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1 Linearized Einstein equations

In the following, we will assume a coordinate system (z*) to be chosen, in which we can describe the
metric tensor as a linear perturbation
Gpv = Nuv + h;w (11)

around the flat Minkowski metric 7),,,, = diag(—1,1,1,1). Further, we will consider the Einstein equations
G,u.y = 87TG1_ju,y 3 (12)

where 1
G =Ry — 5RgW (1.3)

is the Einstein tensor. We have already seen in a previous lecture that for the linear perturbation around
the Minkowski metric, we can write the Einstein tensor in the form

1
Guw = 5 (0,0u,hP, + 0,0,k ,, — 0,0, , — Ohyy + 1, OR? , — 1,,0,0,077) (1.4)

where indices are raised and lowered with the Minkowski background metric, and O = n*¥9,,0, is the
d’Alembert operator. We now aim to simplify this equation. First, it is helpful to introduce the trace-

reversed metric perturbation’
- 1
Ry = hpw — §h”pn,“,. (1.5)

It is trace-reversed in the sense that under this operation, the trace changes its sign:

1 v v
R = Wy = ShY L0l = = 2Ry = = (1.6)

From this we see that the operation of trace-reversal is its own inverse, so we can get the original pertur-
bation back:

_ 1- 1 1
Py = hyw — §hpp77;w = huw — §hpp77w + §hpp77;w = huw - (1.7)

By inserting this into the Einstein tensor (1.4), we find that it takes the form

Guv = = (0,0,h, + 0,0,h° )y — 0, 0,05 1" — Ohy) (1.8)

DN | =

We see that in these new variables, the two terms proportional to the trace of the field variable are absent.

2 Gauge transformation
To further simplify the Einstein tensor (1.8), we now consider an infinitesimal coordinate transformation

ot 2t =t + M (x). (2.1)

INote that the bar here denotes trace reversal, not the background value! It is a common notation.



For a general metric g, this coordinate transformation induces the transformation

.
(&) = glpla) 2 00
= [hp(@) + €(2)01g05(2)] [ + 0,6 ()] [ + 0,6%(2)] + O(€?) (2.2)
=g, +&0,9,, + 0,8, + 8,89, +0(&?)
= g + (Leg ) + O(€7) .
Here from the last line we have omitted the argument z, since all tensor fields are taken at x. The second
term in the last line is called the Lie derivative.

We then return to the metric (1.1), which is a linear perturbation around the Minkowski metric, and we
take a transformed metric of the same form

Ty = T + Bl (2.3)

also as a perturbation around the Minkowski metric. We will assume that both metric perturbations and
coordinate transformation are small, so that we keep only terms which are linear in either of them, and
neglect any terms of the form &2, h¢, h? ... Then the gauge transformation reads
Nuv + h;w =N + h;u/ + 5787(77;11/ + hiw) + 5’%57(7771/ + h/yu) + Bué“”(mm + h;w)
=N + h:u/ + 0uE My + 0 My (2.4)
= N + h;u/ + augu + 8V§u .
Here we have used the fact that the Minkowski metric is constant, 9,7,, = 0, and also used the Minkowski

metric for lowering the indices of £. Let us also note the transformation of the trace-reversed metric
perturbation:
_ 1,
huu = huz/ - §h yms
1
=h, + 0.6 + 0,8, — 3 (R'? ) 4+ 20,E°) Ny

- B;“, + 8[L§IJ + aufu - apgpnuu .

(2.5)

Finally, let us insert this result into the Einstein tensor (1.8), and study how much it changes under the
transformation. For convenience, we include a factor 2 here to cancel the %:

2Guy — Gly)) = 0,0,(0°6 + 0,E° — 05E760) + 0,0,(0°€,, + 9,8 — 95£76)
— N 0p 06 (P67 + 07EP — 0:6T17) — (0l + Dy — 9pEP M)
= 00,8 + 0,0,0,6 — 0,0,0,6% + 00,€,, + 8,0,0,6° — 0,0,0,6° (2.6)
- npuDapgp - Dapfu - Davgu + Dapgpn,uu
=0

Hence, we see that if h,, is a solution to the linearized Einstein equations, so is h:W.

3 Harmonic gauge

We now make use of the gauge freedom we found above in order to find a gauge, i.e., a choice of the
coordinate system, in which the Einstein tensor takes an even simpler form. We will assume that h,, is
given in this special coordinate system, while hiw is given in an arbitrary coordinate system. The aim
is to transform (1.8) into the form of a wave equation. This would be achieved if h,, would satisfy the
condition

0p0uh?, + 0,0, b, — 10,0, = 0. (3.1)
Taking a closer look at this equation, we see that a sufficient condition for this is given by

O hy =0. (3.2)



We transform this condition to the usual metric perturbation by trace-reversal:
0= 0"T

1
=" (h‘l“/ - 2hpp77w> (3.3)

1
= Oy — 5O

This condition is known as the harmonic gauge condition. To see that this is really a condition on the
coordinate system we use, one can approach it from a different direction. Consider a scalar function f
defined on spacetime. Application of the d’Alembert operator (which shall now be the full d’Alembert
operator of the metric g, yields

|:|f — g/ﬂ/vuvyf = g/"/(aual/f — Flel«an) . (34)

A function which solves the differential equation Of = 0 is called a harmonic function. We now aim to
find coordinate (z%) such that each component ¢ is a harmonic function. Hence, let us assume that the
function f is given by the coordinate x®. Then its partial derivatives satisfy

0, =0, , 0u0yz® =0. (3.5)

We now insert this into the equation (3.4), and further assume that the metric is a linear perturbation (1.1).
Then we find that the coordinate behaves as a harmonic function if and only if

0 = g™ (8,0,2% — T*,,0,2")
= —g'uyrpyu(;g

_ 1% alet
=g r Iam

1
= 7§gm/gap(augpu + 8;Lgup - apgu,u) (36)
1 v, &
= _577M N (Ovhpp + Ouhup — Ophuy)
1
= O L

where we used the Minkowski metric in the last line to move indices. We see that this is exactly the har-
monic gauge condition (3.3). Hence, we can always achieve this condition to hold by choosing coordinates
such that they are harmonic.

4 Plane waves

We will now turn our attention to vacuum solutions of the linearized Einstein equations

G =0. (4.1)
Hence, working in the harmonic gauge, we are looking for solutions of the wave equation
Oh, =0. (4.2)

A particularly simple class of solution is given by plane waves. To motivate these solutions, let us consider
the Fourier transform

7 1 7 —ik,x
By (7) = @) /d‘*khw(/f)e . (4.3)
with inverse 1
) = sy [ At ()" (4.4
Applying the d’Alembert operator yields
7 1 7 —ik,xt
0= Ohy(z) = o /d4k Ry (k) (=K k) eRne” (4.5)

. . . . . . . —q I
Hence, a solution of the wave equation is given as a linear combination of plane waves e~ *»*"  whose

wave covector satisfies k,k* = 0. This is the most simple example of a gravitational wave, and we see
that it propagates at the speed of light.
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