Second order cosmological
perturbations and gauge
transformations

Preliminaries

Load tensor package

n[1]:= << XAct xPand’
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Package xAct xPerm® version 1.2.3, {2015, 8, 23}
CopyRight (C) 2003-2020, Jose M. Martin-Garcia, under the General Public License.
Connecting to external linux executable...

Connection established.

Package xAct xTensor’ version 1.1.5, {2021, 2, 28}

CopyRight (C) 2002-2021, Jose M. Martin-Garcia, under the General Public License.

Package xAct xPert® version 1.0.6, {2018, 2, 28}

CopyRight (C) 2005-2020, David Brizuela, Jose M. Martin-Garcia

and Guillermo A. Mena Marugan, under the General Public License.
+»* Variable $PrePrint assigned value ScreenDollarIndices
*»* Variable $CovDFormat changed from Prefix to Postfix
*»* Option AllowUpperDerivatives of ContractMetric changed from False to True
*» Option MetricOn of MakeRule changed from None to All

*»+ Option ContractMetrics of MakeRule changed from False to True

Package xAct xPand' version 0.4.3, {2019, 3, 4}

CopyRight (C) 2012-2018, Cyril Pitrou,

Xavier Roy and Obinna Umeh under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer[]. This is free software, and you are welcome to redistribute

it under certain conditions. See the General Public License for details.

Nicer printing

ini2l:- $PrePrint = ScreenDollarIndices;
inisl:= $CovDFormat = "Prefix";

in4l:- $DefInfoQ = False;

Object definitions
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Spacetime manifold

The spacetime manifold M, on which tensors will be defined. Some Greek letters are defined as tangent
space indices.

inisl:= DefManifold[M, 4, {a, B, ¥, {, A, U, V, W, T, O}]

Metric

The background metric g of signature (-,+,+,+). The Levi-Civita derivative of a tensor A, will be written as
v, A, in prefix notation or A,., in postfix notation. Note that this is not the physical metric; the latter will

be defined later as a2 times this metric, where a is the scale factor.

intel:- DefMetric[-1, Met[-a, -B], CD, {";", "v"}, PrintAs » "g"]

FLRW background geometry

We now define the cosmologically symmetric background geometry. Here we choose a spatially curved
Friedmann-Lemaitre-Robertson-Walker background metric. The physical metric, which will be called
gah2, is defined automatically by xPand.

In7):= Setsﬁcing[Met, orth, SMet, SD, {"|", "D"}, "FLCurved"]
Rules {1, 2, 3, 4, 5, 6, 7, 8 have been declared as UpValues for SMet.
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpValues for SMet.
Rules {1, 2} have been declared as UpValues for Orth.
Rules {1, 2, 3, 4} have been declared as UpValues for Orth.
Rules {1, 2, 3, 4, 5, 6, 7, 8} have been declared as UpValues for Orth.
*»+ MakeRule: Potential problems moving indices on the LHS.
Rules {1, 2, 3, 4, 5, 6, 7, 8 have been declared as UpValues for Met.
Rules {1} have been declared as UpValues for Met.
Rules {1, 2, 3, 4} have been declared as UpValues for avSMet.
For the spatial part of the metric, we will use the letter h.
inigl:= PrintAs[SMet] A= "h"

outigl= h

The unit normal (co-)vector field will be denoted n.
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in9l= PrintAs[Orth] A= "n"

out[9]= N

Metric perturbation

Next, we define the metric perturbations. These are given as follows.

inf10l:- DefMetricFields[Met, 6Met, SMet]

Matter perturbation

Also for the matter fields we need a perturbation, defined as follows.

(1= DefMatterFields[Vel, éVel, SMet]

Gauge transforming vector field

This is the vector field which we will use for gauge transformations.

in(121- DefTensor[Evaluate[§[SMet]][LI[O], u], M]

Second order perturbations

Metric tensor

We first take a look at the general conventions used for the higher order metric perturbation. In the
series expansion we keep the expansion parameter € as well as the factor n! from the Taylor series in
front of the perturbation. Note that the metric shown here is not the physical metric, but the confor-
mally rescaled metric:

in[201:= Met[-a, —-B];
Perturbed[%, 3]

out[21]=
1 1

1 2 2 .3 3
Bap *© OMet” 5+ > SMet” 5+ . SMet”

The physical metric carries an additional scaling factor:



in[22]:= Met[-a, -]}

Conformal[Met, MetaSMet2][%]

Perturbed[%, 3]

Out[23]=
gaB (a)
out[24]=

8qp (3)°

+c(a)* oMett,

B

1

+> ?(a)* sMet?,

1
+ 2 3
B
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(a)® omet®

Since the scale factor appears as a common factor, we will omit it in the following. The first term is the
background. It is assumed to be a Friedmann-Lemaitre-Robertson-Walker metric:

ini2s]:= VisualizeTensor[6Met[LI[0], —-a, -B] /. SplitMetric[Met, 6Met, SMet, "AnyGauge"], SMet]

Out[25]=
Orth|SMet
Oorth| -1 0]
SMet| © haﬁ

Each order of the metric perturbations is then further decomposed into its scalar, vector and tensor
components. The approach for higher orders is identical to that for the linear order, which we have

encountered before.

ini26]:= VisualizeTensor[6Met[LI[1], -a, -B] /. SplitMetric[Met, 6Met, SMet, "AnyGauge"], SMet]

Oout[26]=

Oorth SMet
(1) (&) (1)
Orth —2( ¢) Bﬁ + Dﬁ B
1) (1) (1) 1) 1) (1) (1)
SMet| B, +Dq BZ( Eaﬁ)-z haB( w)+Da Ep+Ds Ea+2(DﬁDa E)

inl271:= VisualizeTensor[6Met[LI[2], -a, -B] /. SplitMetric[Met, 6Met, SMet, "AnyGauge"], SMet]

out[27]=

Orth SMet
2 2 2
Orth —2(( )qb) <)BB+D3( )B
2 2 2 2 2 2 2
SMet ()Ba+Da()B 2(( )Eaﬁ)—2 haB (( >L;/)+D0‘(>Eﬁ+D,3<)Ea+2(DﬁDa(()E)

ini2el:= VisualizeTensor[6Met[LI[3], -a, -B] /. SplitMetric[Met, 6Met, SMet, "AnyGauge"], SMet]

out[28]=

Orth SMet
3 3 3
Orth —2(( )qb) ()BB*'DB( )B
3 3 3 3 3 3 3
SMet ()Ba+Da( )B 2(( )Eaﬁ)—2 haB (( )Lp)+Da()Eﬁ+D,3()Ea+2(DBDa( )E)
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Velocity

In[29]:=

out[30]=

In[31]:=

Out[31]=

In[32]:=

out[32]=

In[33]:=

Out[33]=

Next, we take a look at the velocity. It is expanded in the same form as the metric. Note that we write it
with an upper index.

Vellal;

Perturbed[%, 3]

1 1
Vela + 6Vella+5 2 6Ve12a+ E 3 6Ve13a

In this case, the background is given by the unit normal vector field. Note that also here a conformal
scale factor is omitted, so that the velocity shown is normalized with the conformal background metric,
not the physical one:

VisualizeTensor[6Vel[LI[0], a]/. SplitMatter[Vel, éVel, -1, SMet, "AnyGauge", 1]/.
SplitMetric[Met, 6Met, SMet, "AnyGauge"], SMet]

Oorth|1
SMet|0

Then we look at the first order perturbation. Here the time component is fixed by the demand that the
full, perturbed velocity is normalized with respect to the full, perturbed metric. The spatial components
are then decomposed into a scalar and a divergence-free vector.

VisualizeTensor[é6Vel[LI[1], a]/. SplitMatter[Vel, éVel, -1, SMet, "AnyGauge", 1]/.
SplitMetric[Met, 6Met, SMet, "AnyGauge"], SMet]

Orth —((l)¢)

@) 68
SMet| vvel” +D? VVel

The same holds for the second order. Note that the time component now also contains contributions
from the first order metric and velocity.

VisualizeTensor[6Vel[LI[2], a] /. SplitMatter[Vel, éVel, -1, SMet, "AnyGauge", 2] /.
SplitMetric[Met, 6Met, SMet, "AnyGauge'"], SMet]

(1) 1) (1) (1) @m,\2 (2 (1) 1
Orth 2( Ba)( VVela)+( VVela)( VVela)+3( ¢) - ¢+2( VVela)(Da B)+

2 ((I)Ba) (Da uk/Vel) +2 ((1)\/Ve1a) (Da (l{/Vel) +2|Dgy (1{/Ve1) (D“ (I)B) + (Da (IR/Vel) (D“ (lR/Vel)

2 2
SMet : )\/Vel" + D"’( {/Vel

To see where these contributions come from, we take a brief look at the normalization. At each order,
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the variation of the normalization factor -1 must vanish.

ini3a]:- Perturbation[Met[-a, -B] » Vel[a] » Vel[B], 1]
SplitPerturbations[%, Join[SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 1],
SplitMetric[Met, 6Met, SMet, "AnyGauge"]], SMet]
Out[34]=

vel® vel” siet’  + 8., vel” ovel”+ g, vel® ovel'”

Out[35]=

0

inisel:= Perturbation[Met[-a, -B] » Vel[a] » Vel[B], 2]
SplitPerturbations[%, Join[SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 2],
SplitMetric[Met, 6Met, SMet, "AnyGauge"]], SMet]
out[36]=

6Vella +2 vel” 6Metla 6Vellﬁ +

B

a B 2 B 1
Vel Vel 6&Met a5+2 Vel® 6Met aB

2.8, ovel'™ svel + g5 vel” ovel® + g, vel” ovel”

Out[37]=

Energy-momentum tensor

Let us now take a look at the energy-momentum tensor. For a perfect fluid, it takes the usual form -
written here with mixed indices, which is how one usually finds it in the literature on cosmological

perturbations in general relativity.

in[zgl:=- enmom = (pVel[] + PVel[]) Vel[a] « Vel[-B] + PVel][] » Met[a, -B]
out[38]=

5," Pvel+ vel® vel, (PVe1+pVe1)

One reason for writing it in this form is that one can easily define the density as the negative of the
eigenvalue of the velocity, at any perturbation order.

inizol= Vel[-a] » Vel[B] enmom;
% I. Join[SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 1],
SplitMetric[Met, 6Met, SMet, "AnyGauge"]l;
Expand[%]
Out[41]=

pVel
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In[42]:=

out[47]=

In[48]:=

Out[49]=

In[50]:=

out[52]=

In[53]:=

out[56]=

Perturbat'ion[Ve'L[—a] Vel[B] enmom, 1];

ExpandPerturbation[%];

% /. Join[SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 1],
SplitMetric[Met, 6Met, SMet, "AnyGauge"]l;

NoScalar[%];

% I. Join[SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 1],
SplitMetric[Met, 6Met, SMet, "AnyGauge"ll;

Expand[%]

(l)pVe'L
Further, the trace can be used to identify the pressure.

delta[-a, B] enmom;
SplitPerturbations[%, Join[SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 1],
SplitMetric[Met, 6Met, SMet, "AnyGauge'"]], SMet]

3 PVel-pVel

Perturbat‘ion[delta[—a, Bl enmom, 1];

ExpandPerturbation[%];

SplitPerturbations[%, Join[SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 1],
SplitMetric[Met, 6Met, SMet, "AnyGauge"]], SMet]

Q) 68}
3( PVel)— pVel

We now take a closer look at the components of the energy-momentum tensor in the space-time
decomposition. At the background it is diagonal, with the time and space components given by the
density and the pressure. This is the most general form compatible with the cosmological symmetry of
the background.

enmom;

Conformal[Met, MetaSMet2][%];

SplitPerturbations[%, Join[SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 1],
SplitMetric[Met, 6Met, SMet, "AnyGauge"]], SMet];

VisualizeTensor[%, SMet]

Orth SMet
Orth|-pVel 0]

SMet| © |PVel h“ﬁ

We then look at the first order perturbation. Here we see only such perturbations which are obtained as
perturbations of the density, pressure and velocity and thus retain the perfect fluid form. In general,



In[57]:=

out[62]=

In[63]:=

out[68]=
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one may also consider anisotropic stress as a perturbation, but this cannot be expressed as a perturba-

tion of the aforementioned variables.

enmom;
Conformal[Met, MetaSMet2][%];
Perturbation[%, 1];

ExpandPerturbation[%];

SplitPerturbations[%, Join[SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 1],
SplitMetric[Met, 6Met, SMet, "AnyGauge"]], SMet];

VisualizeTensor[%, SMet]

Orth SMet
6y (&) (&) (&)
Oorth —( pVel) ( BB)PVel-rPVel( VVelﬁ)+( BB)pVe1+
1) (1) (1)
( Vvelﬁ)pVe1+PVel(Dﬁ B)+pVe'L(D,3 B)+
Pvel (05 "Vvel) +pvel (o Vel
SMet -Pvel ((l)\/vela)—((l)vvela)pVel— ((l)PVel) h"’ﬁ
PVel(D“HVVel)—pVel(D“uVVel)

At the second order, the result becomes rather lengthy, and we only display it for completeness.

enmom;

Conformal[Met, MetaSMet2][%];
Perturbation[%, 2];
ExpandPerturbation[%];

SplitPerturbations[%, Join[SplitMatter[Vel, 6Vel, -1, SMet, "AnyGauge", 2],
SplitMetric[Met, 6Met, SMet, "AnyGauge"]], SMet];

VisualizeTensor[%, SMet]

Orth

SMet

Orth —Z(HEY)PVel(abVely)—
2 pvel ((l)\/Vely) ((l)\/Vely) -
2 ((I)B") ((l)\/Vely) pvel-
z(ubVely)(ubVely)pVel—
“vel -2 Pvel ((l)v\/eﬂ) (Dy (l)B) _
2 ((l)\/\/eﬂ) pvel (DV (l)B) -

2 (may) PVel (Dy (l\/Vel) -

() 1 (1)
B PVe1+2( B )( PVe1)+
B B
(1) (1)
2( PVel)( VVelﬁ)+
4 ((l)EB ) Pvel ((l)\/vel”) +
14
) )
PVel Vvelﬁ + Bﬁ pVel +
(&) @ v @)
4( EBV)( Vvel )pVe1+ VVelg|pVel+
1) @ (1) @
2( Bﬁ)( pVe1)+2( VVelﬁ)( pVel)—

4 ((l)B B) Pvel (‘l’cp) _2pVel ((l)VVel ,3) ((l)cb) -

/(1) \ /(1) \ /(1) \ /(D) \
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4 PVvel L vvel’ } kDy VVe L) -

2 ((I)BV) pVel (DV (l\/Vel) -

2PVel( K/Vel DV )—

o
)
0, “e)
)
vel)

2 pVel(
2 PVel(Dy vel
(

2 pvel(D

4(‘ 'BBJpVel(‘ ’¢>)-2 ( ’\/Velﬁ)pVel(‘ ’¢)-
apvel(“wvety)("v)-

4 ((l)\/Vel ﬁ) pvel ((l)q;) +2 ((l)PVe'L) (Dﬁ (l)B) +
2("pver) (o, "B)- 4 Pver(o)(os B)-

4 pvel ((1>¢) (DB (l)B) +PVel (DB (2)8) +

pvel (DB <2)B) +2PVel ((l)VVely) (DB (”Ey) .
2 ((l)\/Vely) pvel (Dp (l)Ey) +

2("pve] (o; “Wver)+ 2("pver]) (o; “vver)-
2pvel (9)(os “Vver)-

2 pVel ((llp) (DB “\/Vel) -

apvel ("y)(p, "vel)-

4pvel (") (g “Wver)+ Pyet (Dﬁ (Z{IVel) +

(1

2
pVel (DB ( {/Vel) +2PVel ((1)\/Vely) (Dy )Eﬁ) +
() ()
2( VVely)pVel(Dy Eﬁ)+
2 Pvel (D,3 (l)EV) (o, “vel

a_y
2pVel(D; E (DV

gl

(
2pvel (o, “Wvet)(or 'k

)

2 pVel|(D,

y @

o
( BV) PVel R/Vel) +
( V) pVel \/Vel)
4PVel (DV Dg )(DV \/Vel)

4pVe1(D Dg E)(DVHR/Vel)

SMet

-2 ((l)PVe'L) ((l)\/Vela) -

2) (2)
PVel ( VVela) - ( VVela) pVel -

() a
Pvell| h B+2( )PVe'L( VVvel )+

1) 1)
2PVel( VVel")( VVelB)*'

IZEN NEPENN v
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2(u)\/Ve'La)( pVel) 2PVe1( VVe'La)(u)d?)— 2(\”8 )( Vel )pVe1+
2((1)\/Ve1a) pVel 2(1)\/Ve1 )( Vel )pVel+
2 <PVel) (D"‘ \/Vel) (l)pVel) (D"‘ (l\/Vel)- 2( )PVel D“ \/Vel)

2 PVe 1( ¢>) (D“ ”\/Vel)- ZPVel( wel )(D"‘ ”\/Vel)+
2 pvel (') (o bvet) - 2 ((l)BB) pvel (o° “yvel)
PVel (D"‘ QK/Vel)-pVel(D“ %Vel) 2(<1>We1 )pVel \/Vel)

>
2PVe1( wel® (D,; l)B)
z( VVel) el(DB B)
2pvel (0 “Wve) (o, 'B)+
e}
2PVe1( VVel") (D vel)+
(2"

2 pVel( vel

Z(VVel) Vel |(Dg e1)+

vvet)+

wvet) (0,
2 pVel( )(D,3 \/Vel)

2 PVel ( Vel

Gauge transformations

Metric tensor

We first consider a linear gauge transformation of the metric. It is well known that this is given by the
Lie derivative of the background metric.
inleol= GaugeChange[6Met[LI[1], -a, -B], §[SMet]]
out[69]=
1
SMet” ; +[’55Met1 €ap
By performing an irreducible decomposition of the metric and the gauge transforming vector field,
whose time and space components are denoted T and L here, we can see the gauge transformation of
the irreducible components of the metric tensor. Note that scalar, vector and tensor components are
separated and do not mix.
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ini701:= SplitFieldsAndGaugeChange[Met[-a, -B], Met, 6Met, Vel, 6Vel, SMet, 1];
ExtractOrder[%, 1];
VisualizeTensor[%/aSMet[]*2, SMet]

Oout[72]=
Orth SMet
(1 (1) (1) 1) ' 1) (1) 1

orth -271( lr)-z( lr)-z( ¢>) By+ Lg+Dp B+Dg L-Dg T

(1) @’ (1) 1) (1 (1) (1 (1) (1)
SMet| B,+ L,+Ds B+Ds L-Dg ll' 2( Ea5)+2‘H haﬁ( LI')—2 haﬁ( L,U)+Da Eﬁ+

(1) (1) (1) (1) (1)
D, LB+Dﬁ E,*+Ds La+2(DﬁDa E)+2(D3Da L)

At the second order, the gauge transformation also involves terms quadratic in first order
perturbations.

ini73l= GaugeChange[6Met[LI[2], -a, -B], §[SMet]]

Out[73]=

6Me‘c2

ap +2[£ 1 6Met’ +L 28

£SMet aB] * LéSMetl ['§SMetl Sap £SMet

Decomposing this into irreducible parts, we see that the second order perturbations, which appear
linearly, still split into scalar, vector and tensors. The quadratic first order perturbations, however, now
combine into different parts, for which no explicit decomposition can be given.

ini741:= SplitFieldsAndGaugeChange[Met[-a, -B], Met, 6Met, Vel, 6Vel, SMet, 2];
ExtractOrder[%, 2];
VisualizeTensor[%/aSMet[]*2, SMet]

Out[76]=

Orth SMet

L) ()2 (- ((”Bﬁ%z((”Eﬁv)((”?”% [
(2 () | ()22 )
(A | )52 L)

NI~
N =

orth 2(1)BV)( L)
T
(-
(:)y( 02 (1> . e B) ' 2 () (%)« 24 (00 8) (1) (0 °8)
2((18))( ( ) ((llr)(Dﬁ(l)é)+%(DB(Z)B)+((1)L,V)(DB(1)Ey)+

(U)o )= ) 24(") (0, ") 2 ) o0 ) -

(V) )-2 (L) e o) 2(") (06 L) 2 (1) (s T 0 E) -
20 Yo SO o o] o)

EDym’r) (DV (l)l_)-z (Dy (1>¢) (DV (l)L)+ 27{(@ )(D,g llr) : (llr)( llr)-

(LN o/ (L / (1) N/ (1) \

2 2

ll_
-




kDV ' ’L) (DV ‘ 'L) - (Dy ‘ T) (DV " ’L)
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(l)L) + (DV Dg (l)B) (DV (1>L) +
(b, D, (ll'_) (Dv (DL) -1 (Dy Ds (llr) (Dv mL) +
2 ((l)EBy (DV (l)L) + (DB (l)Ly) (Dv (l)L) +

(Dy (l)LB) (DV (I)L) +2 (Dy Ds (l)E) (Dv (l)L) +

( 1

(1) (1) (1) (1
D, Ds L) (DV L)——; (Dy Dg L)(DV lr)

SMet| =

1
a 2
(1) & @’ &)
( By)(D“ LV)+( Ly](Da Ly)_

2 00

ey a M) ()4 () (1)

2H hy, (‘”r)2 +H h ((”r)2 .

H g ((”r) ((”’r) +H hp ((zlr)_

500 (-2 0 ()

o (am (o 1))

%(Da “ )+27{((11r)(D (l)Lﬁ)

(w(D L)e2(’ Eﬁy)( )

(D 1)L )+ D Lﬁ
2. ")+ (0. "%) o, °8)

( L) (0a 1)+ o

arl N (n P Yaln B VA @

N

)( )

e\
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R R T S

o)) ) O T T
e ()" -2 o)

")) ) )

o'
(DB La] +

[

, )
((l)Ly) (Dy D, (l)B) 2 ((1)Ly) (Dy D (DE) . o . . . .
| 2 (06 L)+ (") 06 ")+ 2 ") s )
(1) (1) (1) (1)
( By) (Dv Dy L) + % [ LV) (Dv Dy )+ (Da (l)B) (Dﬁ (l)T) N % (Da (1)If_) (Dp (1LI_) _
% ((l)Ly) (Dy D, (l)L) __i ((l)Ly) (Dy D, (l)_|_)+ (Da (llr) (DB (l)T) +4(H(<:QI_) (Dﬁ D )E) .
(0., ) o8]« o,0, ) o ) 2 (7)o, ") 00, -
(o, (l)L) (DV (l)Ba) +(o, (l)L) (DV (l)Ea) + 4H ((llr) (D5 D (l)L) -4 ((l)w) (050 (l)L) +
: [Dy (l)Lla) (DV (l)L) + (Dy De (l)B) (DV (l)L) + (llf) (Dﬁ De (l)l'-) DDy L+2 ((l)LV) (Dy (l)Eaﬁ) +
z (Dy Da (l)l'_) (DV (l)L) -2 (Dy De (llr) (DV(l)L)+ ‘H((l)'-y) hag (Dv (llr) -2 ((l)Ly) hag (Dy (l)w) +
2 ((l)an) (DV l)l'_) 4 (Da (l)Ly) (DV l)l'_) + 2 (Dp (l)LV) (Dy Do (l)E) + ((l)LV) (Dy Do mEﬁ) *
% (Dy (l)La) (DV (1>L) o (Dy D, (l)E) (DV (1)Ir_) . 2 ((l)EBV) (Dy D, (1>L) N (Dﬁ (l)Ey) (Dy D, ( )L) N
J (DV Da (1)|_) (Dv (l)L) -1 (D )(DV lLr) 2 (Dﬁ (l)LV) (Dy Do (l)L) +1 (<l)|_y) (DV Da (lLﬁ) .

2haﬁ( +( )DV L)
%(DVD ) ) (D Ds E) ()L)+
oL o200 )

(nonon SV B e 2 n D M ® ).
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R I RS I TG R
(v L( L)+ 01 ) (o )
! (Dy Da ( LB)+2(DV D l)L) (DV Da (l)E)+

(1) (1)
2 (Dy Dg L) (DV Dy L) +2 (DV Dy L) (DV Dg E)

Energy-momentum tensor

Finally, we take a brief look at the gauge transformation of the energy-momentum tensor and its
constituents. The energy density and pressure are scalars, whose background value depends on time
only, and so at the first order only their time derivatives enters the gauge transformation.

In[111]:=

SplitFieldsAndGaugeChange[pVel[], Met, 6Met, Vel, 6Vel, SMet, 1];
ExtractOrder[%, 1]

Oout[112]=
((lll') pV'el + (l)pVel
In[115]:=
SplitFieldsAndGaugeChange[PVel[], Met, 6Met, Vel, 6Vel, SMet, 1];
ExtractOrder[%, 1]
Out[116]=
“Pvel +Pvel ((llr)
At the second order, one needs both time and space derivatives of the first order perturbation.
In[113]:=
SplitFieldsAndGaugeChange[pVel[], Met, 6Met, Vel, 6Vel, SMet, 2];
ExtractOrder[%, 2]
Out[114]=
1 ’ ’ 2 ’ 2 ” ’ 2
- (((11[) ((llr) pVel + (( lr) pVel + ((llr) pvel+2 ((llr) ((lioVel) + ( })Vel +
2
(mL“) pVel (Da (llr) +2 ((I)L“) (Da %Vel) +pVel (Da (llr) (D“ <l’L) +2 (Da u}oVel) (D"‘ mL))
In[117]:=
SplitFieldsAndGaugeChange[PVel[], Met, 6Met, Vel, 6Vel, SMet, 2];
ExtractOrder[%, 2]
out[118]=

% ((Z)PVel +2 ((I)Pv'el) ((llr) +PVel ((”r)2 +PVel ((”r) ((l”r) +PVel ((zlr) +
2 ((”L“) (D PVel) ( ) PVel ( (llr) +2 (Da (l)PVel) (D“ (l)L) +PVel (Da ‘”r) (D“ (l)L))

We then take a look at the velocity. This transforms as a four-vector. Note that the time component,
which is fixed by the normalization, reflects the gauge transformation of the time component of the
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metric.

In[105]:=

SplitFieldsAndGaugeChange[Vella], Met, 6Met, Vel, 6Vel, SMet, 1];
ExtractOrder[%, 1];
V-isual'izeTensor[aSMet[] %, SMet]

out[107]=

orth wy ((”r) _r

0 @ 1y @
SMet -( L“)+ Wwel? -0 L+ pe "yvel

At the second order, again, we get numerous mixed terms.

In[108]:=

SplitFieldsAndGaugeChange[Vel[a], Met, 6Met, Vel, é6Vel, SMet, 2];
ExtractOrder[%, 2];
V-isua'L'izeTensor[aSMet[] %, SMet]

Out[110]=

oreh| 20 () d (e () ()2 (]2 () ()24 (F)+
(%8 (e, )+ 2 (et (“wwer®) o34 (M) (")« () ("0) 2 (") -
(')(79)- () (et} o )2 2("0) o )2 (1) s )-
(Frver”) (oo 1) (117) (o0 1)+ (*87) o v [Poven?) o “bver)-
(1) o ") o "ver) (o °5)- £ (0“1 °1) -3 o 9) ) -
o2 "6) (") 4 o) o ") v )4 o ) o e

Nll—'

| ‘”L'“)w((”!“)(”*) )02 [0 ) e
o) e (9l
o4(7) (o “ven) o () (o “ven) o o vet)
A )
U3 (1) o 0o 7)o )
o)1) o e )(nﬂ U4 o ) oo ) )
-

2 Dﬁ(l>L"‘)(DB(l)L)+—;(DﬁD“ )( s (D,; \/Vel)(DB L) (D pa ' )(Dﬁ<\/Ve1)

Finally, we show how the aforementioned transformations combine into the transformation of the



In[81]:=

out[83]=

In[84]:=

Out[86]=
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energy-momentum tensor. At the linear order, the result is familiar, and retains the form of a perfect

fluid.

SplitFieldsAndGaugeChange[enmom, Met, 6Met, Vel, é6Vel, SMet, 1];
ExtractOrder[%, 1];
VisualizeTensor[%, SMet]

Orth

SMet

Orth

—(u%)pVéln—ubVel

(1) (1) (1)

( Bﬁ)PVel4-PVe1( VVelB)+( BB)pVel+
(1) (1)

( VVe'Lﬁ)pVel+ PVel(DB B)+

pvel (Dﬂ (1)5) ~Pvel (Dﬁ (llr) ~pVel (Dﬁ (llr) '

PVel(DBHVVe1)+pVe1(DBuVVel)

SMet

(ula)PVel-—PVel(ubv91Q)+(uLQ)pVel—

(6 a o yeAY
VVel pVel+PVe1(D L)+pVe1(D L)—

PVel(D“uVVel)—pVel(D“ubVel)

((”PVel) h®,+ Pvel h® ((llr)

At the second order, the quadratic terms do not have the form of a perfect fluid anymore, but contain
an anisotropic contribution. This can most easily be seen from the spatial part, which is no longer
diagonal.

SplitFieldsAndGaugeChange[enmom, Met, 6Met, Vel, 6Vel, SMet, 2];
ExtractOrder[%, 2];

VisualizeTensor[%, SMet]

Oorth

SMet

Oorth

)BV)( )PVel

( )PVel VVel)

1
)PVel( VVelY)+

(1)

PVel( VVely)( VVely)+

) Jover (7)o, Jover.
) e, v
(“ovet, ) (“wver”) pvet-
-;(llr)(llr) pvel-2 (@r) pvel -
[ i) i) )

NI

N =

(<2)B B) PVel + ((”B ﬁ) ("Pver)s

( )PVel(”r +( )Pv' e1(")-

i () e

pvet (") ( vvaﬁ) -pver (1) ((”\/Velﬁ) s
2 ((I)EBV) PVel ((”\/Veﬂ) .

Pvet (1) ((l)\/vélﬁ) +2 pvel (%Velﬁ) +

2 ((2)8 B) pVel+ (‘”B’ﬁ) (1) over-

(%, (*F) ver- (1) (vt vet
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((I)Lly) Pvel (DV (l)B) - PVel ( )\/Veﬂ) (Dy (l)B) L2 ((l)EﬁV) (<1>\/Ve1y) prels
((l)L’V)pVel(Dy(l)B)—( VVely)pVel(Dy "B)+ (T ( vvet )pve“ ((Z)V\/elﬁ)pve1+
(‘“BV) PVe'L(DV ‘1>L)+p\/e1 ((“\,Velv (Dy ‘l>|’_)+ ((:Bﬁ) pvel+ llr)( v\:le)lﬁ)pv'eh
((lgV)pVe1(Dy<”L)+( VVelV)p el(Dy (“L)_ ( Bj) PVel ( wel, )((l)pVel)—(l)
((I)L,V) Pvel (b, )+ Pvel ((1)\/Velv) (o, ) - ’ ((I)BB) et ((f) i P(Iel( els ) ((l)qb) i
, 2( Bﬁ)pVel( ¢>)—( VVelﬁ)PVel( ¢)—
[EJorer ) (e )over (00) |t e, ) (-
s (L)ever (o) 2 (e overt (%)« (“bver) (0, °8)
((l)BV) Pvel(DV%VGI)* PVel(llI')(Dﬁ B) PVel(llI')(DB l)B)
(7] pvet o, “ven) - () ver (o, ) +(*r) ver (o, “B) +
2 pver (e’ (o, “Wen) - (“pvet) (os ") -2 Pver("s) (0, 'B) -
e o ) v ()} e ()0

, 2
((llr) pvel (DB (l)B) +3 PVel (DB( )B)+

((l)LV) pvel (Dy “\/Vel) -
2 ((l)VVely) pvel (Dy “\/Vel) -
((I)LV) (Dy u}oVel) +PVel (DV mL) (DV (l)B) +

pve [0, °1) (or %) -

) 1) 1)
% pVel(DB B)+PVe1( vvely)(Dﬁ Ey)+
(1) (o)
( Vve-LV)pVe'L (DB Ey)+

1 1
(( )BV) Pvel (Dﬁ< ’Ly) -

(1) (1)
PVel( W, 1V)(D L )+
Pvel (DV ”\/Vel) (DV (l)B)— R A
(1 1) (uby)pVel(D ut )+
pVel(Dy \/Vel)(DV B)— Bty
1 <11|_ ) @ ) <l)\/V 1" | pvel|D (l)L -
2 pvet (o, ) (o7 1) - (o, “pver) or L) - e Ly

0, ") (or 1) - pvet o, 1) (or ) | (“Pet)(os“r)-pvit (*1) (o5 )«
)(Dy <1>|’_)+ = PVel(lll') (Dﬁ llr)+ = (”lr) pVel(D )
)(Dy (l>,_)+ (‘ lr) pVel(D,3 lLr)-( pVe'L) (Dﬁ “lr)
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el
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PVvel

Pvel|D,

pVel|D VVel

14

NI

pVel

Pvel|(D, Wvel
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(Q%)pVel(DEQVVe1)+(GEVe1)(DEGVVel)-
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(mLV) pVel (Dy Ds (l\/Vel) +

(1) (1) (1) (1)
Ds L. | (0¥ B)+pVe1 DL, (DV B)+

»

|
o
<
[0}
{—l
—_—
|w)
<
O
)
=
—
—_— —

N -

|
e
<
0]
—
—_—
O
<
O
=
c
—
~— ~—~———

PVel (Dy Dg (l)L) (DV “\/Vel) +

pVel(DpruL)(DVuVVel)

SMet

1
2

|

NI

— ,
( )L“) PVel + (mL“) ((l)PVel) +

(4] et (') L) v (-

—((I)BB) ((l)l_“) PVel +
1 () a (AL a (@
3( PVel)hB+( PVe'L)hB(LI')+

(M2, N (SV I WIEATA

1 - ~




i) P ]
vt (1) (“ver) - pret () (“oven) -
pver () wer®] - £ vt ()
(s
%(<1)L’a) () ovet- (1) ("wwer®) ever -
(i
(wL’a) ("r) over- (") (“wver®) over+
(1) (over) - (M) (“over) -

PVel(uVVela)(ub)—(uVVela)pVel(u5)+
(u?veq(D“u{)+PVeIC“q(D“u[)+
z PV 1(1%)(Dall)+i ( )pVel( )
(u¥)pVe1(D“ L)+( Vel)( L)+
PVel(“lr)(Daui)+--(llr)pVel(D“<l )

PVel(

NI

2), ’
))+— pVel(D“<))—

l)PVel)(D“(\/Vel)-Pv'el(llr)(D“(l\/Vel)—

(

PVel(u¥)(Da”VVe1 -(u¥)pVe1(D““VVel)—

)
(°) avet (o« “wven) - (“pvet) o+ “ve) -
)

PVel(ub)(DGHVVel —pVel(ub)(D“”VVel)-
PVel(u%)(Da”Vvél)-(“%)pVel(D“uVVel)—

N =

2 2
PVel(D“(VVel)-é pVel(D“(bVel)—

(ul&]PVel(Dyula)+
PVel(ubVely)(DyuLa)—
%(QL&]pVel(Dyula)+
(ubVely)pVel(DyuLa)+

2L @)

N =

1 (D y\ A,

CosmoGaugeTrans2.nb | 21

; PVel h* k T) +§ PVel h

5 s LTIUT)
. 2

L pvel p° ((%)+(uh )PVel(u@Vela)-

2 B B

((l)L") PVel ((l)\/Vel ﬁ) "

1

(1) (1)
PVel( VVela)( VVelB)—

1) ' (1) &)
BB)( L“]pVe1+( BB)( VVela)pVel—

1 (1)
L )( VVelﬁ)PVel+

ey () e
BB)PVel(D L)—PVel( VVelB)(D L)_
&Y L (D L

Bﬁ)pVel(D L)—( VVelﬁ)pVel(D L)+

)
B

(
|
Fver?) (e, over -
(
(
(

B)PVel(D““VVe1)+
PVel(QQVelﬁ)(D““VVe1)+
(”bﬁ)pVel(DQQVVe1)+
(HVVelﬁ)pVel(D““VVel)-
(”{“)PVel(DB“E)+PVe1(”VVela)(DpuE)—
oo -
Pvet (o2 L) (05 “B) - pve (o= L) (o5 “B) +
Pvet (pe “vet) (o; “B) +
pvel (0 “Wvet) (o, "B} +
(%) pvet (o, ) - pvet (e (o5 1)«
(1) over o4 %) (“ver?) over (o, 1)«
L) (oo )+ pver (o L) (o5 ) -
PVel(D“ VVel)(Dﬁ“%)
e e

(ul“)PVel(DﬁuVVel)+

PVel(D“

D“HVVel

pvel (“wve1?) (o, “Wvel) -



22 | CosmoGaugeTrans2.nb

1 1
PVel (( )\/Ve'LV) (Dy pe' )L) -
1’ 1
2 (( )LY) pvel (Dy pe )L)+

1 1
(( )\/Vely) pVel (Dy pa ’L) +

(t
( )pVel D D L)

( ) D D@ \/Vel)
(

(1)
% )PVel D D® L)+

1
2

1

)pVel D D¢ VVel)

N =

6o (1
PVel(DV L"‘) DY L)+

N =

1 1
pVe'L(Dy( )L“) pr' )L)—

PVe'L( , VVel"‘) DY L)

)+
4
-

PVel L

al )Dy

L

N -

(
pVel( v VVela)(D” "L

(

o

(D D
pVel(DVD“ )

|
0
<
(]
—

|
o
<
D
—
O

<

|w

[S)
—

|
ko)
<
0]
‘_l
—_——~ e~/
o o
< <
s B
— —
R
N —
—_—
w]
=<
==
—_— —
|

)
%pVel D, D% L

/ (1

PVel(DVD“ VVel)(DVlL)—

pvel (o, D (l\/Vel) (0" (l)L) -

\ " )
((l)l_l“) pVel (Dﬁ ”\/Vel) +
((l)v\/ela) pVel (D,; u\/Vel) -
Pvel (D"‘ (l)L) (D,3 (l\/Vel) -
( ) (DB \/Vel)
PVel (D“ ) (DB “\/Vel) +
o

pVel

pvel|D® )(DﬁuVVel)+
1 o 1)

( L)hB(D PVe1)+

: ((I)LV) PVel h® (Dy (llr)+
h% (Dy (l)PVel) (DV (l)L) +

1 g @ (1)
2Pvel h% (Dy lr) (DV L)




CosmoGaugeTrans2.nb | 23

pvel (Dy \_VVe'L) LDV \_'Lu) +
Pvet (o, 0 "L (0 “hver )+

pVel(DyDauL)(DVuVVel)




