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1 Connections and metric-affine geometry

So far we have considered the metric g, as the field which defines the spacetime geometry, possibly
together with other tensor fields, and performed a perturbative expansion of these tensor fields. However,
there exists also the possibility to consider an affine connection as a fundamental field which defines the
spacetime geometry, which is thus not a tensor field. Also in this case one can perform a perturbative
expansion, which we shall study now.

1.1 Definition

In Riemannian geometry, which is the geometric foundation of general relativity, we are used to encoun-
tering the Levi-Civita connection of the metric g,,,, whose coefficients are given by

o 1 o
F#up = 59“ (auga'p + 8,091/0’ - ao'gl/p) ; (11)

where we now use a circle on IOWW) and all of its derived quantities, in order to distinguish it from other
connections which we will encounter in this lecture. The coeflicients of the Levi-Civita connection are also
called the Christoffel symbols, and they define the covariant derivative of a vector field X* as

VXY = 9, X" +17,,X°. (1.2)

In general, we can understand an affine connection as a geometric object, which defines the covariant
derivative of a tensor field, such that this becomes another tensor field. For a general connection, we
retain the same form of the covariant derivative

VXY =0, XY +17,,X", (1.3)

but with arbitrary coefficients, which we now write as f‘“yp. In order for @MX ¥ to transform as a tensor
field under coordinate transformations (x#) — (Z#), the connection coefficients must transform as
tu _fva Ozt 92/ 9z’ Ozt 0%’
v BT gt 9gv 9'e T 9 dx'vox'P

(1.4)

and so they do not constitute the components of a tensor field, due to the appearance of an inhomogeneous
term. We can, however, obtain several tensor fields from a connection. The most familiar one, as it appears
in general relativity, is the curvature. For a general connection, it is given by

Rpa,u,u = ap,f‘pau - avfpau + fpr#fTau - fprufTau . (15)
Another important tensor field is the torsion, defined by
T, =T, =T",,. (1.6)

Finally, if one also has a metric in addition to the connection, one enters the realm of metric-affine
geometry. In this case one may define another tensor field, called the nonmetricity, given by

Qp;w = @pguv . (17)



In general, none of these tensors vanish. The Levi-Civita connection, however, is a special case; it is the
unique affine connection, which satisfies the conditions

T#up = F'upu - F'uyp (18)

and

o

me/ = vpguu (19)

of vanishing torsion and nonmetricity. Finally, given a metric, one may decompose the coefficients f‘“l,p
uniquely in the form

00 =1 + Ky + L (1.10)
where we have introduced the contortion tensor
Rty = o (T 4+ T — T2, (1.11)
as well as the disformation tensor
= 3 (@ - Q- Q) (112

Note that these two tensor fields are defined only if both a metric and an affine connection are present,
since the metric is required in order to raise and lower indices on the torsion and nonmetricity. For the
Levi-Civita connection, they vanish,

Kp,uu - Lp,uz/ - 0; (113)

which is obvious from the definition.

1.2 Perturbations

We now consider an affine connection, whose coefficients are given as a linear perturbation

,,=T",,+",,, (1.14)

where 1:‘”,,,, denote the coefficients of a background connection, while 5f‘”l,p are given as the difference of
connection coefficients, and so they form the components of a tensor field. One can now easily calculate
the perturbations of the derived tensor fields which we showed above. The most straightforward is the
torsion (1.6), for which we find

oT*",, = 60", — 5T+, . (1.15)

We then continue with the curvature (1.5). Since here we consider only linear perturbations, we find
SR gy = V00 5y — V817 o + T4, 017 5 (1.16)
Finally, we come to the nonmetricity. Here we assume that also the metric is given in the form
Guv = Guv + G (1.17)

as a linear perturbation around a background metric g,,. Considering the perturbations of the metric
and the affine connection to be independent of each other, and keeping only terms up to the linear order
in either perturbation, we then find that the perturbation of the nonmetricity is given by

(;Qp,uy = ?p(sg;w - 5f‘a,upgcn/ - 5fgupgpa . (118)

Similar rules can also be derived for the covariant derivative of other tensor fields.



1.3 Gauge transformations

We now perform an infinitesimal coordinate transformation of the form
h e 2t =t + ¢ (x), (1.19)

where we assume that the coefficients £ of the gauge transforming vector field are sufficiently small to
retain the linear perturbation of the geometry. From the transformed connection coefficients, we define
the perturbation by subtracting the same background as for the original connection, hence

e, =T",, + 00", . (1.20)

We can insert this perturbation and the coordinate change in the transformation (1.4) and find that, at
linear order in &*, the change of the connection is given by

5]?*#”/) - 512‘[“1//) = ('Cﬁf‘)ulfp
= anofwup - 80£#fgup + 8V€Uf#tfp + 8;)501:‘“110 + 81/8,05“ (121)
= vpvugﬂ - EURMypa' - vp(g(wfwuo) .
Here we find the Lie derivative of the connection coefficients, as their change under an infinitesimal
coordinate transformation. Note that this is again a tensor field | |, which can be seen by the last
line, where we have expressed it in terms of the tensors we introduced earlier. This is consistent with the

left hand side of the equation above, since the difference between two tensor fields must again be a tensor
field.

2 Tetrads and teleparallel geometry

Another possible description of geometry, which makes use of a different connection as laid out above, is
used in teleparallel theories of gravity | |. In the conventional formulation of these theories, one uses
a tetrad and a spin connection as fundamental fields, and then studies their perturbation. We will now
see hoe to relate these approaches.

2.1 Definition

The definition of teleparallel geometry we use here will follow the discussion of metric-affine geometry
above, and is known as the Palatini approach. Hence, we will assume that the fundamental fields are a
metric g,,,, and an affine connection, whose coefficients we will now denote as 1.““”,) to distinguish it from
the most general connection which we introduced above. The teleparallel connection is characterized by
two additional conditions, namely vanishing curvature, and

REpo’;},l/ = 8;1,I.1pau - 8prau + prufTUV - prUfTau = 0; (21>
as well as compatibility with the metric, hence vanishing nonmetricity
Qpuv = Vo9 =0. (2.2)

While this definition is suitable for most use cases, one mostly finds a different approach in the literature.
One fundamental field in this approach is the tetrad 0 = 6¢,dz", where a = 0,...,3 is a Lorentz index.
Hence, one may interpret the tetrad as a collection of one-forms, labeled by a. One further demands that
at every point of the spacetime manifold these one-forms constitute a basis of the cotangent space; hence,
there exists an inverse e, = e,*0,, which is uniquely determined from 6 by the condition

e, =88, e.t00, =", (2.3)
Demanding this basis to be orthonormal with respect to the metric,

eauebyg,uu = MNab » (24)



where 7,, = diag(—1, 1,1, 1) is the Minkowski metric, then uniquely determines the metric in terms of the
tetrad as

Guv = naboauobu . (25)

The second fundamental field used in this formulation of teleparallel geometry is the spin connection
W% = W%, dzt. It can be related to the affine connection by the “tetrad postulate”, which states that the
total derivative .

0u0%, + &%, 0%, —T%,,0%, =0 (2.6)

should vanish. This means that the affine connection is determined from the tetrad and the spin connection
as .
T, = ea" (9,0%, + &%,0",) . (2.7)

This relation also poses certain restrictions on the spin connection. The condition (2.1) of vanishing
curvature means that the spin connection must satisfy

° 0 0 0 0 0 . _
Rab/w = 8uwabu - 8uwabp, + Wacuwcbu - Wacywcbu =0, (28)

while the metric compatibility (2.2) means that it must be antisymmetric,

Quab = _nac(bcbu - ncb(bcau =0. (29>

Given a tetrad 0, and a spin connection &%, satisfying the conditions (2.8) and (2.9), these uniquely
define the metric and affine connection via the relations (2.5) and (2.5). The converse, however, is not
true. Any other tetrad 6'*, yields the same metric (2.5), if and only if these tetrads are related by a local
Lorentz transformation A%, via

0", = A0, , (2.10)

where A, must satisfy
nabAacAbd = Tcd - (211)

Once the tetrad is chosen, also the spin connection is uniquely determined from the tetrad and the affine
connection as .
C:)ab,u = eby(Fpupgap - apeal/) , (212)

which is simply another possibility to rearrange the tetrad postulate (2.6). It then follows that choosing
another tetrad 6'*,, which is related to the tetrad 6, via the Lorentz transformation (2.10), one obtains

the same affine connection f‘“,,p if and only if one also transforms the spin connection as
&%y = A% (A1) % + A% O (A% (2.13)

Hence, the freedom of choosing the tetrad and spin connection to represent a given metric and teleparallel
affine connection amounts exactly to local Lorentz transformations. Finally, it follows from the flatness
and metric compatibility of the spin connection that (at least locally) one can always choose a local Lorentz
transformation such that the spin connection vanishes, &%, = 0. This choice is known as the Weitzenbick
gauge. In the following, we will be working in this Weitzenbdck gauge for simplicity. In this case the
tetrad is determined up to a global Lorentz transformation, and it is the only fundamental field, which in
turn defined the metric and affine connection.

2.2 Perturbations

Following the introduction above, we now consider a tetrad 6, which is given as a perturbation around
a background tetrad 6¢, as -
0%, =0, +460%,. (2.14)

We could now develop the perturbation theory for the perturbation §6¢,, as we have done for other fields.
However, in practice it turns out that it is more convenient to express the perturbation through another
field, which is given by

Tow = Nap0” 66, . (2.15)



Note that since the tetrad perturbation §6“, has 16 independent components, the same holds for 7,
i.e., all of its components are independent. To see its usefulness, we calculate the perturbation of the
metric (2.5), and find that it is given by

59#” = 27—(/“/) . (216)
This can be used for calculating the linear perturbation of the Levi-Civita connection. As we have seen

in a previous lecture, the latter can most easily be expressed as the covariant derivative of the metric
perturbation, and thus reads

° 1 o [ o ° o [ o o
5Fplw = igp (V#(;go-y + Vyéglm - Vo'églly> =g” (V#T(m,) + Vl/’r(ua) — VO-T(HV)) . (217)
For the teleparallel affine connection (2.5) we find the formula

ok, =V 1ty | (2.18)

where the index of 7%, has been raised with the background metric. Hence, we see that we can easily
express the perturbations of relevant geometric objects with the perturbation field 7,,. Also we now see
how this perturbation can be related to the metric-affine description of teleparallel geometry which we
started from, based on a metric g,, and a flat, metric compatible affine connection f“Vp. Recall that
for a general connection, the perturbation of the curvature is given by the relation (1.16), so that this
expression must vanish in the case of a teleparallel affine connection. Indeed, we find

SR oy = V017 g, — V017 ) + T 1617 0
St e T, .10
= Rpwul/TwU - RwUuVpr

|
o

b

since the curvature of the teleparallel connection vanishes. Similarly, for the nonmetricity we use the
relation (1.18) to find the perturbation

5quu = ?pég,uu - 5Fﬂupgau - 6F0Vpgua

= = S 2.2
=2V T () — VpTop — VoTuw (2:20)

=0,

so that the perturbation retains also the vanishing nonmetricity.

2.3 Gauge transformations

As we have seen for tensor fields and connections, we can also perform a gauge transformation of a
perturbation in the teleparallel geometry. To obtain a formula for the different expressions which we have
studied above, recall that the geometry (in the Weitzenbéck gauge) is defined by the tetrad. Hence, we
must study how it transforms under infinitesimal diffeomorphisms, generated by a vector field £*. Since
it is a tensor field, constituted by one-forms, it must transform with the Lie derivative

0 = 0+ (L), (2.21)

where only terms of at most linear order in the tetrad perturbation and the vector field £# have been
considered; hence, the tetrad has been replaced by the background tetrad 6¢, in the second term. Writing
the transformed tetrad as a perturbation of the same background tetrad,

0, =0, +40°,, (2.22)
we find that the transformation of the perturbation is given by

50%, — 60", = (Lch)*, = £70,0%, + 9,676, , (2.23)



using the formula for the Lie derivative of a one-form. Lowering and transforming the Lorentz index with
the background geometry, and replacing the partial derivatives acting on the background tetrad and the
vector field by coefficients of the teleparallel affine connection and covariant derivatives, we find that the
perturbation tensor field changes as

Tuw — Ty = N0, (560°, — 66,)
= nabéau(gpapébu + al/fpébp)
= Gup (fpwf" + c?uﬁp) (2.24)
= ?vgu - Tuvpfp
= ?Vgu + [‘(ngp .
From this result, it is now easy to derive the transformation of the metric perturbation, which is given by
5g/“, — 5gllw = 2(T(MV) — T(/IW)) = 2?(M§V) 5 (225)

which gives the well-known formula, as one may have expected. Similarly, the connection perturbation
transforms as

o1 H,, — 617, = V(T — 7)) = VN, =V, (T%,0€), (2.26)

which is simply the gauge transformation (1.21) of a connection with vanishing curvature.

3 Finsler functions and Finsler geometry

Finally, one may describe the geometry of spacetime also by considering fields which are not defined on the
spacetime manifold M itself, but on its tangent bundle T'M. This is the realm of Finsler geometry | |
Here we can only cover a few basic elements.

3.1 Definition

In general relativity and various other gravity theories, it is assumed that the action for a point particle
is given by its proper time, which in turn is defined via the geodesic length

| Viswtain @i, (3.1)

in terms of the metric g,,,. The basic idea of Finsler geometry is to generalize this length functional to be
of the form

/t " P(a(), (1) dt, (3.2)

1
where F' is called the Finsler function. It is a function which depends both on the position and velocity of
the point particle, and hence may be regarded as a function on the tangent bundle T'M of the spacetime
manifold M. In order for the integral (3.2) to be independent of the parametrization of the point particle
trajectory, one must demand
F(z, i) = A\F(x, ) (3.3)

for all A > 0. In other words, F must be a 1-homogeneous function on the tangent bundle.

3.2 Perturbations

As with the other geometric objects we studied so far, we can consider a perturbation of the Finsler
function which is of the form

F(x,&) = F(x,2) + 0F (z, %), (3.4)
where we restrict ourselves to linear perturbations. Since both F and F are Finsler functions, and hence
1-homogeneous by definition, it follows that

SF(z,\i) = F(z,\i) — F(x,\&) = A[F(x, ) — F(z,)] = \oF(z, &), (3.5)

so that also the perturbation J F' must be 1-homogeneous.



3.3 Gauge transformations

We finally pose the question how the perturbation of the Finsler function changes under infinitesimal
coordinate transformations on the spacetime manifold M. For this purpose it is helpful to note that the
velocity & behaves as a tangent vector, and so under a coordinate transformation x — z’ it transforms as

oz'* .

it iH = i
oxv

v, (3.6)
Hence, under the infinitesimal coordinate change generated by a vector field £# we have
@'t =3t + Vo, (3.7)

We then apply this transformation to the Finsler function. At linear perturbation order, we then find the
change of the perturbation as usual by the Lie derivative of the background. In the case of the Finsler
function and the infinitesimal coordinate change given above, this takes the form

OF(z,4) — 6F'(x, ) = {“%F(w, x) + :'U”@,,&”%F(x, ). (3.8)
Of course, the question arises whether this transformation is compatible with the condition that the
perturbation of the Finsler function is 1-homogeneous. This is indeed the case. It follows from Euler’s
homogeneous function theorem that dF/dz" is 1-homogeneous, while dF/di* is 0-homogeneous. Since
the last term also comes with a factor #¥, which is again 1-homogeneous, and £ is 0-homogeneous, since
it is a vector field on the base manifold M and does not depend on the velocity, one finds that the whole
expression is 1-homogeneous, as required.
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