Vel[LI[1], a_] = 0, pVel[LI[1]] :» 0, PVel[LI[1]] > O}
out[32]=

(1) (1)
{6Vellg >0, pVel»0, PVel=» 0}

This yields the full decomposition of the matter velocity.

infzsl- velall =
MakeRule[{6Vel[LI[1], a], Evaluate[Plus @@ (6Vel[LI[1], a]/. {vels, velv, velt}l}]

out[33]=

{HoldPattern[ 5Ve11g] Y Module[{}, m\/vela -n ((1)¢) + D¢ (IVVel]}

Gauge transformation vector field

Finally, we also introduce a decomposition for the vector field, which will be employed for the

gauge transformations.
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naa- gts = {E[SMet][LI[1], a_] = T[SMet][LI[1]] - Orth[a] + SD[a][Ls[SMet][LI[1]]]}

out[34]=

{{SMetlg = T[SMet][LI[1]] n® + D® Ls[SMet][LI[l]]}

in[zs):= gtv = {{[SMet][LI[1], a_] :» Lv[SMet][LI[1], a]}

Out[35]=

{(,Cs.Metlg - LV[SMet][LI[1], a}

niael- gtt = {§[SMet][LI[1], a_] > 6}

out[36]=

{gsMet™ = 0}

Also here we define a rule for the complete decomposition.
iniz71= gtall = MakeRule[{§SMet[LI[1], a], Evaluate[Plus @@ ({[SMet][LI[1], a]/. {gts, gtv, gtt}]}]
Oout[37]=

(1o1apattsre{ s 2] mosulp, °L7+  (*7) 0+ L]

Combining perturbations

We now collect all scalar, vector and tensor rules for metric, energy-momentum tensor and gauge
transformation into common rules.
inissl= scalars = Join[mets, vels, gts]

Out[38]=

{cSMe‘clgé »-2¢" n® nfo2 ¢! haﬁ‘(Da Bl) nﬁ‘(DB Bl) na+2(D“ D? El),

svel® = D¥vvell - n% ¢, &SMet™ = T[SMet][LI[1]] n® + D° Ls[SMet][LI[l]]}

ini39]:= vectors = Join[metv, velv, gtv]

Out[39]=

ap la B

1
{6Met = 5 -Bnf- "

n% + D ElB +DP Ela,
la la @ () la
svel'® » vvel’®, pVel=0, PVelwn 0, &SMet ™2 = Lv[SMet][LI[1], a]}

inf40l:= tensors = Join[mett, velt, gtt]

out[40]=

1 (1) (1)
{6Met ap =2 EMB, (SVellg >0, pVel-»0, PVel=»oO, ‘fSMetlg =Y 0}

For later use, we also define the sum of the three different types of perturbations introduced above.
This will create a general metric perturbation, decomposed in irreducible components, and do the
same with the gauge transforming vector field.
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ini41:= all = Join[metall, velall, gtall, velru]

Out[41]=

{HoldPattern[ 6Me :=] - Module[{}, (l)Eaﬁ) - ((l)BB) n®- ((l)Ba) nf -
* pP (lip) (l)w)- n? (D"‘ (l)B) D¢ EP 42 (D“ D? (I)E)— n® (Dﬁ(l)B)+ D? (l)E“],
(1) a (l\/
HoldPattern[ 6Ve1 ] - Module[{}, VVel ( ¢)+ D Vel],
HoldPattern[ «fSMetlg] - Module[{}, <l)Lal +n? ((lll') +D¢ (l)L],

HoldPattern Velg] Y Module[{}, na]}

To see that the scalars, vectors and tensors indeed sum up to the full metric perturbation, we
compare with the function provided by xPand.

inl421:= Perturbation[Met[-a, -B], 1]
SplitPerturbations[%, scalars, SMet] +
SplitPerturbations[%, vectors, SMet]+SplitPerturbations[%, tensors, SMet] -
SplitPerturbations[%, SplitMetric[Met, 6Met, SMet, "AnyGauge'], SMet]

Out[42]=

1
oMet ap

out[43]=

Gauge transformation of the metric

Relation with Lie derivative

First let us check that the gauge transformation of the metric perturbation is given simply by the Lie
derivative of the background metric.



In[44]:=

Out[49]=

out[53]=

Met[-a, -B];
Conformal[Met, MetaSMet2][%];

Perturbation[%, 1]+ LieD[[SMet][LI[1], yII[%];

LieDToCovD[%, CD];
SplitPerturbations[%, all, SMet];
VisualizeTensor[%, SMet]
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%% - ExtractOrder[SplitGaugeChange[Met[-a, -B], all, {[SMet], SMet, 1], 1];

Expand[%];
ToCanonical[%];
Simplify[%]
Orth SMet
orth|  -2a%2("r)-222(")-227 (") (") o2 ( Ly )

(1 1) (1
aZ(Dﬁ )B)+a2(Dﬁ( L)—az(D[; Lr)

2 (@ 2 (W 2 (O 2 a
SMet a ( Ba)+a ( La)+ 2a ( Eaﬁ)+2a ‘Hhaﬁ( LI')—
(1) 1) (1 1) (1)
az(Da B)+a2(Da L)—az(Da Lr) 2a° haﬁ( w)+a2(Da EB)+
1) 1) 1)
az(Da LB)+a2(Dﬁ Ea)+a2(DB La)+
(1) (1)
2a2(D,3Da E)+2a2(DBDa L)
0

Scalar part

With the definitions made, we can now calculate the gauge transformation of the metric and

decompose it into its scalar, vector and tensor parts. Here is the scalar part.

inisal:= SplitGaugeChange[Met[-a, -B], scalars, {[SMet], SMet, 1];

Out[56]=

metgts = ExtractOrder[%, 1];
VisualizeTensor[%, SMet]

Orth

SMet

orth|-2a’H ((lll') -2a% ((lli') -2a° ((1)4’)

(1) (1)
a’ (DB B)+a2(Dﬁ |_)-a2 (D

)

1 1) 1
SMet| a2 (Da( )B) +a? (Da( )L)— a’ (Da( Lr)

(1)
22’ (DB Dy E)+ 22’ (D‘3 Da

(l)_l_
B
(1 (1)
2a%H haﬁ( LI')—Zaz haB( Lp)+
1
()L)

One can now easily see how the metric potentials transform, and so we can define rules which

perform the inverse transformation:
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In[57]:= Tab'l.eForm[metrus = {¢SMet[LI[1], LI[d_]] :» ¢SMet[LI[1], LI[d]]-
Sum[B'inom'ia'L[d, i] HSMet[LI[0], LI[d - i]] - TSMet[LI[1], LI[i]], {i, O, d}]-
TSMet[LI[1], LI[d +1]], wSMet[LI[1], LI[d_]] :» wSMet[LI[1], LI[d]] +
Sum[B'inomia'L[d, i] HSMet[LI[0], LI[d - i]] - TSMet[LI[1], LI[i]], {i, O, d}],
BsSMet[LI[1], LI[d_]] :» BsSMet[LI[1], LI[d]] + TSMet[LI[1], LI[d]] - LsSMet[LI[1], LI[d +1]],
EsSMet[LI[1], LI[d_]] -» EsSMet[LI[1], LI[d]] - LsSMet[LI[1], LI[d]]}]

Out[57]//TableForm=

o' s 9™ -39, Binomialld, ] %4 - Tt o i+ d
o o gt +39, Binomialld, i] #°¢ -1 T
Bld7 N Bld + _I_ld _ Lll +d

1d_ 1d 1d

E > E -L
One checks that this indeed generates the inverse transformation:

in[s8l:= metgts /. metrus;
VisualizeTensor[%, SMet]
%% - SplitPerturbations|
Perturbation[Conformal[Met, MetaSMet2][Met[-a, -Bl], 1], scalars, SMet];

Expand[%]
out[59]=
Orth SMet
1 1
orth|-2a’ (( )¢>) a’ (Dp( >B)

1 1 1
SMet|a® (Da( )B) -2a% hagp (( )w)+2 a’ (D,3 Dy )E)

Out[61]=

Vector part

We continue with the gauge transformation of the vector perturbations. The metric perturbation

transforms as follows.

inle2l:= SplitGaugeChange[Met[-a, -B], vectors, §[SMet], SMet, 1];
metgtv = ExtractOrder([%, 1];
VisualizeTensor[%, SMet]

out[64]=

Orth SMet

5 (@ (@
Orth 0 a ( Bﬁ)+a ( LB]

(&) " @ (&) (&) (&)
SMet az( Ba)+a2( La) a’ (Da Eﬁ)+a2 (Da LB)+a2(D5 Ea)+a2(Dﬁ La)

Also here we read off how the metric potentials transform, and define the corresponding rules:
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iniesl= TableForm[
metruv = {BvSMet[LI[1], LI[d_], a_] = BvSMet[LI[1], LI[d], a] - LvSMet[LI[1], LI[d + 1], a],
EvSMet[LI[1], LI[d_], a_]:» EvSMet[LI[1], LI[d], a] - LvSMet[LI[1], LI[d], a]}]
Out[65]//TableForm=

1d_a lda
B % 5 B _ Lll + da

One checks that this indeed generates the inverse transformation:

infec):= metgtv /. metruv;
VisualizeTensor[%, SMet]
%% - SplitPerturbations|
Perturbation[Conformal[Met, MetaSMet2][Met[-a, -Bl], 1], vectors, SMet];

Expand[%]
out[67]=
Orth SMet
1
orth| o a’ (( )BB)

@ 1 &)
SMet az( Ba) a’ (Da Eﬁ)+a2 (D,; Ea)

out[69]=

Tensor part

Finally, we look at the tensor part of the gauge transformation of the metric perturbation. We see
that itis unchanged, and thus already gauge-invariant.

inizol:= SplitGaugeChange[Met[-a, -B], tensors, {[SMet], SMet, 1];
ExtractOrder[%, 1];
VisualizeTensor[%, SMet]

Out[72]=

Oorth SMet
orth| 0 0

2 ()
SMet| O (2a ( Eaﬁ)

Gauge-invariant metric potentials

Combining the metric potentials in such a way that their gauge transformations cancel, one finds a

set of gauge-invariant potentials.
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In[73):= Tab'l.eForm[metg'i nv =
{¢SMet[LI[1], LI[O]] + HSMet[LI[0], LI[O]] (BsSMet[LI[1], LI[O]] - EsSMet[LI[1], LI[1]]) +
BsSMet[LI[1], LI[1]] - EsSMet[LI[1], LI[2]],
@wSMet[LI[1], LI[O]] - HSMet[LI[0], LI[O]] (BsSMet[LI[1], LI[O]] - EsSMet[LI[1], LI[1]]),
BvSMet[LI[1], LI[®], a]- EvSMet[LI[1], LI[1], a]}]
Expand[metginv /. metrus /. metruv];

Expand[% - metginv]

Out[73]//TableForm=

1) (1yr (1)
() Y (B— E)

-5

Out[75]=

{0, 0, 6}
We can thus replace three metric potentials by gauge-invariant variables.

In[76):= Tab'I.eForm[metg'i ru=
{¢SMet[LI[1], LI[d_]] = ®s[LI[1], LI[d]]—Sum[B'inom'ia'l[d, i] HSMet[LI[0], LI[d - i]]
(BsSMet[LI[1], LI[i]]- EsSMet[LI[1], LI[i +1]]), {i, O, d}]—
BsSMet[LI[1], LI[d + 1]] + EsSMet[LI[1], LI[d +2]],
wSMet[LI[1], LI[d_]] :» Ws[LI[1], LI[d]]+ Sum[B'i nomialld, i] HSMet[LI[0], LI[d -1]]
(BsSMet[LI[1], LI[i]]- EsSMet[LI[1], LI[i +1]]), {i, O, d}],
BvSMet[LI[1], LI[d_], a_] = IVv[LI[1], LI[d], a]+EvSMet[LI[1], LI[d+ 1], a]}]

Out[76]//TableForm=

' » o' -39, Binomialld, 1] #°¢ -1 (B - E 12

11 + d

ll+‘i) +E

- B
W' o WM e 5d g Binomialld, i1 4% - T (BY - M)

1d_a 1d
7% 51 a+Ell+dc1

The newly introduced potentials reproduce the gauge-invariant combinations we isolated above.

ini771:= TableForm[metginv /. metgiru]

Out[77]//TableForm=

1)
0]

(llp

1)
Ia

Gauge transformation of the Einstein tensor

Relation with Lie derivative
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As with the metric perturbation, also the perturbation of the Einstein tensor transforms with the Lie
derivative of its background value.

ini7el:- EinsteinCD[a, -B];
Conformal[Met, MetaSMet2][%];
Perturbation[%, 1]+ LieD[{[SMet][LI[1], yII[%];
LieDToCovD[%, CD];
ExpandPerturbation[%];
SplitPerturbations[%, all, SMet];
VisualizeTensor[%, SMet]
%% — ExtractOrder[SplitGaugeChange[EinsteinCD[a, -B], all, §{[SMet], SMet, 1], 1];
Expand[%];
ToCanonical[%];
Simplify[%]
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out[84]=
Orth SMet
3 /0 (L @ 2 (1) 1) @ k (l)E k 1) ay
6H (( Lr) 6717—{(( Lr) 674( Lr)k 6H ( ¢) 6k(‘ ’w) Bg B 2k(Dﬁ‘E) 2k(Dﬁ E)
Orth 2 - 2 + 2 + 2 - 2 + 2 - 2 + 2 - 2 -
a a a a a a a a a
1) 1 1y 1 ,
67(("w) 291(p,0'"B) 27-/(Dy D' \E) 2(0, 07"y 20 (7)) 27(0s 1) 2(p ")
+ - - + - -
a2 aZ a2 az aZ a2 aZ
I - p. v % p. v %
27—((D5 ¢) 2(0,9 w) /DBy VD Eg
2 - 2 + 2 - 2
a a 2a 2a
2| ;1 . v a
S N A e 2 2 ()
SMet 5 - P + 2 - 7t 2 + 2 +
a a a a a a
Mo a a . O a
2| L] [ T e 2| |k 20mn® (1) 2mn® (1) 2 k
B - 4 + F +
az + az + a2 + az + az az az
. 1; 2 1 1;
2«742(0“1\3) 294(0* ") Zk(D“(hE) 2‘Hhaﬁ ("r)x2m haﬁ ("8) a9 ("9)
2 - 2 + 2 + 5 + 5 + > +
a a a
2 (1 ’ (1 (1)
2H (D“ L) 2 (D* 'L) Zk(D“ L) a (W a a (@
2 2 4
S il il B il B e (Co) 2% k() ann® ()
a a a > - > + > +
a a a
&) &t v y D&
27-/(D“ d’) 2(Da W) BB o0 1 1 @
—— L + 2p? (”) # (D' oo, H|P" Eg
a a 2a 2a B B B
2 - 2 - 2t 2 +
a a 2a a
a 1y a
De (l)E 'H(DD (l)B 5(1)Ba H|Ds E
- - + +
2 a2 az 2 a2 a2
o a (o o (1Y
Do B 291(0,0°"B) ppep 27—((DED ‘E) .
2a2 aZ a2 aZ
1
' 2H D, D" "B
0,0°"E D0 D,y h ( Y )
2 2 2 2 +
a a a a
a y(l)é V(l)é a Y(IE
h* (po,D 2#h% (D, D h? (p,D
2 - 2 - 2 -
a a a
D, 0" n® (0,0") n® (0,007
2 + 2 - 2
a a a
out[88]=

Scalar part

We can then decompose the gauge transformation into irreducible components. Here is the scalar
part.
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inisol:= SplitGaugeChange[EinsteinCD[a, -B], scalars, §{[SMet], SMet, 1];
eingts = ExtractOrder[%, 1];
VisualizeTensor[%, SMet]

Out[91]=
Orth SMet
orth 67432((1%) ) G(Hfﬂz((“r) . ew(jr)k . G'H:((l'd:) ) ek(‘:’w) . Zk(Dz(hB) ) 2k(Dz‘”E) _ 294 (I:ﬁ‘“r) .
a a a a a a a a
67 (") 27(o,0"8) 2%(p,0r"E) 2[00 ") 294(0,"1)  24(0,"T)  27(0s"0)  2(0s"0)
a2 * aZ - a2 - a2 aZ - az - az - az
3. a (& Sooa (D a (&
SHet 27—(2(2“‘113) ) 2(14(02 ") . 2;<(D2 lt) . 2742(2) “’L) ) 2% h 25( 7) . 27””‘25( 1) _ 2%h f( 1) .
a a a a a a a
274(D: (I)L) . 2k(D2 (hL) . 27-{(0: "4 . 2(p 2‘1@) 2002 (M) 2% aﬁ (%) asn® (%)
a a a a > + > + > +
a a a
2 haﬁ ((1J¢) 2 h(lﬁ k((l)w) 49 haﬁ ((DU’J)
32 - az * az *
2 haﬁ ((hw) S (DB e [IB) D, D° 4
az - a2 az
ZW(DB p* %) 0,0¢“E  p,0:% D, D"y
az az - az az *
2% (DV DY <l13) h (DV DY ‘lé) 2Hh (DV DY ‘“é)
2 + 2 - 2 -
a a a
h? (Dy D (lE) he (DY D “’4:) h (DV DY ‘l)w)
22 + 22 - 22

We check that the transformation is actually described by the change of the metric potentials,
which we defined earlier, when we studied the transformation of the metric.
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info2]:= eingts /. metrus;
VisualizeTensor[%, SMet]
%% - SplitPerturbations[ExpandPerturbation]
Perturbation[Conformal[Met, MetaSMet2][EinsteinCD[a, -B]], 1]], scalars, SMet];
ProjectorToMetric[%, SMet];

Expand[%];
ToCanonical[%];
Simplify[%]
Oout[93]=
Orth SMet
Orth 67'(22((1)4’) _ ek(:)"’) . 67{(:)"") . 2k(D;23 ’B) ) 2k(D§ ”t') ) 2’H(D; “e) ) 2(052‘11,/)
a a a a a A
27—!(DV DY “E) 2'}-{(DV DV‘lE) 2(0, o ‘l)w)
32 - a2 B az
294 (0+"8)  29¢(0*"B) 290 h% ("¢) a9n® ("e) 2#n® ("9
Shet 2 - 2 + 2 + 2 + 2 -
a a a a a
o« Mg a® ey N . .
Zk(':z ) N 27*(; 9) N Z(Daz v) 2h“ﬁk(‘ v) . arn® (") . 2h°‘ﬁ (") i
a’ a2 a2
27—I(DBD“(1)B) b, * B er(DﬂDa(lé)
az - a2 az +
0,0°"E 0" D0y 270 (0,078)
a2 - a2 + az a2 +
2,00 2oy
a’ - a? B
A I L A L
2 + > - >
a a a
out[98]=
(0]

Vector part

Next, we extract the vector perturbations.
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inf09l:= SplitGaugeChange[EinsteinCD[a, -B], vectors, §{[SMet], SMet, 1];
eingtv = ExtractOrder[%, 1];
VisualizeTensor[%, SMet]

Out[101]=
Orth SMet
[eh Yk & &
B |¥ 8 D, D" "B D, D" Eg
Orth 0 - + -
a’ a’ 22’ 2a’
o S T e PR e B 'H(D“ ‘”Bﬁ] oy M | o Ep
SMet > - > + > - > + - > - + 5 + -
a a a a a 2a a 2a
ma e 2 (l)'-a]k p,0r"g% b, or g 'H[Dﬁ <l>BO(] D, L D, ] a
+ + - + _
a’ a’ a’ 2a° 2a a2 222 + a2 + 2a
Also in this case the transformation is already described by the change of the metric potentials.
In[102]:=
eingtv /. metruv;
VisualizeTensor[%, SMet]
%% - SplitPerturbations[ExpandPerturbation]
Perturbation[Conformal[Met, MetaSMet2][EinsteinCD[a, -B]], 1]], vectors, SMet];
ProjectorToMetric[%, SMet];
Expand[%];
ToCanonical[%];
Simplify[%]
Out[103]=
Orth SMet
@ (hE k &) &)
Bﬁ k B D, D¥ By D, DY Eg
Orth 0 —— -+ -
a a 2a 2a
2" 2B |H "B |k fH[D"(hBﬁ] D”‘l’Bﬁ # D [l)Eﬁ D@ (DEB
SMet > - > + —— + - 5 - — + 5 + — -
a a a a 2a a 2a
1) d )y "
[HE ]k 0,0 %% 0,00 O I U I
+
a’ 22’ 22’ 52 - a2 + 22 + 5
out[108]=
0]

Tensor part

Finally, the tensor perturbation of the Einstein tensor is a familiar result, and it is gauge-invariant.
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In[109]:=

SplitGaugeChange[EinsteinCD[a, -B], tensors, {[SMet], SMet, 1];
ExtractOrder[%, 1];
VisualizeTensor[%, SMet]

Oout[111]=

Orth SMet
Oorth| 0 0
" 1 ’
‘”E“ﬁ 2 (]Eaﬁ "2 ‘I)Eaﬁ k0 "gY
SMet| © — + 5 + — - =
a a a a

Gauge transformation of the energy-
momentum tensor

Relation with Lie derivative

We then continue with the right hand side of the field equations. To start, we define the energy-
momentum tensor as a rule.

In[112]:=

enmomru = MakeRule[{Feq[a, -B1, (pVel[] + PVel[]) Vel[a] - Vel[-B] + PVel[] - Met[a, —ﬁ]}]
Oout[112]=

{HoldPattern[y—‘g—E] o Module[{}, g% pvel+Pvel vel® vel? + vel® vel® pVel]}

Since the energy-momentum tensor is a tensor, it must also transform via the Lie derivative. Also

this is easily verified.
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In[113]:=
Feq[a, -B] /. enmomru;
Conformal[Met, MetaSMet2][%];
Perturbation[%, 1]+ LieD[§[SMet][LI[1], y]l[%];
LieDToCovD[%, CD];
ExpandPerturbation[%];
SplitPerturbations[%, all, SMet];
VisualizeTensor[%, SMet]
%% — ExtractOrder[SplitGaugeChange[Feq[a, -B] /. enmomru, all, §[SMet], SMet, 1], 1];
Expand[%];
ToCanonical[%];
Simplify[%]
Oout[119]=
Orth SMet
(11|_ ’ (6%} (65} 1) (65}
Orth —( )pVe'L— pVel ( BB) PVe1+PVel( VVelﬁ)+( BB) pVel +
1) (1)
( VVelB)pVe1+ PVel (Dﬁ B)+
pvel (DB (l)B) ~PVel (DB (llr) - pvel (D,; (llr) "
Pvel (Dﬁ (lR/Vel) +pVel (Dﬁ <l\/Vel)
SMet ((l)L“) PVel-PVel ((l)\/Vela) " ((I)PVel) h,+PVel h® ((”r)
((l)l_“) pvel- ((l)\/Vela) pvel+
1y (1y
Pvel (D"‘ L) +pVel (D"‘ L) -
Pvet (o° “\/Vel) - pvel o ”\/Vel)
out[123]=
0]

Scalar part

Now we decompose the transformation of the energy-momentum tensor perturbation into irre-

ducible components. We start with the scalar part.
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In[124]:=

SplitGaugeChange[Feq[a, -B] /. enmomru, Join[velru, scalars], {[SMet], SMet, 1];
emgts = ExtractOrder[%, 1];
VisualizeTensor[%, SMet]

out[126]=

Orth SMet
(l)_l_ ! (1) (1) 1)
Orth —( ) pVel- pVel PVel (D,; B) +pVel (Dﬁ B) -

Pvel (D,3 (llr) - pVel (Dﬁ (llr) .

PVel (DB (l\/Vel) +pVel (Dﬁ (l\/Vel)

SMet PVel (D“ (I)L) +pVel (D"’ (l)f_) - ((“p\,el) e 4 Bvel e ((lxr)

Pvel (Da (l\/Vel) —pvel (D"‘ (l\/Vel)

Note the appearance of the metric potential in these rules. We find that the irreducible components
of the energy-momentum tensor transform as follows.

In[127]:=

TableForm[emrus = {pVe'L[LI[l], LI[d_]] =» pVel[LI[1], LI[d]]-
Sum[B'inom'ia'L[d, i] pVelLI[0], LI[d -1 +1]] » TSMet[LI[1], LI[i]], {i, O, d}],
PVel[LI[1], LI[d_]] = PVel[LI[1], LI[d]]-
Sum[B'inomia'L[d, i] PVel[LI[0], LI[d -1 +1]] - TSMet[LI[1], LI[i]], {i, O, d}],
VsSMetVel[LI[1], LI[d_]] -» VsSMetVel[LI[1], LI[d]] + LsSMet[LI[1], LI[d + 1]]}]

Out[127]//TableForm=

pvel'® 5 pvel™ -39 ,Binomialld, i] pvel® * ¢ -1 T

1d 1d . . . — 5 14
pvel'™ » pvel'® -39, Binomialld, i] pvel®* * 4 -7 1V

d d
wel'® = yver'® + L1t ¢

When checking that these generate the inverse transformation, one must also keep in mind the

transformation of the metric:
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In[128]:=
emgts /. emrus /. metrus;
VisualizeTensor[%, SMet]
%% - SplitPerturbations[ExpandPerturbation]
Perturbation[Conformal[Met, MetaSMet2][Feq[a, -B] /. enmomru], 1]],
Join[velru, scalars], SMet];

Expand[%]
Out[129]=
Orth SMet
(1) (1) (1)
orth —( pVel) PVel (DB B) +pVel (DB B) "
Pvel (Dﬁ (l\/Vel) +pVel (DB (l\/Vel)
SMet|-PVel (D“ u\/Vel) — Vel (D“ (l\/Vel) ((l)PVe'L) h®,
Out[131]=
0

Vector part

We continue with the vector part of the energy-momentum tensor.
In[132]:=
SplitGaugeChange[Feq[a, -B] /. enmomru, Join[velru, vectors], {[SMet], SMet, 1];
emgtv = ExtractOrder[%, 1];
VisualizeTensor[%, SMet]

Out[134]=

Oorth SMet

1 1
Orth 0] (( )BB) Pvel + PVel (( )\/Velﬁ) +

1) 1)
( Bﬁ) pVel +( VVelﬁ) pVel

(O @
SMet ( L") PVel - PVel( VVe1")+ 0

' (1)
( La) pVel—( VVela)pVel

Also here the metric potential appears. We read off the transformation of the transverse part of the
velocity.

In[135]:=

TableForm[emruv =

{VvSMetVel[LI[1], LI[d_], a_] = VvSMetVel[LI[1], LI[d], a]+ LvSMet[LI[1], LI[d + 1], a]}]

Out[135]//TableForm=

1d_ 1d
Wel % o yyel 9% 4+ LM+ e

When checking that these generate the inverse transformation, one must also here keep in mind
the transformation of the metric:
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In[136]:=
emgtv /. emruv /. metruv;
VisualizeTensor[%, SMet]
%% - SplitPerturbations[ExpandPerturbation]
Perturbation[Conformal[Met, MetaSMet2][Feq[a, -B] /. enmomru], 1]],
Join[velru, vectors], SMet];
Expand[%]
Oout[137]=
Orth SMet
Orth 0 ((l)Bﬁ) PVel + PVel ((l)\/Velﬁ) + ((l)Bﬁ) pVel + ((l)\/Velﬁ) pVel
SMet|-PVel ((l)\/\/et’) - ((Dv\/ela) pVel 0
Out[139]=
(0]

Tensor part

Finally, the tensor part vanishes, as we assume also for the perturbed matter a perfect fluid.

In[140]:=
Spl'itGaugeChange[(pVel[]+ PVel[]) Vella] » Vel[-B] + PVel][] « Met[a, -],
Join[velru, tensors], §{[SMet], SMet, 1];
ExtractOrder[%, 1]
out[141]=

Gauge-invariant matter variables

To find a set of gauge-invariant matter variables, we combine the perturbations with those of the
metric tensor in such a way that their transformations cancel.




CosmoGaugeTrans.nb | 23

In[142]:=
Tab'l.eForm[emg'i nv = {VvSMetVe'L[LI[l], LI[0], a] + EvSMet[LI[1], LI[1], a],
pVel[LI[1], LI[O]]+pVel[LI[0], LI[1]] (BsSMet[LI[1], LI[O]] - EsSMet[LI[1], LI[1]]),
PVel[LI[1], LI[0]] + PVel[LI[0], LI[1]] (BsSMet[LI[1], LI[O]] - EsSMet[LI[1], LI[1]]),
VsSMetVel[LI[1], LI[0]] + EsSMet[LI[1], LI[l]]}]
Expand[emginv /. emrus /. emruv /. metrus /. metruv];
Expand[% - emginv]

Out[142]//TableForm=

0 'a @
E"+ vvel”

1 1) 4 1

(( )B _ )E) pVel +( ioVel
1 1) 4 1

(( )B _ )E) Pvel +( )PVel

YE 4 Nvel
Out[144]=
{0, 0, 0, 6}
We can thus replace all components of the energy-momentum tensor perturbation by gauge-
invariant variables.

In[145]:=

Tab'leForm[
emgiru = {VvSMetVe'I.[LI[l], LI[d_], a_] = vvv[LI[1], LI[d], a] - EvSMet[LI[1], LI[d +1], a],
pVel[LI[1], LI[d_]]:» pps[LI[1], LI[d]]- Sum[B'i nomial[d, i] pVel[LI[0], LI[d -1 +1]]
(BsSMet[LI[1], LI[i]]- EsSMet[LI[1], LI[i +1]]), {i, O, d}],
PVel[LI[1], LI[d_]] :» PPs[LI[1], LI[d]] - Sum[B'inom'ia'I.[d, i] PVel[LI[0], LI[d - +1]]
(BsSMet[LI[1], LI[i]]- EsSMet[LI[1], LI[i +1]]), {i, O, d}],
VsSMetVel[LI[1], LI[d_]] » uus[LI[1], LI[d]]- EsSMet[LI[1], LI[d + 1]]}]

Out[145]//TableForm=

1d d +
wel % o x19% - gl da

pVe'le‘ - ald —Z‘LO Binomialld, 1] pVe'LGJl +d-i (Bﬁ - gt 1')

- E

pvel’™ » 2! -39 Binomialld, 9] pvel® * ¢~ 7 (8"

ll+‘i)

wel'® » £ - gt r
Also here we see that the newly introduced potentials reproduce the gauge-invariant combinations
we isolated above.

In[146]:=

TableForm[emginv /. emgiru]

Out[146]//TableForm=
1) a

x

&

(1

5% O
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Energy-momentum conservation

Background

In[147]:=

Out[150]=

In[151]:=

out[151]=

In[152]:=

Out[156]=

As a first example, we study the energy-momentum conservation for the background. This has only
one non-trivial component, which yields the well-known continuity equation.

CD[-Bl[Feq[-a, B]] /. enmomru;
Conformal[Met, MetaSMet2][%];
SplitPerturbations[%, all, SMet];

VisualizeTensor[%, SMet]

Orth|-3H PVel-3%H pVel - pV’el
SMet (0]

We save this relation, such that we can later use it in order to replace time derivatives of the back-
ground density.

bgemcons = {pVel[LI[0], LI[d_]]/; d > 0 = -3 Sum[Bi nomialld-1, 1]
HSMet[LI[6], LI[d - - 1]] (pVel[LI[0], LI[]] +PVel[LI[e], LI[ill), {i, 0, d-1}]}

d-1 ) .
{pVelOd‘ /;d>0=-3 ZB-i nomialld-1, i] &%+ *d -1 (pVelO1 + pVelm)}
i-0

We check that our definition solves the background conservation equation.

CD[-Bl[Feq[-a, B]] /. enmomru;
Conformal[Met, MetaSMet2][%];
SplitPerturbations[%, all, SMet];
% I. bgemcons;

Simplify[%]

Perturbation

Next, we take a look at the linear perturbation, and make use of the background equation to elimi-
nate time derivatives of the background variables. We see that the result is expressed only in terms
of gauge-invariant variables.



In[157]:=

Out[164]=
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CD[-Bl[Feq[-a, B]] /. enmomru;
Conformal[Met, MetaSMet2][%];
Perturbation[%, 1];
ExpandPerturbation[%];
SplitPerturbations[%, all, SMet];
% I. emgiru/. metgiru;

% Il. bgemcons;

VisualizeTensor[%, SMet]

orth| -3H (%) _3H ((115) -"E+3pvel (%) +3pVel (%) ~PVel (Dﬁ Df (lQ:) - pvel (Dﬁ Df (DL)

) @’ (1) . (1 e .
SMet ‘7-(( Ia) Pvel +( Ia) PVel +( Ia) PVel +H PVel ( )(a) + PVel( Xa) + PVel( Xa) +

) S 1 ' 1) @
‘7—(( Ia)pVe1+( Ia)pVel+‘H( ,\’a)pVe1+( Xa)pVe1+Da P+‘HPVe1(Da L)+

! (1) (1) (1)’ (1)’ (1) (1)
PVel(Da L)+‘HpVel(Da L)+PVe1(Da L)+pVe1(Da L)+PVe1(Da ¢)+pVe1(Da cb)

Gauge-invariant gravitational field equations

Background field equations

In[165]:=

Out[165]=

We can finally derive a set of gauge-invariant field equations. For this purpose, we first define a rule
which represents the field equations.

feqru = MakeRule[{Feq[a, -8B,
EinsteinCD[a, -B]-8 Pi G ((pVel[] +PVel[]) Vella] - Vel[-B] + PVel[] - Met[a, -p])}]

{HoldPattern[}'g—E] -
Module[(}, 61" -8Gm g Pvel-8GmPVel vel® vel® -86Gm vel® vel® pVel]}

The zeroth order of these equations gives us the background equation. We check that these repro-
duce the well-known Friedmann equations (here written in conformal time and conformal Hubble
parameter):
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In[166]:=

Out[169]=

In[170]:=

out[170]=

In[171]:=

Out[175]=

Feqla, -B]/. feqru;

Conformal[Met, MetaSMet2][%];
SplitPerturbations[%, all, SMet];
VisualizeTensor[%, SMet]

Orth SMet
2
Orth —37; —3—f+86rrpVe1 0
a a
HhY  2dpY h? k
SMet 0 ——f __ _F _gGmPvel h* - —£
a a p a

For later use, we also define the solution of the background equations. We will use it later to
replace the background value of the matter density and pressure.

feqsol =
{pVel[LI[E)], LI[d_]] = Nest[L‘ieD[Orth[p]], 3 (HSMet[]" 2 + kSMet[])/ 8/ Pi / aSMet[]7 2 /G, d],

PVel[LI[0], LI[d_]] = Nest[L‘ieD[Orth[u]],
-(HSMet[]"z +2 HSMet[LI[0], LI[1]] +kSMet[])/8 / Pi /aSMet[]"z / G, d]}

5 ,
3(7-{ +k) , d], pveled* - Nest[L‘ieD[ n”], —M, d]}

(SUESE (SUESE

One easily checks that this indeed solves the background equations.

{pVelOd* > Nest[L‘ieD[ n* ],

Feqla, -B]/. feqru;

Conformal[Met, MetaSMet2][%];
SplitPerturbations[%, all, SMet];
% I. feqsol;

Expand[%]

Gauge-transforming vector field

Both sides of the field equations change under a gauge transformation. To obtain a gauge-indepen-
dent set of equations, which can be expressed fully in terms of gauge-invariant potentials, we must
remove this term (which is proportional to the background equations, and given by their Lie deriva-
tive with respect to a particular vector field). For this purpose, we first define a rule which gives us
the particular vector field we need.



In[176]:=

out[176]=

In[177]:=

out[177]=

Oout[181]=

In[182]:=

out[182]=

out[186]=
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gatra = {TSMet[LI[1], LI[d_]] :» —BsSMet[LI[1], LI[d]] + EsSMet[LI[1], LI[d+1]],
LsSMet[LI[1], LI[d_]] :» EsSMet[LI[1], LI[d]],
LvSMet[LI[1], LI[d_], a_] = EvSMet[LI[1], LI[d], al}
{Tld_ - Bld + Ell + d’ le_ = Eld, le_g - Elda}
The definition of this vector field becomes clear when we study how it transforms the metric poten-
tials - they transform into gauge-invariant potentials, while all non-invariant parts vanish:

{$SMet[LI[1]], wSMet[LI[1]], BsSMet[LI[1]], EsSMet[LI[1]],
BvSMet[LI[1], a], EvSMet[LI[1], a], EtSMet[LI[1], a, B]}

% /. metrus /. metruv;

% . gatra;

% . metgiru;

Expand[%]

(1) (1) (1) 1) D.a D_a 1) _ap
{ ?, , B, E, B, E, E }

(1) 1 (1) (1)
{"o, ¥, 0,0, 1% 0, &%}
The same holds for the matter variables - also these transform into gauge-invariant variables:

{pVel[LI[1]], PVel[LI[1]], VsSMetVel[LI[1]], VvSMetVel[LI[1], a]}
% . emrus /. emruv;

% 1. gatra;

% /. emgiru;

Expand[%]

1 1 (1 1
{( ioVel, ( )PVel, K/Vel, ( )\/Vela}

Gauge-dependent part of the field equations

Now we can isolate the gauge-dependent part of the field equations by taking the Lie derivative.
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In[187]:=

Out[194]=

In[195]:=

Out[196]=

Feqla, -B]/. feqru;

Conformal[Met, MetaSMet2][%];
LieD[§[SMet][LI[1], yIl[%];
LieDToCovD[%, CD];
ExpandPerturbation[%];
SplitPerturbations[%, all, SMet];
feqgdep =% /. gatra;
VisualizeTensor[%, SMet]

27;{(D" ‘l)é) (1)

—_— —8GnPVe1(D“ E)+
a

2k(D“ (l)lé) (1)

—Z—SGrrpVel(D“ E)

a

[‘l)a]
2 k ,
(1)

Oorth SMet
(1)B 3 (l)l’_: 3 mB ’ 2 ;B 4 (1)B
Orth _&l z)rH +6( 2)74 +6( )ZWH- 2 ([2)‘3 )-M(DQ” )—BGrrPVel(D,;(l)B)+
a a a a a
6 qllé g (1)B 6 (lké (1 2 <1,'E
( a):”—[_ G(az(Hk+ ( al?-(k_ 2k(:§ ) —SanVel(Dﬁ(l)B)_@ +
(1) ! (1) ! g
867'(( B)pVel+86rr( E)pVel 2‘H(sz )+86rrPVe'L(DB(l)ILZ)—
a
“g .
@ +8GrmpVel (DB <l)E)
2 (l)EVO(]’H2 2| a H . 2("B)#° n® 2("E)#’h® 2("B)m#H Y
SMet - —8Grr((l)Ea) PVel+ ( )a2 £, | )a2 g )az £,
, | 2(rnt a2M8)mnt 2",
E 2 ‘Hz (D” (l)E) 52 + 22 - 22 +

86w ((I)B) Pvel h®, -8 G ((l)é) Pvel h?, -
8 a (1) a
z(b)wh Bk 2(t)7—1h P

B
> +
a a

2

We check that this indeed vanishes once we impose the field equations.

feqgdep /. feqsol;
Expand[%]

Gauge-invariant perturbation field equations

We are finally in the position to derive the gauge-invariant perturbation field equations. For this
purpose, we take the perturbation of the Einstein equations, and subtract the gauge-dependent
part. Finally, we express the remainder in terms of the gauge-invariant metric and matter variables.

We see that indeed no gauge-dependent quantities remain.
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In[197]:=
Feqla, -B]/. feqru;
Conformal[Met, MetaSMet2][%];
Perturbation[%, 1];
ExpandPerturbation[%];
SplitPerturbations[%, all, SMet];
% I. emgiru/. metgiru;
% - feqgdep;
feqginv=%/. gatra/. feqsol;
VisualizeTensor[%, SMet]
Out[205]=
Orth SMet
n 6’1—(2 ((lb) 27—{2 ((1)15 27—![‘1&13] 2H [(l)xﬁ 27—!((1))(6]
orth BGrr( a)+ 1 S ) S SLA S L
a a a a a
1) 1) 1)
6k("w)  ex("W) 2(p, 0" " "
(2 )+ (2 ) B ( ! ) [( )Iﬁ]k 2[‘ )Xﬁ]k >y (05“2) z'H(DB(l’)
a a a - - + -
2 2 2 2
a a a a
2k (Dﬁ (li) 2H (DB (l]‘D) 2 (Dﬁ (lu") D, D <l>IB
- - +
a’ a’ a’ 2a°
2(a) a o, a 2 (0 a o) a o L; 2|V | _a
24 [ 2H 2H 2H E Es ™ 2 8 k
SMet > - > + > - 3 + 2ﬁ+ 5 —SGIT( P) h + ——— +
a a a a a a B a
R L LY o z)  29¢(0° ") 200 n% (T0) ann® (0] 2000 (‘)
2 + 2 + 2 - 2 + 2 + 2 + 2 -
a a a a a a a
26(0%) 2o 0)  2(0"%) DD “r 2n® #("Y) 4'HhaB (") 2h“ﬁ (%) 'H[D“‘” ﬁ]
22 + e + 2 - 2 a2 2 + e + 22 - 22 -
Dﬂ(l}Iﬁ (H[Dﬂu&a] 0, 1" 0,0 D, D"
2a2 a2 2a a2 a2
b, Dr g% he (DVDV‘lb) h? (Dyov(lb)
2 + 2 - 2
a a a

Scalar equations

We decompose the obtained equations into their irreducible components. The most involved are

the scalar equations.
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In[206]:=

Vi sua'L'izeTensor[fqui nvs = aSMet[]*2 feqginv /. (H » Zero &/@ {EtSMet, vvv, IVv}), SMet]

Out[206]=
Orth SMet
5 (1) (1) 2 (1) ' (1)
orth sera’("g)+er’("0)- -2 (05 "z) + 274 (0, ") -
(llp +6 ( ) (D DY lp) Zk(DB ‘”L)-z«H(DB ‘”qa)_z (DB %)
(1) B 2 4 ()
SMet (“ L) 27—((D“ L) ~8Gra ( ) F2H hﬁ(¢)+
Zk(D“ (l)jj)+27-((D“ (l)q>)+2(D“‘l¢) 4H h° (( ¢)+27—{ he (%)-
2 haB k( llﬂ‘)+4‘7-{ haﬁ ( z~Iﬂ‘)+
2 h% (u{i’) ~DsD% "+ Dy D% Wy
h", (Dy DY (l)cb)— h®, (Dy DY %)
We can disentangle the spatial component by decomposing it into a trace and trace-free part. The
latter is just the trace-free second derivative of the difference of the scalar metric potentials.
In[207]:=
ExtractComponents[feqginvs, SMet, {"Space", "Space"}];
Simpli fy[ToCanon'ica'L[SMet[—a, Bl %]]
Simplify[ToCanonical[Expand[NoScalar[%% - Scalar[%] » SMet[a, —B]/311]]
Out[208]=

2 (- 126G ((I)P) (a)>+6H ((l)cb) +3(H) ((l)cb) "
3 4(*6) - 3("6) 674 "6) o3 ("9} 0,02 00,0
Out[209]=

(D,;D“ )+D5 ﬁu—h (DVDV%-DVDV%)
3

Vector equations

For the vector perturbations, we obtain the following equations.



In[224]:=

Out[224]=

In[325]:=

out[325]=

In[327]:=

Out[330]=
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VisualizeTenso r[
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These equations can be brought to a more comprehensible form by introducing a new variable

QVI[LI[1], LI[0], a] ==
(pVel[LI[0], LI[O]]+PVel[LI[0], LI[O]]) (IV[LI[1], LI[O], a]+ vvVv[LI[1], LI[O], a])
qqvru = Simplify[Solve[%, vvv[LI[1], LI[0], all[1l];

(l)Qa = ((l):[a + (l)xa) (PVel + pVe'L)

We can then substitute X* and the background matter variables in the field equations, so that the
space-time component of the perturbed equations becomes a screened Poisson for /* with Q¢ as its

source:

Expand[-2 ExtractComponents[feqginvv, SMet, {"Space", "T'ime"}]];

% /. qqvru;
% I. feqsol;
feqv = Simplify[%]

__a

(1) (1) (1
—166rra2( Q“)+2( Ia)k+DyDV I

The dynamics of Q¢ is determined by a continuity equation:
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In[310]:=

Out[314]=

ExtractComponents[feqginvv, SMet, {"Space", "Space"}] /.
{SD[a] - (© &), SD[-B] » Identity};

LieD[Orth[u]][H] + 4 HSMet[] # &[- feqv /16 /P / G/ aSMet[]* 2] -
(sn[- YI[SDIYI[%]] + 2 - % kSMet[]) / 8 / Pi / G / aSMet[]*2;

ContractMetric[%];

Expand[%];

ToCanonical[%]

Tensor equations

In[319]:=

out[319]=

For completeness, we also calculate once again the tensor part of the equations. Here we obtain
the vacuum equations we already know, since we assumed the tensor part of the energy-momen-

tum tensor to vanish also for the perturbations.

Visuali zeTensor[

aSMet[]*2 feqginv /. (& » Zero &I@{vvv, Iv, ®s, Ws, pps, PPs, uus}), SMet]
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