Newman-Penrose basis and
gravitational waves

Preliminaries

Load tensor packages

[ 1= << XAct xPert"’

Package xAct xPerm® version 1.2.3, {2015, 8, 23}
CopyRight (C) 2003-2020, Jose M. Martin-Garcia, under the General Public License.
Connecting to external linux executable...

Connection established.

Package xAct xTensor® version 1.1.5, {2021, 2, 28}

CopyRight (C) 2002-2021, Jose M. Martin-Garcia, under the General Public License.

Package xAct xPert® version 1.0.6, {2018, 2, 28}

CopyRight (C) 2005-2020, David Brizuela, Jose M. Martin-Garcia

and Guillermo A. Mena Marugan, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer[]. This is free software, and you are welcome to redistribute

it under certain conditions. See the General Public License for details.

+»* Variable $PrePrint assigned value ScreenDollarIndices

*»* Variable $CovDFormat changed from Prefix to Postfix

*» Option AllowUpperDerivatives of ContractMetric changed from False to True
** Option MetricOn of MakeRule changed from None to All

x»* Option ContractMetrics of MakeRule changed from False to True
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[ 1= << XAct xCoba"

Package xAct xCoba® version 0.8.6, {2021, 2, 28}

CopyRight (C) 2005-2021, David Yllanes and

Jose M. Martin-Garcia, under the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer[]. This is free software, and you are welcome to redistribute

it under certain conditions. See the General Public License for details.

Nicer printing

-1 $PrePrint = ScreenDollarIndices;
-1 $CovDFormat = "Prefix";
nl-1:= $CVVerbose = False;

inl-1:= $CIndexForm = True;

Make rules from equations

- 1= mkrgleq_Equal] := MakeRule[Evaluate[List @@ eq], MetricOn - All, ContractMetrics -» True]

inl-1:= mkrO[eq_Equal] :=
MakeRule[Evaluate[List @@ eq], MetricOn - None, ContractMetrics - False]

Object definitions

Spacetime manifold
The spacetime manifold M, on which tensors will be defined. Some Greek letters are defined as tangent
space indices.

-1 DefManifold[M, 4, {a, B, v, M; v, p, O, T, W, K, {}]

+»» DefManifold: Defining manifold M.

x»+ DefVBundle: Defining vbundle TangentM.
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NewmanPenrose.nb | 3

In the following, we will use a coordinate chart (t, X, Y, z).

in-:- DefTensor[tt[], {M}, PrintAs -» "t"]

+»» DefTensor: Defining tensor tt[].

- .= DefTensor[xx[], {M}, PrintAs - "x"]

+*» DefTensor: Defining tensor xx[].

inl-1:- DefTensor[yy[l, {M}, PrintAs - "y"]

x»+ DefTensor: Defining tensor yy[l.

n[-1.- DefTensor[zz[], {M}, PrintAs - "z"]

+»» DefTensor: Defining tensor zz[].

(- :- DefChart[coord, M, {06, 1, 2, 3}, {tt[l, xx[]1, yy[l, zz[]}, ChartColor - Blue]

+»» DefChart: Defining chart coord.

*%*

*%

*%k

*%*

*%

*%k

*%*

*%

*%k

*%*

*%

*%k

DefMapping: Defining mapping coord.

DefMapping: Defining inverse mapping icoord.

DefTensor: Defining mapping differential tensor dicoord[-a, icoorda].

DefTensor: Defining mapping differential tensor dcoord[-a, coordal.

DefBasis: Defining basis coord. Coordinated basis.

DefCovD: Defining parallel derivative PDcoord[-qa].

DefTensor:

DefTensor:

DefTensor:

DefTensor:

DefTensor:

DefTensor:

Defining
Defining
Defining
Defining
Defining

Defining

vanishing torsion tensor TorsionPDcoord[a, -8, -V].
symmetric Christoffel tensor ChristoffelPDcoord[a, -8, -V].
vanishing Riemann tensor RiemannPDcoord[-a, -8, -y, {].
vanishing Ricci tensor RicciPDcoord[-a, -f].

antisymmetric +1 density etaUpcoord[a, B, v, {].

antisymmetric -1 density etaDowncoord[-a, -8, -y, -{].

Newman-Penrose basis

The most important step is the introduction of a new, complex, double-null basis, known as the New-

man-Penrose basis. This is not a coordinate basis.

n[- 1= DefBasis[newpen, TangentM, {06, 1, 2, 3},
BasisChange -» CTensor[{{1, 0, 0, 1}, {1, 0, 0, -1}/2, {0, 1, I, O}/ Sqrt[2],
{0, 1, -I, 0}/Sqrt[2]}, {~newpen, coord}], BasisColor - Red]
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= DefBasis: Defining basis newpen.

+*» DefCovD: Defining parallel derivative PDnewpen[-q].

+»+ DefTensor: Defining torsion tensor TorsionPDnewpen[a, -8, -v].

+»+ DefTensor: Defining non-symmetric Christoffel tensor ChristoffelPDnewpen[a, -8, -V].
+»» DefTensor: Defining vanishing Riemann tensor RiemannPDnewpen[-a, -8, -V, {].

x»+ DefTensor: Defining vanishing Ricci tensor RicciPDnewpen[-a, -f].

»+ DefTensor: Defining Jacobiancoordnewpen]].

+»» DefTensor: Defining tensor ChristoffelPDcoordPDnewpen[a, -8, -v].

x»+ DefTensor: Defining antisymmetric +1 density etaUpnewpen|[a, B, v, {].

= DefTensor: Defining antisymmetric -1 density etaDownnewpen[-a, -8, -y, -{].

in[-]:= newpen /: CIndexForm[®@, newpen] :="1";

in[-]:= newpen /: CIndexForm[l, newpen] :="n";
in[-]:= newpen /: CIndexForm[2, newpen] :="m";
- 1= newpen /: CIndexForm[3, newpen] :="m";

Metric

The metric g of signature (-,+,+,+). The Levi-Civita derivative of a tensor A, will be written as v, A, in

prefix notation or A,., in postfix notation.

[ 1= DefMetric[{3, 1, 0}, Met[-u, -Vv], CD, {";", "v"}, PrintAs -» "g"]
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DefTensor:

DefTensor:

DefTensor:

DefTensor:

Defining
Defining
Defining

Defining

symmetric metric tensor Met[-y, -v].
antisymmetric tensor epsilonMet[-a, -8, -y, -{].
tetrametric TetraMet[-a, -8B, -y, -{].

tetrametric TetraMettf[-a, -8B, -y, -{].

DefCovD: Defining covariant derivative CD[-y].

DefTensor: Defining vanishing torsion tensor TorsionCD[a, -8, -V].

DefTensor:

DefTensor:

DefTensor:

DefCovD:

DefTensor:

DefCovD:

DefTensor:

DefTensor:

DefTensor:

DefTensor:

DefCovD:

DefCovD:

DefCovD:

DefTensor:

Defining
Defining

Defining

symmetric Christoffel tensor ChristoffelCD[a, -8, -V].

Riemann tensor RiemannCD[-a, -8, -y, -{].

symmetric Ricci tensor RicciCD[-a, -f].

Contractions of Riemann automatically replaced by Ricci.

Defining

Ricci scalar RicciScalarCD[].

Contractions of Ricci automatically replaced by RicciScalar.

Defining
Defining
Defining
Defining
Computing
Computing
Computing

Defining

symmetric Einstein tensor EinsteinCD[-a, -f].
Weyl tensor WeylCD[-a, -8, -y, -{].

symmetric TFRicci tensor TFRicciCD[-a, -f].
Kretschmann scalar KretschmannCD[].
RiemannToWeylRules for dim 4

RicciToTFRicci for dim 4
RicciToEinsteinRules for dim 4

weight +2 density DetMet[]. Determinant.

DefMetricPerturbation[Met, éMet, €, PrintAs -» "h"]

+»+ DefParameter: Defining parameter e.

= DefTensor: Defining tensor OMet[LI[order], -a, -f].

Wave covector

In[+]:=
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In the following we will study a plane wave, whose propagation is governed by a constant wave covec-

tor and frequency.

DefTensor[wav[-u], {M}, PrintAs - "k"]

+»» DefTensor: Defining tensor wav[-p].

DefConstantSymbol[freq, PrintAs -» "w"]

+»+ DefConstantSymbol: Defining constant symbol freq.
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Lorentz transformation

We further study Lorentz transformations, which leave the wave covector invariant.
inl-:- DefTensor[lor[u, -=v], {M}, PrintAs - "A"]

+«*» DefTensor: Defining tensor lor[uy, -v].
- .- DefConstantSymbol[ar, PrintAs » "Ra"]

+»» DefConstantSymbol: Defining constant symbol ar.

- 1= DefConstantSymbol[ai, PrintAs -» "Ia"]

+»+ DefConstantSymbol: Defining constant symbol ai.

inl-:- DefConstantSymbol[phi, PrintAs - "¢"]

+«* DefConstantSymbol: Defining constant symbol phi.

Newman-Penrose quantities

The following quantities serve as the relevant components of the curvature tensor in the Newman-
Penrose basis.

- .- DefTensor[psi2[], {M}, PrintAs » "W,"]
+»» DefTensor: Defining tensor psi2[].

in-1:- DefTensor[psi3[], {M}, PrintAs -» "W;"]
+»+ DefTensor: Defining tensor psi3[].

-1~ DefTensor[psi3b[], {M}, PrintAs - ny,n
x»+ DefTensor: Defining tensor psi3b[].

in-1:- DefTensor[psi4[l, {M}, PrintAs - "W, "]
= DefTensor: Defining tensor psi4[].

n- - DefTensor[psi4b[l, {M}, PrintAs - "¥,"]
x»+ DefTensor: Defining tensor psi4bl.

- .- DefTensor[phi22[], {M}, PrintAs - "®,,"]

+«» DefTensor: Defining tensor phi22[].

Scalar field

Finally, we also define a scalar field, so that we can study gravitational waves in scalar-tensor gravity.
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in-:- DefTensor[scal[]l, {M}, PrintAs - "g"]

+«» DefTensor: Defining tensor scal[].

Component values

Basis transformation

Let us first have a look at the vectors which span the Newman-Penrose basis. Here are the components
of the vectors [, n, mm, expressed in the coordinate basis.

- := BasisValues[-newpen, coord]
Oout[+ ]=
FoldedRule[{},
et 51,e"50,eY50,e”51 et—>E e 50,e? 50 ez—>—E et 50
1 J 1 ) 1 ) 1 J n 2 ) n ) n ) n 2 ) m J
1 i N 1 i
e’ >—,e’>—, e’ 20,e -20,e  >—, e’ >-—, e’ —>0}]
\2 V2 NE \2
in[-1:= ToValues[ComponentArray[Basis[{-u, —newpen}, {v, coord}]l]

Out[e ]=

1 1 1 i 1 i
0,0, 200, -2) fo, =, . o). fo, —, - )

Background metric

This is the Minkowski background metric in its familiar form in the coordinate basis.
- 1:= AllComponentValues[Met[{-u, —coord}, {-v, —coord}], DiagonalMatrix[{-1, 1, 1, 1}I;

in[-:= ToValues[ComponentArray[Met[{-u, —coord}, {-v, —coord}]l] // MatrixForm
Out[+ ]//MatrixForm=

-1 000
06 100
6 010
06 0 01

Metric in Newman-Penrose basis

We now transform the metric into the Newman-Penrose basis. Note that the diagonal elements vanish,
showing that the basis is composed of null vectors.

il := ChangeComponents[Met[{-u, -newpen}, {-v, -newpen}], Met[{-uy, —coord}, {-v, —coord}]];
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B .
Computed 8y e, gaB in 0.136436 Seconds

a

Computed gpv - eﬂ g,y in 0.130780 Seconds

in[- 1= ToValues[ToValues[ComponentArray[Met[{-u, —newpen}, {-v, —newpen}]ll];
AllComponentValues[Met[{-y, —newpen}, {-v, —newpen}], %];

- .= ToValues[ComponentArray[Met[{-y, —newpen}, {-~v, —newpen}]]] // MatrixForm
Out[+ ]//MatrixForm=
0O -1 00
-1 0 0 0
0O 0 01
O 0 10
Dependent tensors

Additionally, we compute tensors derived from the metric, such as the Riemann tensor and inverse
metric.

in[-:= MetricCompute[Met, coord, All]
*»+ DefTensor: Defining weight +2 density DetMetcoord[]. Determinant.

x»* DefTensor: Defining tensor ChristoffelCDPDcoord[a, -8, -V].

m[-].= ChangeComponents[Met[{y, newpen}, {v, newpen}], Met[{y, coord}, {v, coord}]];

v ap

Computed gav - eﬁ g in 0.171582 Seconds

Computed g"'’ - ea” g® 4n 0.154904 Seconds

[~ ]= ToValues[ToValues[ComponentArray[Met[{u, newpen}, {v, newpen}ll];
AllComponentValues[Met[{y, newpen}, {v, newpen}], %];

Wave covector

Next, we write the wave covector in coordinates, and transform it into the Newman-Penrose basis.

In[+]:= AIlComponentVaIues[wav[{—u, -coord}], {1, 0, 0, -1} freq]

Out[e ]=

FoldedRule[{}, {kt > w, k, 20, k, 20, k, —)—w}]

(- := ChangeComponents[wav[{-u, —newpen}], wav[{-u, —coord}]];

Computed k, - eya k, in ©.041498 Seconds



In[+]:=

out[« ]=

In[+ ]:=

In[+ ]:=

Out[e ]=

In[«]:=

In[+ ]:=

Out[« ]=

ToValues[ToValues[ComponentArray[wav[{-u, —newpen}]]l];
AllComponentValues[wav[{-uy, —newpen}], %]

FoldedRule[{}, {k >0, k, 2w, k, 20, K- —>0}]

1

ChangeComponents[wav[{y, coord}], wav[{-y, —coord}]];

Computed k> g”a Kq in 0.022574 Seconds

ToValues[ToValues[ComponentArray[wav[{y, coord}]ll;
AllComponentValues[wav[{y, coord}], %]

FoldedRule[{}, {kt s-w, K 20, K 20, K —>—w}]

ChangeComponents[wav[{y, newpen}], wav[{-u, —coord}]];

Computed kﬁ - gﬁa Kq in 0.019325 Seconds
Computed k" - ea“ k% in 0.028670 Seconds

ToValues[ToValues[ComponentArray[wav[{y, newpen}ll];

AllComponentValues[wav[{y, newpen}], %]

FoldedRule[{}, {k1 5-w, k' 50, K" >0, K" 40}]

Plane wave

Inf- J:= {CD[—p][éMet[LI[l], -, V]l == wav[-p] ~ 6Met[LI[1], -y, -V] I,

Out[« ]=
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Finally, for the plane wave we will have the property that its derivative is proportional to the wave

covector.

CD[-pl[scal[]] == wav[-p] « scalll I, CD[-p][wav[-u]] == 0}
plawa = Flatten[mkrg/@ %];

1 1 . B
{Vph p UKy s VoW =W ks Vo ky "O}

Perturbative expansion and Newman-Penrose
variables

Riemann tensor
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Let us now calculate the Riemann tensor for a linear perturbation around the Minkowki metric, which is
given by a plane wave. Here we also use the fact that the Riemann tensor of the background vanishes
to simplify the calculation.

in[-:= RiemannCD[-o, -p, -V, =]
Perturbation[%];
ExpandPerturbation[%];
% /. RiemannCD -» Zero;
% Il. plawa;
ContractMetric[%];
ToCanonical[%]
ToBas1is[newpen][%];
ComponentArray[%];

ToCanonical[%];
ToValues[%];
AllComponentValues|
RiemannCD[-{o, newpen}, -{p, newpen}, -{v, newpen}, —{u, newpen}], %];
%21
Out[e ]=
R[v]apv”
Out[e ]=
1 1 1 1
= 1 _ = 1= 1 = 1
2kv kghyp 2kv kphua zk“ kahvp+2kp k, h™,,
Out[e ]=
RV EZle 0, RV -0, R L
[ ]lnln - 5 w h 1°? [ ]lnlm - ) [ ]lnlﬁ ) [ ]lnnm _)_2 w h im?
1,
R[V]Innﬁ - —5 w” h 2 R[V]Inmﬁ -0, R[v]lmlm -0, R[v]lmm -0, R[v]lmnm -0, R[V]Imnﬁ -0,

RIV], >0, RI¥] .- >0, RIvl- >0, R¥]- _ >0, RVl _ >0, R¥]

- — w2 hlmm,
2

1 1
2,1 - ,2.1
R[v]nmnﬁ - E @ h mm R[v]nmmﬁ >0, R[V]nﬁnﬁ - 2 w” h mm ? R[V]nﬁmﬁ -0, R[v]mﬁmﬁ - 0}

Newman-Penrose quantities

We then introduce the definition of the Newman-Penrose quantities. Note the appearance of a factor
-w?, indicating a second order derivative of the metric components.
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in[- 1= {psi2[] == =RiemannCD[{0, -newpen}, {1, -newpen}, {0, —newpen}, {1, -newpen}]/6,
psi3[] == -RiemannCD[{3, —newpen}, {1, —newpen}, {0, —newpen}, {1, —newpen}]/2,
psi3b[] == -RiemannCD[{2, -newpen}, {1, -newpen}, {0, —newpen}, {1, —newpen}]/2,
psi4[] == -RiemannCD[{3, —newpen}, {1, —newpen}, {3, —newpen}, {1, —newpen}],
psi4b[] == -RiemannCD[{2, -newpen}, {1, -newpen}, {2, —newpen}, {1, —newpen}],
phi22[] == -RiemannCD[{3, —-newpen}, {1, -newpen}, {2, -newpen}, {1, —newpen}]}
npndefeq = ToValues[%]

Out[e ]=

mnln’

1 1
{w = R, %o RO

— 1 —
Ws =z == R W mm = RO s @ = I Oy == - R )
Out[« ]=

LP?S == —— ¥ h

1 ;o1
{WY T ho 2 w?

1 — 1 1
Wy =7 w? hlm, Wy==-— w” h' , O =3 w? hlma}

These are the potentials and the relevant components of the metric perturbation in the Newman-
Penrose basis:
m[- 1= nppot = npndefeq[All, 1]

Out[e ]=
{q’z, Wi, W3, Wy, Wy, q’zz}

(- 1:- metpot = Select[Flatten[ComponentArray[6Met[LI[1], -{u, newpen}, -{v, newpen}]]],
Not[FreeQ[npndefeq, H]] &]

Out[« ]=

1 1 1
{hll’ hlm’ hlﬁ’ hmm’ hmﬁ’ hm}

For convenience, we introduce some rules to convert between Newman-Penrose variables and metric

components.

- := nptomet = Solve[npndefeq, nppot][1]
out[+ ]=

1 —
{W2—>——w2hl Wg—)——wzhl_ W5 -—w? h
12 m 4
1
Z 2,1 v 2,1 2.1
W4—>—2w hm,%t—) 20.) hmm,cbzz—) 2w hmﬁ}

[~ := mettonp = Solve[npndefeq, metpot][1]
out[« ]=

1
- - - - _ - - - -
{hll 2 ’hlm 2 ’hlm z’hmm 2 mm 2 mm b3

2y, 49, 49, 29, | 20 2W4}
w w w w w w
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Lorentz transformation

Ansatz for Lorentz transformation

Let us make the following ansatz for a Lorentz transformation:

In[« ]:= A'I.'LComponentVa'l.ues['Lor[{p, newpen}, -{v, newpen}],
Transpose[{{l, 0, 0, 0}, {ar"2+a‘i"2, 1, Exp[I ph'i](ar-Ia'i), Exp[—I ph'i](ar+Ia'i)},

{ar+I ai, 0, EXP[I Ph-i]’ 0}’ {ar—Ia'i, 0,0, Exp[—Iph'i]}}]]
out[« ]=

1

FoldedRule|{}, Al 51, A\' s> Id+Ra?, Al >iTa+Ra, /\1_—>—ﬂ'Ia+Ra,
n m m

1

n

A

n

-0, A" -1, A"

n m m = i P
1 N —>®,/\m—>0,/\1—>®,/\n—)(—ﬂIa+7€a)e ,

/\mm 569, /\”‘ﬁ >0, /\m1 >0, /\mn —>(iIa+Ra)e"’“’, /\’“m >0, /\’“ﬁ —>e“"¢}]

Check Lorentz transformations

Check that the ansatz preserves the metric:

in[-]= Met[-p, —o] = lor[p, —p] = Lor[o, —=v]-Met[-u, -V]

ToBasis[newpen][%];

TraceBasisDummy[%]

ComponentArray[%];

ToCanonical[%];

ToValues[%];

Simplify[%]

Outfe ]=

- pAT
g, + N\, A, &,
Out[« ]=
{o, 0, o, o}, {6, 0, 0, 0}, {0, 0, 0, 0}, {0, 0, O, O}

Check that the ansatz preserves the wave covector:



in[-]= wav[=v] « lor[v, —u] -wav[-py]
ToBas1is[newpen][%];
TraceBasisDummy[%];

ComponentArray[%];

ToCanonical[%];
ToValues[%];
Simplify[%]

Outfe ]=
-kt A, Ky

out[+ J=
{6, 0, 0, 0}
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Lorentz transformation of Newman-Penrose quantities

Now we can transform the metric using the Lorentz transformation defined above.

in[-]= 6Met[LI[1], -p, —0] = Lor[p, —u] « Lor[o, -V]
ToBas1is[newpen][%];
TraceBasisDummy[%];
ComponentArray[%];
ToCanonicall[%];
ToValues[%];
tramet = Simplify[%];

out[« ]=

This is the transformation of the relevant metric components.

in[-]:- TableForm[

metru = MapThread[Rule, {metpot, Extract[tramet, Join @@ (Position[ComponentArray|

6Met[LI[1], -{uy, newpen}, —-{v, newpen}]], H] &/@ metpot)]}, 1]]
Out[« ]//TableForm=

1
hll

1

= hy

1
Tm

h iTa+Ra) b +e'? ht

1

1 —-i ¢
h = ﬂIa+7€a) u+¢9 h

11 mm

ht _ > (Ta- ﬂﬂa)(IaMRa) h'

mm

o
(-
h' —)(llIa+‘Ra) ht +2(11'Ia+7€a)e”’ hl we?i® pl
( N
(-

h' - ﬂIa+Ra) 1u+2(_ﬂ-fa+Ra)e-i¢ h1m+e_zﬂ-¢ h_

mm

We can express the rules above also in terms of the Newman-Penrose variables.

+(—iIa+72a) e hllm +(17Ia+ 'Roz)e‘”"’J hlm+ hlma
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in[-1:= TableForm[npru = MapThread[Rule, {nppot, Simplify[nppot /. nptomet /. metru /. mettonpl}, 1]
Out[+ ]//TableForm=
Lpz - LPZ

Y; 5 -3iTa¥,+3RaW¥, +e’?W;

W5 3iTaV, +3RaW, +6'? Y,

Y, > -6TA Y, +6Ra> w2+41eae-i¢w3-4a'1a(3 RaW, +67? w3)+e-“¢ W,
Y, 5 -6T W, +6RA w2+472aei¢$3+4ifa(3 Raw2+ei¢¢3)+e”¢¢4

¢>22—)¢22+6(Ia2+7€a2)LIJ2+2(iIa+Ra)e‘i¢\lJ3+2(—iIa+7€a)e”'¢¢3

The transformation is governed by the following matrix.

- 1:= MatrixForm[Transpose[FullSimplify[Coefficient[npruAll, 2], H#] &/@ nppot]l]

Out[« ]//MatrixForm=

1 g 0 6 0 o

3(-i Ta+Ra) e ? 0 © 0 o
3(i 7a+Ra) 0 &? © 0 0

_6(Ia+li7€a)2 4(-iTa+Ra)e? 0 20 o o
-6 (ra-iRa)’ 0 4(iTa+Ra)e® 0 e'¢ @
6 (I +Ra?) 2(0’Ia+Ra)e‘i¢ 2(—0'Ia+7€a)e"'¢ 0 0 1

E(2) class of gravity theories

General relativity

Let us now find the E(2) class of general relativity. We use the fact that we can write the vacuum field
equationsasR,, =0:



In[«]:=

out[« ]=

Out[e ]=

Out[e ]=

In[«]:=

Out[« ]=
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RicciCD[-y, -Vv]
Perturbation[%];
ExpandPerturbation[%];
% . RicciCD -» Zero;
% Il. plawa;
SeparateMetric[l[%];
ToCanonical[%]
ToBas1is[newpen][%];
TraceBasisDummy[%];
ComponentArray[%];
ToCanonical[%];

ric = ToValues[%]

R[v]yv
1 1 1 1
> g” Kk, k, W= Ky ot g K K h',-= Kk, b,
1 1 1 1
2 .1 2 1 2,1 2 1 2 1
{{O’Ewhu’o’e}’{gwhu’whmﬁ’gwhlm’zwhm}’
1 1
{0, 5 w’ hllms 0, O}’ {0: E w’ hllﬁ, 0, 0}}

Demanding that the above vanishes, we obtain the following conditions on the Newman-Penrose
variables:

Reduce[tt == 0 &/@ Flatten[ric /. mettonp], nppot]
W) == 0 &&W; == 0 && W3 == 0 && By, == O

We see that only the two tensor modes are allowed, while all other modes must vanish. The E(2) class is
therefore N,.

Scalar-tensor gravity

We then calculate the E(2) class for scalar-tensor gravity. Let us first check that a plane wave satisfies
the scalar field equation V¥V, @ =0.
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in[~]:= CD[M][CD[-p][scal[ll]

% Il. plawa;
ToBas1is[newpen][%];
TraceBasisDummy[%];
ToValues[%]

out[« ]=
v, p

out[« ]=
(0]

We continue with the metric field equation R,, =V, V, ¢. We can use the fact that we already calculated

the Ricci tensor.

in[-J:= CD[-p][CD[- v][scal[]l]
% Il. plawa;
ToBas1is[newpen][%];
TraceBasisDummy[%];
ComponentArray[%];
ToCanonical[%];
scaleq = ToValues[%]-ric

Outf« ]=

Yy V@

out[« ]=

1 1 1 1
Zo2.1 2,1 2. o2 1 T o, 1 = o 1
{{O,_Zw hll’ 0, 0}){ 2w hll’ wy-w hmﬁ’ Zw h 1’ Zw h —},

1 1
{o, -3 w? hllm’ 0, o}, {o, -3 w? hlm, 0, o}}
These are the conditions on the Newman-Penrose variables.

in[-]:= Reduce[H == 0 &/@ Flatten[scaleq /. mettonp], nppot]

Out[e ]=

_ w?
W, == 0 &&W; == 0 && P5 == 0 && B,y ==

We see that now the breathing mode ®,, comes with the amplitude of the scalar wave, which may be
non-vanishing. The E(2) class is therefore Ns.



